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Preface

Was plane geometry your favorite math course in high school? Did you like prov-
ing theorems? Are you sick of memorizing integrals? If so, real analysis could be
your cup of tea. In contrast to calculus and elementary algebra, it involves neither
formula manipulation nor applications to other fields of science. None. It is pure
mathematics, and I hope it appeals to you, the budding pure mathematician.

This book is set out for college juniors and seniors who love math and who profit
from pictures that illustrate the math. Rarely is a picture a proof, but I hope a good
picture will cement your understanding of why something is true. Seeing is believing.

Chapter 1 gets you off the ground. The whole of analysis is built on the system
of real numbers R, and especially on its Least Upper Bound property. Unlike many
analysis texts that assume R and its properties as axioms, Chapter 1 contains a
natural construction of R and a natural proof of the LUB property. You will also see
why some infinite sets are more infinite than others, and how to visualize things in

four dimensions.

Chapter 2 is about metric spaces, especially subsets of the plane. This chapter
contains many pictures you have never seen. € and ¢ will become your friends. Most
of the presentation uses sequences and limits, in contrast to open coverings. It may
be less elegant but it’s easier to begin with. You will get to know the Cantor set well.

Chapter 3 is about Freshman Calculus — differentiation, integration, L’Hopital’s
Rule, and so on, for functions of a single variable — but this time you will find out
why what you were taught before is actually true. In particular you will see that a
bounded function is integrable if and only if it is continuous almost everywhere, and
how this fact explains many other things about integrals.

Chapter 4 is about functions viewed en masse. You can treat a set of functions
as a metric space. The “points” in the space aren’t numbers or vectors — they are
functions. What is the distance between two functions? What should it mean that a
sequence of functions converges to a limit function? What happens to derivatives and
integrals when your sequence of functions converges to a limit function? When can
you approximate a bad function with a good one? What is the best kind of function?
What does the typical continuous function look like? (Answer: “horrible.”)

Chapter 5 is about Sophomore Calculus — functions of several variables, partial
derivatives, multiple integrals, and so on. Again you will see why what you were
taught before is actually true. You will revisit Lagrange multipliers (with a picture

vii



viii Preface

proof), the Implicit Function Theorem, etc. The main new topic for you will be
differential forms. They are presented not as mysterious “multi-indexed expressions,”
but rather as things that assign numbers to smooth domains. A 1-form assigns to
a smooth curve a number, a 2-form assigns to a surface a number, a 3-form assigns
to a solid a number, and so on. Orientation (clockwise, counterclockwise, etc.) is
important and lets you see why cowlicks are inevitable — the Hairy Ball Theorem.
The culmination of the differential forms business is Stokes’ Formula, which unifies
what you know about div, grad, and curl. It also leads to a short and simple proof
of the Brouwer Fixed Point Theorem — a fact usually considered too advanced for
undergraduates.

Chapter 6 is about Lebesgue measure and integration. It is not about measure
theory in the abstract, but rather about measure theory in the plane, where you can
see it. Surely I am not the first person to have rediscovered J.C. Burkill’s approach
to the Lebesgue integral, but I hope you will come to value it as much as I do. After
you understand a few nontrivial things about area in the plane, you are naturally led
to define the integral as the area under the curve — the elementary picture you saw in
high school calculus. Then the basic theorems of Lebesgue integration simply fall out
from the picture. Included in the chapter is the subject of density points — points at
which a set “clumps together.” I consider density points central to Lebesgue measure
theory.

At the end of each chapter are a great many exercises. Intentionally, there is no
solution manual. You should expect to be confused and frustrated when you first
try to solve the harder problems. Frustration is a good thing. It will strengthen you
and it is the natural mental state of most mathematicians most of the time. Join the
club! When you do solve a hard problem yourself or with a group of your friends, you
will treasure it far more than something you pick up off the web. For encouragement,
read Sam Young’s story at http://legacyrlmoore.org/reference/young.html.

I have adopted Moe Hirsch’s star system for the exercises. One star is hard, two
stars is very hard, and a three-star exercise is a question to which I do not know the
answer. Likewise, starred sections are more challenging.

Berkeley, California, USA CHARLES CHAPMAN PUGH
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Real Numbers

1 Preliminaries

Before we discuss the system of real numbers it is best to make a few general remarks
about mathematical outlook.

Language

By and large, mathematics is expressed in the language of set theory. Your first
order of business is to get familiar with its vocabulary and grammar. A set is a
collection of elements. The elements are members of the set and are said to belong
to the set. For example, N denotes the set of natural numbers, 1, 2, 3, .... The
members of N are whole numbers greater than or equal to 1. Is 10 a member of N?
Yes, 10 belongs to N. Is 0 a member of N7 No. We write

reA and y¢ B

to indicate that the element x is a member of the set A and y is not a member of B.
Thus, 6819 € N and 0 ¢ N.

We try to write capital letters for sets and small letters for elements of sets.
Other standard sets have standard names. The set of integers is denoted by Z,
which stands for the German word Zahlen. (An integer is a positive whole number,
zero, or a negative whole number.) Is V2 € Z? No, V2 ¢ Z. How about —15? Yes,
—-15 € Z.

(©) Springer International Publishing Switzerland 2015 1
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2 Real Numbers Chapter 1

The set of rational numbers is called Q, which stands for “quotient.” (A
rational number is a fraction of integers, the denominator being nonzero.) Is v/2 a
member of Q? No, /2 does not belong to Q. Is 7 a member of Q? No. Is 1.414 a
member of Q7 Yes.

You should practice reading the notation “{z € A :” as “the set of = that belong
to A such that.” The empty set is the collection of no elements and is denoted by
(). Is 0 a member of the empty set? No, 0 ¢ ().

A singleton set has exactly one member. It is denoted as {x} where z is the
member. Similarly if exactly two elements x and y belong to a set, the set is denoted

as {z,y}.

If A and B are sets and each member of A also belongs to B then A is a subset
of B and A is contained in B. We write!

A C B.

Is N a subset of Z7 Yes. Is it a subset of Q7 Yes. If A is a subset of B and B is a
subset of C, does it follow that A is a subset of C? Yes. Is the empty set a subset of
N? Yes, ) € N. Is 1 a subset of N? No, but the singleton set {1} is a subset of N.
Two sets are equal if each member of one belongs to the other. Each is a subset of
the other. This is how you prove two sets are equal: Show that each element of the
first belongs to the second, and each element of the second belongs to the first.

The union of the sets A and B is the set AU B, each of whose elements belongs
to either A, or to B, or to both A and to B. The intersection of A and B is the set
AN B each of whose elements belongs to both A and to B. If AN B is the empty
set then A and B are disjoint. The symmetric difference of A and B is the set
AAB each of whose elements belongs to A but not to B, or belongs to B but not to
A. The difference of A to B is the set A\ B whose elements belong to A but not
to B. See Figure 1.

A class is a collection of sets. The sets are members of the class. For example
we could consider the class € of sets of even natural numbers. Is the set {2,15} a
member of €7 No. How about the singleton set {6}? Yes. How about the empty
set? Yes, each element of the empty set is even.

When is one class a subclass of another? When each member of the former belongs
also to the latter. For example the class T of sets of positive integers divisible by 10

"When some mathematicians write A C B they mean that A is a subset of B, but A # B. We
do not adopt this convention. We accept A C A.
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DD

Figure 1 Venn diagrams of union, intersection, and differences

is a subclass of &, the class of sets of even natural numbers, and we write T C €.
Each set that belongs to the class T also belongs to the class €. Consider another
example. Let 8§ be the class of singleton subsets of N and let D be the class of subsets
of N each of which has exactly two elements. Thus {10} € § and {2,6} € D. Is § a
subclass of D? No. The members of § are singleton sets and they are not members of
D. Rather they are subsets of members of D. Note the distinction, and think about
it.

Here is an analogy. Fach citizen is a member of his or her country — I am an
element of the USA and Tony Blair is an element of the UK. Each country is a
member of the United Nations. Are citizens members of the UN? No, countries are
members of the UN.

In the same vein is the concept of an equivalence relation on a set S. It is
a relation s ~ s’ that holds between some members s,s’ € S and it satisfies three
properties: For all s,s",s” € S

(a) s~ s.
(b) s ~ s implies that s’ ~ s.

(¢) s ~ s ~ s implies that s ~ s".

Figure 2 on the next page shows how the equivalence relation breaks S into
disjoint subsets called equivalence classes’ defined by mutual equivalence: The
equivalence class containing s consists of all elements s’ € S equivalent to s and
is denoted [s]. The element s is a representative of its equivalence class. Think
again of citizens and countries. Say two citizens are equivalent if they are citizens of
the same country. The world of equivalence relations is egalitarian: I represent my
equivalence class USA just as much as does the president.

tThe phrase “equivalence class” is standard and widespread, although it would be more consistent
with the idea that a class is a collection of sets to refer instead to an “equivalence set.”
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Figure 2 Equivalence classes and representatives

Truth

When is a mathematical statement accepted as true? Generally, mathematicians
would answer “Only when it has a proof inside a familiar mathematical framework.”
A picture may be vital in getting you to believe a statement. An analogy with
something you know to be true may help you understand it. An authoritative teacher
may force you to parrot it. A formal proof, however, is the ultimate and only reason
to accept a mathematical statement as true. A recent debate in Berkeley focused the
issue for me. According to a math teacher from one of our local private high schools,
his students found proofs in mathematics were of little value, especially compared to
“convincing arguments.” Besides, the mathematical statements were often seen as
obviously true and in no need of formal proof anyway. I offer you a paraphrase of

Bob Osserman’s response.

But a convincing argument is not a proof. A mathematician gener-
ally wants both, and certainly would be less likely to accept a convincing
argument by itself than a formal proof by itself. Least of all would a math-
ematician accept the proposal that we should generally replace proofs with
convincing arguments.

There has been a tendency in recent years to take the notion of proof
down from its pedestal. Critics point out that standards of rigor change
from century to century. New gray areas appear all the time. Is a proof
by computer an acceptable proof? Is a proof that is spread over many
journals and thousands of pages, that is too long for any one person to
master, a proof? And of course, venerable Euclid is full of flaws, some
filled in by Hilbert, others possibly still lurking.
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Clearly it is worth examining closely and critically the most basic notion
of mathematics, that of proof. On the other hand, it is important to bear
in mind that all distinctions and niceties about what precisely constitutes
a proof are mere quibbles compared to the enormous gap between any
generally accepted version of a proof and the notion of a convincing ar-
gument. Compare Euclid, with all his flaws to the most eminent of the
ancient exponents of the convincing argument — Aristotle. Much of Aris-
totle’s reasoning was brilliant, and he certainly convinced most thoughtful
people for over a thousand years. In some cases his analyses were exactly
right, but in others, such as heavy objects falling faster than light ones,
they turned out to be totally wrong. In contrast, there is not to my
knowledge a single theorem stated in Euclid’s Elements that in the course
of two thousand years turned out to be false. That is quite an aston-
ishing record, and an extraordinary validation of proof over convincing
argument.

Here are some guidelines for writing a rigorous mathematical proof. See also

Exercise 0.

1. Name each object that appears in your proof. (For instance, you might begin
your proof with a phrase, “Consider a set X, and elements x,y that belong to
X, etc.)

2. Draw a diagram that captures how these objects relate, and extract logical
statements from it. Quantifiers precede the objects quantified; see below.

3. Become confident that the mathematical assertion you are trying to prove is
really true before trying to write down a proof of it. If there a specific function
involved — say sinx® — draw the graph of the function for a few values of «
before starting any €, analysis. Belief first and proof second.

4. Proceed step by step, each step depending on the hypotheses, previously proved
theorems, or previous steps in your proof.

5. Check for “rigor”: All cases have been considered, all details have been tied
down, and circular reasoning has been avoided.

6. Before you sign off on the proof, check for counterexamples and any implicit
assumptions you made that could invalidate your reasoning.
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Logic

Among the most frequently used logical symbols in math are the quantifiers V
and 3. Read them always as “for each” and “there exists.” Avoid reading V as “for
all,” which in English has a more inclusive connotation. Another common symbol is
=. Read it as “implies.”

The rules of correct mathematical grammar are simple: Quantifiers appear at the
beginning of a sentence, they modify only what follows them in the sentence, and
assertions occur at the end of the sentence. Here is an example.

(1) For each integer n there is a prime number p which is greater than n.
In symbols the sentence reads
Vne€Z dpée P suchthat p>n,

where P denotes the set of prime numbers. (A prime number is a whole number
greater than 1 whose only divisors in N are itself and 1.) In English, the same idea
can be reexpressed as

(2) Every integer is less than some prime number.
or
(3) A prime number can always be found which is bigger than any integer.

These sentences are correct in English grammar, but disastrously WRONG when
transcribed directly into mathematical grammar. They translate into disgusting
mathematical gibberish:

(WRONG (2)) Vn € Z n<p dpeP
(WRONG (3)) dpeP p>n Vn € Z.

Moral Quantifiers first and assertions last. In stating a theorem, try to apply the
same principle. Write the hypothesis first and the conclusion second. See Exercise 0.

The order in which quantifiers appear is also important. Contrast the next two
sentences in which we switch the position of two quantified phrases.

(4) (VneN) (YmeN) (dpe€ P) suchthat (nm <p).

(5) (VneN) (dp € P) suchthat (YmeN) (nm <p).
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(4) is a true statement but (5) is false. A quantifier modifies the part of a sentence
that follows it but not the part that precedes it. This is another reason never to end
with a quantifier.

Moral Quantifier order is crucial.

There is a point at which English and mathematical meaning diverge. It concerns
the word “or.” In mathematics “a or ” always means “a or b or both a and b,” while
in English it can mean “a or b but not both a and b.” For example, Patrick Henry
certainly would not have accepted both liberty and death in response to his cry of
“Give me liberty or give me death.” In mathematics, however, the sentence “17 is a
prime or 23 is a prime” is correct even though both 17 and 23 are prime. Similarly,
in mathematics a = b means that if a is true then b is true but that b might also
be true for reasons entirely unrelated to the truth of a. In English, a = b is often
confused with b = a.

Moral In mathematics “or” is inclusive. It means and/or. In mathematics a = b is
not the same as b = a.

It is often useful to form the negation or logical opposite of a mathematical sen-
tence. The symbol ~ is usually used for negation, despite the fact that the same
symbol also indicates an equivalence relation. Mathematicians refer to this as an
abuse of notation. Fighting a losing battle against abuse of notation, we write —
for negation. For example, if m,n € N then —~(m < n) means it is not true that m is
less than n. In other words

“(m<n) = m>n.

(We use the symbol = to indicate that the two statements are equivalent.) Similarly,
—(z € A) means it is not true that x belongs to A. In other words,

“(zreAd) = x¢&A

Double negation returns a statement to its original meaning. Slightly more interesting
is the negation of “and” and “or.” Just for now, let us use the symbols & for “and”
and V for “or.” We claim

(6) —(a&b) = -a Vb

(7) =(a Vb = -a& b
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For if it is not the case that both ¢ and b are true then at least one must be false.
This proves (6), and (7) is similar. Implication also has such interpretations:

(8) a=b = —a<-b = -aVb.

(9) —(a=0b) = a& b
What about the negation of a quantified sentence such as
—(Vn € N, dp € P such that n < p).

The rule is: change each V to 3 and vice versa, leaving the order the same, and negate
the assertion. In this case the negation is

dneN, VpeP, n>np.

In English it reads “There exists a natural number n, and for all primes p we have

” The sentence has correct mathematical grammar but of course is false. To

n > p.
help translate from mathematics to readable English, a comma can be read as “and,”

“we have,” or “such that.”

All mathematical assertions take an implication form a = b. The hypothesis is
a and the conclusion is b. If you are asked to prove a = b, there are several ways
to proceed. First you may just see right away why a does imply b. Fine, if you are
so lucky. Or you may be puzzled. Does a really imply b? Two routes are open to
you. You may view the implication in its equivalent contrapositive form —a < —b as
in (8). Sometimes this will make things clearer. Or you may explore the possibility
that a fails to imply b. If you can somehow deduce from the failure of a implying b
a contradiction to a known fact (for instance, if you can deduce the existence of a
planar right triangle with legs x,y but 22 + y? # h?, where h is the hypotenuse),
then you have succeeded in making an argument by contradiction. Clearly (9) is
pertinent here. It tells you what it means that a fails to imply b, namely that a is
true and simultaneously b is false.

Euclid’s proof that N contains infinitely many prime numbers is a classic example
of this method. The hypothesis is that N is the set of natural numbers and that P
is the set of prime numbers. The conclusion is that P is an infinite set. The proof of
this fact begins with the phrase “Suppose not.” It means to suppose, after all, that
the set of prime numbers P is merely a finite set, and see where this leads you. It
does not mean that we think P really is a finite set, and it is not a hypothesis of a
theorem. Rather it just means that we will try to find out what awful consequences
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would follow from P being finite. In fact if P were' finite then it would consist of m
numbers p1, ..., pm. Their product N = 2-3-5----- pm would be evenly divisible
(i.e., remainder 0 after division) by each p; and therefore N + 1 would be evenly
divisible by no prime (the remainder of p; divided into N + 1 would always be 1),
which would contradict the fact that every integer > 2 can be factored as a product
of primes. (The latter fact has nothing to do with P being finite or not.) Since the
supposition that P is finite led to a contradiction of a known fact, prime factorization,
the supposition was incorrect, and P is, after all, infinite.

Aficionados of logic will note our heavy use here of the “law of the excluded
middle,” to wit, that a mathematically meaningful statement is either true or false.
The possibilities that it is neither true nor false, or that it is both true and false, are
excluded.

Notation The symbol 4 indicates a contradiction. It is used when writing a proof
in longhand.

Metaphor and Analogy

In high school English, you are taught that a metaphor is a figure of speech in
which one idea or word is substituted for another to suggest a likeness or similarity.
This can occur very simply as in “The ship plows the sea.” Or it can be less direct,
as in “His lawyers dropped the ball.” What give a metaphor its power and pleasure
are the secondary suggestions of similarity. Not only did the lawyers make a mistake,
but it was their own fault, and, like an athlete who has dropped a ball, they could
not follow through with their next legal action. A secondary implication is that their
enterprise was just a game.

Often a metaphor associates something abstract to something concrete, as “Life
is a journey.” The preservation of inference from the concrete to the abstract in this
metaphor suggests that like a journey, life has a beginning and an end, it progresses
in one direction, it may have stops and detours, ups and downs, etc. The beauty of
a metaphor is that hidden in a simple sentence like “Life is a journey” lurk a great
many parallels, waiting to be uncovered by the thoughtful mind.

fIn English grammar, the subjunctive mode indicates doubt, and I have written Euclid’s proof in
that form — “if P were finite” instead of “if P is finite,” “each prime would divide N evenly,” instead
of “each prime divides N evenly,” etc. At first it seems like a fine idea to write all arguments by
contradiction in the subjunctive mode, clearly exhibiting their impermanence. Soon, however, the
subjunctive and conditional language becomes ridiculously stilted and archaic. For consistency then,
as much as possible, use the present tense.
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Metaphorical thinking pervades mathematics to a remarkable degree. It is of-
ten reflected in the language mathematicians choose to define new concepts. In his
construction of the system of real numbers, Dedekind could have referred to A|B as
a “type-2, order preserving equivalence class,” or worse, whereas “cut” is the right
metaphor. It corresponds closely to one’s physical intuition about the real line. See
Figure 3. In his book, Where Mathematics Comes From, George Lakoff gives a com-
prehensive view of metaphor in mathematics.

An analogy is a shallow form of metaphor. It just asserts that two things are
similar. Although simple, analogies can be a great help in accepting abstract concepts.
When you travel from home to school, at first you are closer to home, and then you
are closer to school. Somewhere there is a halfway stage in your journey. You know
this, long before you study mathematics. So when a curve connects two points in
a metric space (Chapter 2), you should expect that as a point “travels along the
curve,” somewhere it will be equidistant between the curve’s endpoints. Reasoning
by analogy is also referred to as “intuitive reasoning.”

Moral Try to translate what you know of the real world to guess what is true in
mathematics.

Two Pieces of Advice

A colleague of mine regularly gives his students an excellent piece of advice. When
you confront a general problem and do not see how to solve it, make some extra
hypotheses, and try to solve it then. If the problem is posed in n dimensions, try
it first in two dimensions. If the problem assumes that some function is continuous,
does it get easier for a differentiable function? The idea is to reduce an abstract
problem to its simplest concrete manifestation, rather like a metaphor in reverse. At
the minimum, look for at least one instance in which you can solve the problem, and
build from there.

Moral If you do not see how to solve a problem in complete generality, first solve it
in some special cases.

Here is the second piece of advice. Buy a notebook. In it keep a diary of your
own opinions about the mathematics you are learning. Draw a picture to illustrate
every definition, concept, and theorem.
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2 Cuts

We begin at the beginning and discuss R = the system of all real numbers from a
somewhat theological point of view. The current mathematics teaching trend treats
the real number system R as a given — it is defined axiomatically. Ten or so of
its properties are listed, called axioms of a complete ordered field, and the game
becomes to deduce its other properties from the axioms. This is something of a
fraud, considering that the entire structure of analysis is built on the real number
system. For what if a system satisfying the axioms failed to exist? Then one would
be studying the empty set! However, you need not take the existence of the real
numbers on faith alone — we will give a concise mathematical proof of it.

It is reasonable to accept all grammar school arithmetic facts about

The set N of natural numbers, 1,2,3,4,....
The set Z of integers, 0,1, —1,—-2,2,....
The set Q of rational numbers p/q where p, g are integers, g # 0.

For example, we will admit without question facts like 2 + 2 = 4, and laws like
a+b = b+ a for rational numbers a, b. All facts you know about arithmetic involving
integers or rational numbers are fair to use in homework exercises too. It is clear
that N C Z C Q. Now Z improves N because it contains negatives and Q improves
7Z because it contains reciprocals. Z legalizes subtraction and Q legalizes division.
Still, Q needs further improvement. It doesn’t admit irrational roots such as v/2 or
transcendental numbers such as 7. We aim to go a step beyond Q, completing it to
form R so that
NcZcQcCR.

As an example of the fact that Q is incomplete we have

1 Theorem No number r in Q has square equal to 2; i.e., V2 & Q.

Proof To prove that every r = p/q has r? # 2 we show that p? # 2¢%. It is fair to
assume that p and ¢ have no common factors since we would have canceled them out

beforehand.
Case 1. p is odd. Then p? is odd while 2¢? is not. Therefore p? # 2¢°.

A subtler fact that you may find useful is the prime factorization theorem mentioned above. Any
integer > 2 can be factored into a product of prime numbers. For example, 120 is the product of
primes 2-2-2-3-5. Prime factorization is unique except for the order in which the factors appear.
An easy consequence is that if a prime number p divides an integer k and if k is the product mn of
integers then p divides m or it divides n. After all, by uniqueness, the prime factorization of k is just
the product of the prime factorizations of m and n.
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Case 2. pis even. Since p and ¢ have no common factors, q is odd. Then p? is divisible
by 4 while 2¢? is not. Therefore p? # 2¢>.

Since p? # 2¢ for all integers p, there is no rational number r = p/q whose square
is 2. O

The set Q of rational numbers is incomplete. It has “gaps,” one of which occurs at
V2. These gaps are really more like pinholes; they have zero width. Incompleteness
is what is wrong with Q. Our goal is to complete Q by filling in its gaps. An elegant
method to arrive at this goal is Dedekind cuts in which one visualizes real numbers
as places at which a line may be cut with scissors. See Figure 3.

Figure 3 A Dedekind cut

Definition A cut in Q is a pair of subsets A, B of Q such that

(a) AUB=Q, A#£0, B#0, AnB =0.
(b) If a € A and b € B then a < b.

(¢) A contains no largest element.

A is the left-hand part of the cut and B is the right-hand part. We denote the
cut as z = A|B. Making a semantic leap, we now answer the question “what is a real

number?”
Definition A real number is a cut in Q.
R is the class' of all real numbers = A|B. We will show that in a natural way R

is a complete ordered field containing Q. Before spelling out what this means, here
are two examples of cuts.

tThe word “class” is used instead of the word “set” to emphasize that for now the members of R
are set-pairs A|B, and not the numbers that belong to A or B. The notation A|B could be shortened
to A since B is just the rest of Q. We write A|B, however, as a mnemonic device. It looks like a cut.
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(i) Al B={reQ:r<1}[{reQ:r>1}.
(ii) AlIB={reQ:r<0orr?<2}|{reQ:r>0andr?>2}

It is convenient to say that A|B is a rational cut if it is like the cut in (i): For
some fixed rational number ¢, A is the set of all rationals < ¢ while B is the rest of Q.
The B-set of a rational cut contains a smallest element ¢, and conversely, if A|B is a
cut in Q and B contains a smallest element ¢ then A|B is the rational cut at c¢. We
write ¢* for the rational cut at c. This lets us think of Q C R by identifying ¢ with
c* Tt is like thinking of Z as a subset of Q since the integer n in Z can be thought of
as the fraction n/1 in Q. In the same way the rational number ¢ in Q can be thought
of as the cut at c. It is just a different way of looking at c. It is in this sense that we
write

NcZcQcR

There is an order relation z < y on cuts that fairly cries out for attention.

Definition If © = A|B and y = C|D are cuts such that A C C then x is less than
or equal to y and we write z < y. If A C C' and A # C then z is less than y and
we write x < y.

The property distinguishing R from QQ and which is at the bottom of every signifi-
cant theorem about R involves upper bounds and least upper bounds or, equivalently,
lower bounds and greatest lower bounds.

M € R is an upper bound for a set S C R if each s € S satisfies
s < M.

We also say that the set S is bounded above by M. An upper bound for S that
is less than all other upper bounds for S is a least upper bound for S. The least
upper bound for S is denoted l.u.b.(S). For example,

3 is an upper bound for the set of negative integers.
—1 is the least upper bound for the set of negative integers.
1 is the least upper bound for the set of rational numbers 1 — 1/n with n € N.

—100 is an upper bound for the empty set.

A least upper bound for S may or may not belong to S. This is why you should say
“least upper bound for S” rather than “least upper bound of S.”
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2 Theorem The set R, constructed by means of Dedekind cuts, is complete' in the
sense that it satisfies the
Least Upper Bound Property: If S is a nonempty subset of R
and is bounded above then in R there exists a least upper bound for S.

Proof Easy! Let € C R be any nonempty collection of cuts which is bounded above,
say by the cut X|Y. Define

C = {a€Q: for some cutA|B € C we have a € A} and D = the rest of Q.

It is easy to see that z = C|D is a cut. Clearly, it is an upper bound for € since the
A for every element of € is contained in C. Let 2/ = C’|D’ be any upper bound for
C. By the assumption that A|B < C’|D’ for all A|B € €, we see that the A for every
member of € is contained in C’. Hence C' C €', so z < 2. That is, among all upper
bounds for €, z is least. O

The simplicity of this proof is what makes cuts good. We go from Q to R by
pure thought. To be more complete, as it were, we describe the natural arithmetic
of cuts. Let cuts x = A|B and y = C|D be given. How do we add them? subtract
them? ... Generally the answer is to do the corresponding operation to the elements
comprising the two halves of the cuts, being careful about negative numbers. The
sum of z and y is * + y = E|F where

E = {reQ: for somea € A and for some ¢ € C we have r = a + ¢}
F = the rest of Q.

It is easy to see that E|F is a cut in Q and that it doesn’t depend on the order in
which x and y appear. That is, cut addition is well defined and z + y = y + x. The
zero cut is 0® and 0"+ 2z = x for all x € R. The additive inverse of z = A|B is
—x = C|D where

C = {reQ: for some b€ B, not the smallest element of B, r = —b}
D = the rest of Q.

Then (—z) + 2 = 0% Correspondingly, the difference of cuts is z —y = = + (—y).
Another property of cut addition is associativity:

(x+y)+2z = o+ (y+2).

fThere is another, related, sense in which R is complete. See Theorem 5 below.
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This follows from the corresponding property of Q.

Multiplication is trickier to define. It helps to first say that the cut x = A|B is
positive if 0% < 2 or negative if + < 0% Since 0 lies in A or B, a cut is either
positive, negative, or zero. If z = A|B and y = C|D are positive cuts then their
product is x - y = E|F where

E={reQ:r<0or3Jae Aand Jdce C such that a >0, ¢ >0, and r = ac}

and F' is the rest of Q. If x is positive and y is negative then we define the product
to be —(z - (—y)). Since z and —y are both positive cuts this makes sense and is
a negative cut. Similarly, if z is negative and y is positive then by definition their
product is the negative cut —((—=x) - y), while if  and y are both negative then their
product is the positive cut (—z) - (—y). Finally, if z or y is the zero cut 0 we define
x -y to be 0% (This makes five cases in the definition.)

Verifying the arithmetic properties for multiplication is tedious, to say the least,
and somehow nothing seems to be gained by writing out every detail. (To pursue
cut arithmetic further you could read Landau’s classically boring book, Foundations
of Analysis.) To get the flavor of it, let’s check the commutativity of multiplication:
x-y=y-xfor cuts x = A|B, y = C|D. If z,y are positive then

{ac:a€ A, ceC,a>0,¢c>0} = {ca:ceC,ac A ¢>0, a>0}
implies that x -y = y - x. If x is positive and y is negative then
—(z-(=y) = —((=y)-z) =y -z

The second equality holds because we have already checked commutativity for positive

cuts. The remaining three cases are checked similarly. There are twenty seven cases
to check for associativity and twenty seven more for distributivity. All are simple
and we omit their proofs. The real point is that cut arithmetic can be defined and it
satisfies the same field properties that Q does:

The operation of cut addition is
well defined, natural, commutative, associative, and
has inverses with respect to the neutral element 0.

The operation of cut multiplication
is well defined, natural, commutative, associative,
distributive over cut addition, and has inverses of
nonzero elements with respect to the neutral element 1%
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By definition, a field is a system consisting of a set of elements and two oper-
ations, addition and multiplication, that have the preceding algebraic properties —
commutativity, associativity, etc. Besides just existing, cut arithmetic is consistent
with Q arithmetic in the sense that if ¢, € Q then

crr* = (c+r)* and &= (er)®

By definition, this is what we mean when we say that Q is a subfield of R. The cut
order enjoys the additional properties of

transitivity x« < y < z implies z < z.
trichotomy Either x <y, y < z, or x = y, but only one of the three things
is true.
translation x <y implies x+ 2z < y+ 2.
By definition, this is what we mean when we say that R is an ordered field.
Besides, the product of positive cuts is positive and cut order is consistent with Q

order: ¢* < r*if and only if ¢ < 7 in Q. By definition, this is what we mean when we
say that Q is an ordered subfield of R. To summarize

3 Theorem The set R of all cuts in Q is a complete ordered field that contains Q
as an ordered subfield.

The magnitude or absolute value of x € R is

T if >0
2| =9 .
T if x<O.

Thus, = < |z|. A basic, constantly used fact about magnitude is the following.

4 Triangle Inequality For all z,y € R we have |x +y| < |z| + |y|.

Proof The translation and transitivity properties of the order relation imply that
adding y and —y to the inequalities x < |z| and —z < |x| gives
z+y < |zl+y < lzf+ [yl
—z—y < |z[—y < |zl +yl.

Since
T+y ifx4+y>0
[z +yl = _
—x—y ifx+y<O0
and both x +y and —x — y are less than or equal to ||+ |y|, we infer that |z +y| <
|z| + |y| as asserted. O
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Next, suppose we try the same cut construction in R that we did in Q. Are there
gaps in R that can be detected by cutting R with scissors? The natural definition of
a cut in R is a division A|B, where A and B are disjoint, nonempty subcollections of
R with AUB =R, and a < b for all a € A and b € B. Further, A contains no largest
element. Each b € B is an upper bound for A. Therefore y = L.u.b.(A) exists and
a <y <bforalla e Aandbe B. By trichotomy,

AB={reR:z<y}|{reR 2>y}
In other words, R has no gaps. Every cut in R occurs exactly at a real number.

Allied to the existence of R is its uniqueness. Any complete ordered field F
containing Q as an ordered subfield corresponds to R in a way preserving all the
ordered field structure. To see this, take any ¢ € F and associate to it the cut A|B
where

A={reQ:r<ypinF} B = the rest of Q.
This correspondence makes F equivalent to R.

Upshot The real number system R exists and it satisfies the properties of a complete
ordered field. The properties are not assumed as axioms, but are proved by logically
analyzing the Dedekind construction of R. Having gone through all this cut rigmarole,
we must remark that it is a rare working mathematician who actually thinks of R as
a complete ordered field or as the set of all cuts in Q. Rather, he or she thinks of R
as points on the z-axis, just as in calculus. You too should picture R this way, the
only benefit of the cut derivation being that you should now unhesitatingly accept
the least upper bound property of R as a true fact.

Note +oo are not real numbers, since Q|() and ()|Q are not cuts. Although some
mathematicians think of R together with —oo and +o0o0 as an “extended real number
system,” it is simpler to leave well enough alone and just deal with R itself. Nev-
ertheless, it is convenient to write expressions like “z — c0” to indicate that a real
variable x grows larger and larger without bound.

If S is a nonempty subset of R then its supremum is its least upper bound when
S is bounded above and is said to be +oco otherwise; its infimum is its greatest lower
bound when S is bounded below and is said to be —oco otherwise. (In Exercise 19 you
are asked to invent the notion of greatest lower bound.) By definition the supremum
of the empty set is —oo. This is reasonable, considering that every real number, no
matter how negative, is an upper bound for ), and the least upper bound should be
as far leftward as possible, namely —oo. Similarly, the infimum of the empty set is
+00. We write sup S and inf S for the supremum and infimum of S.
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Cauchy sequences

As mentioned above there is a second sense in which R is complete. It involves the
concept of convergent sequences. Let ay,az,as,aq,... = (an), n € N, be a sequence
of real numbers. The sequence (a,) converges to the limit b € R as n — oo
provided that for each € > 0 there exists N € N such that for all n > N we have

lan, — b| < e.

The statistician’s language is evocative here. Think of n = 1,2,... as a sequence of
times and say that the sequence (a,,) converges to b provided that eventually all its
terms nearly equal b. In symbols,

Ve>03N € Nsuch that n > N = |a, — b <e.
If the limit b exists it is not hard to see (Exercise 20) that it is unique, and we write

lim a, =b or a, — b.
n—oo

Suppose that li_)m an = b. Since all the numbers a,, are eventually near b they are
n [o.¢]

all near each other; i.e., every convergent sequence obeys a Cauchy condition:
Ve >0 3N € N such that if n,k > N then |a, — ai| <.

The converse of this fact is a fundamental property of R.

5 Theorem R is complete with respect to Cauchy sequences in the sense that if
(an) is a sequence of real numbers which obeys a Cauchy condition then it converges
to a limit in R.

Proof First we show that (a,) is bounded. Taking € = 1 in the Cauchy condition
implies there is an N such that for all n,k > N we have |a,, — ai| < 1. Take K large
enough that —K < ay,...,ay < K. Set M = K + 1. Then for all n we have

-M < a, < M,

which shows that the sequence is bounded.

Define a set X as
X = {x € R : 3 infinitely many n such that a,, > z}.

—M € X since for all n we have a,, > —M, while M ¢ X since no z, is > M. Thus
X is a nonempty subset of R which is bounded above by M. The least upper bound
property applies to X and we have b =1.u.b. X with —M <b < M.
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We claim that a, converges to b as n — co. Given € > 0 we must show there is
an N such that for all n > N we have |a, — b| < €. Since (a,) is Cauchy and €/2 is
positive there does exist an N such that if n,k > N then

€

lan, —ag| < 3

Since b — €/2 is less than b it is not an upper bound for X, so there is z € X with

b —¢€/2 < z. For infinitely many n we have a,, > x. Since b+ ¢/2 > b it does not

belong to X, and therefore for only finitely many n do we have a,, > b+ €/2. Thus,
for infinitely many n we have

€ €
b— - < < < b+ —.
2_$_an_+2

Since there are infinitely many of these n there are infinitely many that are > N.
Pick one, say a,, with ng > N and b — €/2 < ap, < b+ ¢/2. Then for all n > N we
have

€ €
an —b] < fan — ang| + [an, — b < oty = €
which completes the verification that (a,) converges. See Figure 4. O
Qnp, Qn,

"8 ——°& —0 —0  —— o °

M b—¢€/2 b b+e€/2 M
Figure 4 For all n > N we have |a,, — b| < €.

Restating Theorem 5 gives the
6 Cauchy Convergence Criterion A sequence (ay) in R converges if and only if

Ve >0 3N € N such that n,k > N = |a, — a| < e

Further description of R

The elements of R\ Q are irrational numbers. If x is irrational and r is rational
then y = x + r is irrational. For if y is rational then so is y — r = x, the difference of
rationals being rational. Similarly, if » £ 0 then rz is irrational. It follows that the
reciprocal of an irrational number is irrational. From these observations we will show
that the rational and irrational numbers are thoroughly mixed up with each other.

Let a < b be given in R. Define the intervals (a,b) and [a, b] as
(a,b) ={x e R:a <z < b}
[a,b] = {z € R:a <z < b}
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7 Theorem FEwvery interval (a,b), no matter how small, contains both rational and
wrrational numbers. In fact it contains infinitely many rational numbers and infinitely
many irrational numbers.

Proof Think of a,b as cuts a = A|A’, b = B|B’. The fact that a < b implies the set
B\ A is a nonempty set of rational numbers. Choose a rational r € B\ A. Since B
has no largest element, there is a rational s with a < r < s < b. Now consider the
transformation

T:t—r + (s—r)t.

It sends the interval [0, 1] to the interval [r, s]. Since r and s — r are rational, T" sends
rationals to rationals and irrationals to irrationals. Clearly [0, 1] contains infinitely
many rationals, say 1/n with n € N, so [r, s] contains infinitely many rationals. Also
[0,1] contains infinitely many irrationals, say 1/nv/2 with n € N, so [r, s] contains
infinitely many irrationals. Since [r, s] contains infinitely many rationals and infinitely
many irrationals, the same is true of the larger interval (a,b). O

Theorem 7 expresses the fact that between any two rational numbers lies an irra-
tional number, and between any two irrational numbers lies a rational number. This
is a fact worth thinking about for it seems implausible at first. Spend some time
trying to picture the situation, especially in light of the following related facts:

(a) There is no first (i.e., smallest) rational number in the interval (0, 1).

(b) There is no first irrational number in the interval (0, 1).

(¢) There are strictly more irrational numbers in the interval (0,1) (in the cardi-
nality sense explained in Section 4) than there are rational numbers.

The transformation in the proof of Theorem 7 shows that the real line is like
rubber: stretch it out and it never breaks.

A somewhat obscure and trivial fact about R is its Archimedean property: for
each z € R there is an integer n that is greater than x. In other words, there exist
arbitrarily large integers. The Archimedean property is true for Q since p/q < |p|. It
follows that it is true for R. Given x = A|B, just choose a rational number r € B
and an integer n > r. Then n > x. An equivalent way to state the Archimedean
property is that there exist arbitrarily small reciprocals of integers.

Mildly interesting is the existence of ordered fields for which the Archimedean
property fails. One example is the field R(z) of rational functions with real coeffi-
cients. Fach such function is of the form
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where p and ¢ are polynomials with real coefficients and ¢ is not the zero polynomial.
(It does not matter that g(z) = 0 at a finite number of points.) Addition and
multiplication are defined in the usual fashion of high school algebra, and it is easy to
see that R(z) is a field. The order relation on R(x) is also easy to define. If R(z) > 0
for all sufficiently large = then we say that R is positive in R(x), and if R — S is
positive then we write S < R. Since a nonzero rational function vanishes (has value
zero) at only finitely many = € R, we get trichotomy: either R =S, R < S,or S < R.
(To be rigorous, we need to prove that the values of a rational function do not change
sign for x large enough.) The other order properties are equally easy to check, and
R(z) is an ordered field.

Is R(x) Archimedean? That is, given R € R(x), does there exist a natural number
n € R(x) such that R < n? (A number n is the rational function whose numerator is
the constant polynomial p(x) = n, a polynomial of degree zero, and whose denomina-
tor is the constant polynomial ¢(x) = 1.) The answer is “no.” Take R(x) = z/1. The
numerator is z and the denominator is 1. Clearly we have n < x, not the opposite,
so R(z) fails to be Archimedean.

The same remarks hold for any positive rational function R = p(x)/q (x) where
the degree of p exceeds the degree of q. In R(z), R is never less than a natural
number. (You might ask yourself: exactly which rational functions are less than n?)

The e-principle

Finally let us note a nearly trivial principle that turns out to be invaluable in
deriving inequalities and equalities in R.

8 Theorem (e-principle) If a,b are real numbers and if for each € > 0 we have
a<b+ethen a <b. If x,y are real numbers and for each ¢ > 0 we have |z —y| < €
then x =y.

Proof Trichotomy implies that either a < b or a > b. In the latter case we can
choose € with 0 < € < a — b and get the absurdity

e <a—b < e

Hence a < b. Similarly, if 2 # y then choosing € with 0 < ¢ < |z — y| gives the
contradiction € < |z — y| < e. Hence x = y. See also Exercise 12. O
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3 Euclidean Space

Given sets A and B, the Cartesian product of A and B is the set A x B of all
ordered pairs (a,b) such that a € A and b € B. (The name comes from Descartes
who pioneered the idea of the xy-coordinate system in geometry.) See Figure 5.

(a,b)

b

B AxB

A a

Figure 5 The Cartesian product A x B

The Cartesian product of R with itself m times is denoted R™. Elements of R™
are vectors, ordered m-tuples of real numbers (z1,...,2,,). In this terminology real
numbers are called scalars and R is called the scalar field. When vectors are added,
subtracted, and multiplied by scalars according to the rules

(1, sxm) + (Y1, ym) = (T1 + Y1,y T + Ym)
(X1, xm) — Wiy yym) = (T1 — Y1y, T — Ym)
c(x1,y...,xm) = (cx1,...,cTm)

then these operations obey the natural laws of linear algebra: commutativity, as-
sociativity, etc. There is another operation defined on R™, the dot product (also
called the scalar product or inner product). The dot product of x = (z1,...,x,,) and

Y= (Y1,---,Ym) is

(r,y) = 1y1 + - .. + T;Ym.-

Remember: the dot product of two vectors is a scalar, not a vector. The dot product

operation is bilinear, symmetric, and positive definite; i.e., for any vectors z, y, z € R™
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and any c € R we have

(x,y+cz) = (z,y) + c(z,2)

(r,y) = (y7)
(x,z) > 0and (z,z) = 0 if and only if x is the zero vector.

The length or magnitude of a vector z € R™ is defined to be

2l = Viwa) = \Jo? + ... + a2,

See Exercise 16 which legalizes taking roots. Expressed in coordinate-free language,
the basic fact about the dot product is the

9 Cauchy-Schwarz Inequality For all z,y € R™ we have (z,y) < |z||y|.

Proof Tricky! For any vectors x,y consider the new vector w = x + ty, where ¢t € R
is a varying scalar. Then

Q) = (w,w) = (z+ty, z+1ty)

is a real-valued function of ¢. In fact, Q(¢) > 0 since the dot product of any vector
with itself is nonnegative. The bilinearity properties of the dot product imply that

Q(t) = (v, x) + 2t{z,y) + t*(y,y) = c + bt + at?

is a quadratic function of t. Nonnegative quadratic functions of ¢ € R have nonpositive
discriminants, b* —4ac < 0. For if b> —4ac > 0 then Q(t) has two real roots, between
which Q(t) is negative. See Figure 6.

Q positive,
no real roots

Q non-negative,
one double root

Q both positive
and negative,
\ two real roots /

t-axis \\_/

b? — 4ac < 0 b2 — 4ac =0 b? — 4ac > 0

y-axis

Figure 6 Quadratic graphs
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But b2 — 4ac < 0 means that 4(z,y)? — 4(x,z){y,y) <0, i.e.,
(@,9)° < (z,2)(y,9).

Taking the square root of both sides gives (z,y) < \/(z,z)\/(y,y) = |z|ly|. (We use
Exercise 17 here and below without further mentlon.) O

The Cauchy-Schwarz inequality implies easily the Triangle Inequality for vec-
tors: For all z,y € R™ we have

lz +y| < |z|+ |yl

For [z +y|? = (x+y, 2 +y) = (z,2) + 2(x,y) + (y,y). By Cauchy-Schwarz,
2(z,y) < 2|x||y|. Thus,

x4+ y* < |z)* + 20lly| + |yI* = (2] + |y])*

Taking the square root of both sides gives the result.

The Euclidean distance between vectors z,y € R™ is defined as the length of
their difference,

2=yl =Vie—y, z—y) = V@1 —y)? + ...+ (@m— ym)*

From the Triangle Inequality for vectors follows the Triangle Inequality for dis-
tance. For all z,y, 2z € R™ we have

|z — 2] < |z —y|l+ |ly—=z|

To prove it, think of x — z as the vector sum (z —y) + (y — z) and apply the Triangle
Inequality for vectors. See Figure 7.

Geometric intuition in Euclidean space can carry you a long way in real analysis,
especially in being able to forecast whether a given statement is true or not. Your
geometric intuition will grow with experience and contemplation. We begin with
some vocabulary.

In real analysis, vectors in R™ are referred to as points in R™. The j* coordinate
of the point (z1,...,2p,) is the number z; appearing in the 4% position. The ;"
coordinate axis is the set of points € R™ whose k' coordinates are zero for all
k # j. The origin of R™ is the zero vector, (0,...,0). The first orthant of R™ is
the set of points x € R™ all of whose coordinates are nonnegative. When m = 2,
the first orthant is the first quadrant. The integer lattice is the set Z" C R" of
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Figure 7 How the Triangle Inequality gets its name
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Figure 8 The integer lattice and first quadrant



26 Real Numbers Chapter 1

ordered m-tuples of integers. The integer lattice is also called the integer grid. See
Figure 8.

A box is a Cartesian product of intervals
[al,bﬂ X oo X [am,bm]

in R™. (A box is also called a rectangular parallelepiped.) The unit cube in
R™ is the box [0,1]™ = [0,1] x --- x [0, 1]. See Figure9.

vertex

box cube

Figure 9 A box and a cube

The unit ball and unit sphere in R are the sets

B"™ = {xeR™:|z| <1}
sml = {z eR™:|z| =1}

The reason for the exponent m — 1 is that the sphere is (m — 1)-dimensional as
an object in its own right although it does live in m-space. In 3-space, the surface of
a ball is a two-dimensional film, the 2-sphere S2. See Figure 10.

A set & C R™ is convex if for each pair of points z,y € F, the straight line
segment between x and y is also contained in E. The unit ball is an example of a
convex set. To see this, take any two points in B™ and draw the segment between
them. It “obviously” lies in B™. See Figure 11.

To give a mathematical proof, it is useful to describe the line segment between
x and y with a formula. The straight line determined by distinct points =,y € R™
is the set of all linear combinations sx + ty where s +t = 1, and the line segment is
the set of these linear combinations where s and ¢ are < 1. Such linear combinations
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B? = disc S? = sphere

Figure 10 A 2-disc B? with its boundary circle, and a 2-sphere S? with its
equator

Figure 11 Convexity of the ball

st +ty with s+¢=1and 0 < s,t <1 are called convex combinations. The line
segment is denoted as [z, y]. (This notation is consistent with the interval notation
[a,b]. See Exercise27.) Now if z,y € B™ and sx + ty = z is a convex combination of
x and y then, using the Cauchy-Schwarz Inequality and the fact that 2st > 0, we get

(z,2) = sz, x) + 2st{z,y) + t2(y,y)

s%[al? + 2stlally] + £2]y)*
§% + 2st +t2 = (s+1)? = 1.

IN N

Taking the square root of both sides gives |z| < 1, which proves convexity of the
ball.
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Inner product spaces

An inner product on a vector space V is an operation (, ) on pairs of vectors
in V that satisfies the same conditions that the dot product in Euclidean space does:
Namely, bilinearity, symmetry, and positive definiteness. A vector space equipped
with an inner product is an inner product space. The discriminant proof of the
Cauchy-Schwarz Inequality is valid for any inner product defined on any real vector
space, even if the space is infinite-dimensional and the standard coordinate proof
would make no sense. For the discriminant proof uses only the inner product prop-
erties, and not the particular definition of the dot product in Euclidean space.

R™ has dimension m because it has a basis eq, ..., e,,. Other vector spaces are
more general. For example, let C([a,b],R) denote the set of all of continuous real-
valued functions defined on the interval [a,b]. (See Section 6 or your old calculus
book for the definition of continuity.) It is a vector space in a natural way, the
sum of continuous functions being continuous and the scalar multiple of a continuous
function being continuous. The vector space C'(]a, b], R), however, has no finite basis.
It is infinite-dimensional. Even so, there is a natural inner product,

b
(f,9) :/ f(z)g(x)dx.

Cauchy-Schwarz applies to this inner product, just as to any inner product, and we
infer a general integral inequality valid for any two continuous functions,

bf(w)g(x)dx < bf(x)2dx ’ g(x)? dz.
/ / 1

It would be challenging to prove such an inequality from scratch, would it not? See

also the first paragraph of the next chapter.

A norm on a vector space V' is any function | |:V — R with the three properties
of vector length: Namely, if v,w € V and A € R then

|v| > 0 and |v| = 0 if and only if v =0,
[Av = [A[Jo],
v+ w] < fof + |w|.

An inner product (, ) defines a norm as |v| = /(v,v), but not all norms come
from inner products. The unit sphere {v € V' : (v,v) = 1} for every inner product is
smooth (has no corners) while for the norm

[Vlnax = max{vil, v2]}
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defined on v = (v, v) € R?, the unit sphere is the perimeter of the square {(v1,v2) €
R? : |v1| < 1 and |va] < 1}. Tt has corners and so it does not arise from an inner
product. See Exercises46, 47, and the Manhattan metric on page 76.

The simplest Euclidean space beyond R is the plane R?. Its zy-coordinates can
be used to define a multiplication,

(z,y) o (2',¢) = (za’ —yy/, zy’ + 2'y).

The point (1, 0) corresponds to the multiplicative unit element 1, while the point (0, 1)
corresponds to i = /—1, which converts the plane to the field C of complex numbers.
Complex analysis is the study of functions of a complex variable, i.e., functions f(z)
where z and f(z) lie in C. Complex analysis is the good twin and real analysis the
evil one: beautiful formulas and elegant theorems seem to blossom spontaneously in
the complex domain, while toil and pathology rule the reals. Nevertheless, complex
analysis relies more on real analysis than the other way around.

4 Cardinality

Let A and B be sets. A function f : A — B is a rule or mechanism which, when
presented with any element a € A, produces an element b = f(a) of B. It need not
be defined by a formula. Think of a function as a device into which you feed elements
of A and out of which pour elements of B. See Figure 12. We also call f a mapping

Figure 12 The function f as a machine

or a map or a transformation. The set A is the domain of the function and B is
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its target, also called its codomain. The range or image of f is the subset of the
target

{b € B : there exists at least one element a € A with f(a) = b}.

See Figure 13.

range

Figure 13 The domain, target, and range of a function

Try to write f instead of f(z) to denote a function. The function is the device
which when confronted with input z produces output f(z). The function is the
device, not the output.

Think also of a function dynamically. At time zero all the elements of A are
sitting peacefully in A. Then the function applies itself to them and throws them
into B. At time one all the elements that were formerly in A are now transferred into
B. Each a € A gets sent to some element f(a) € B.

A mapping f : A — B is an injection (or is one-to-one) if for each pair of
distinct elements a,a’ € A, the elements f(a), f(a’) are distinct in B. That is,

atd = fla) # f(d).

The mapping f is a surjection (or is onto) if for each b € B there is at least one
a € A such that f(a) = b. That is, the range of f is B.
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A mapping is a bijection if it is both injective and surjective. It is one-to-one
and onto. If f : A — B is a bijection then the inverse map f~' : B — A is a bijection
where f~1(b) is by definition the unique element a € A such that f(a) = b.

The identity map of any set to itself is the bijection that takes each a € A and
sends it to itself, id(a) = a.

If f:A— Bandg: B — C then the composite go f : A — C is the function
that sends a € A to g(f(a)) € C. If f and g are injective then so is g o f, while if f
and ¢ are surjective then so is go f,

gof

In particular the composite of bijections is a bijection. If there is a bijection from
A onto B then A and B are said to have equal cardinality,’ and we write A ~ B.
The relation ~ is an equivalence relation. That is,

(a) A~ A.
(b) A ~ B implies B ~ A.
(¢) A~ B ~ C implies A ~ C.

(a) follows from the fact that the identity map bijects A to itself. (b) follows from
the fact that the inverse of a bijection A — B is a bijection B — A. (c) follows from
the fact that the composite of bijections f and g is a bijection g o f.

A set S is

finite if it is empty or for some n € N we have S ~ {1, ..., n}.
infinite if it is not finite.

denumerable if S ~ N.

countable if it is finite or denumerable.

uncountable if it is not countable.

fThe word “cardinal” indicates the number of elements in the set. The cardinal numbers are
0,1,2,... The first infinite cardinal number is aleph null, Xy. One says the N has Ny elements. A
mystery of math is the Continuum Hypothesis which states that R has cardinality i, the second
infinite cardinal. Equivalently, if N C S C R, the Continuum Hypothesis asserts that S ~ N or
S ~ R. No intermediate cardinalities exist. You can pursue this issue in Paul Cohen’s book, Set
Theory and the Continuum Hypothesis.
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We also write card A = card B and #A = #B when A, B have equal cardinality.

If S is denumerable then there is a bijection f : N — S, and this gives a way to
list the elements of S as s1 = f(1), s2 = f(2), s3 = f(3), etc. Conversely, if a set
S is presented as an infinite list (without repetition) S = {s1, s2, s3,...}, then it is
denumerable: Define f(k) = s, for all £ € N. In brief, denumerable = listable.

Let’s begin with a truly remarkable cardinality result, that although N and R are
both infinite, R is more infinite than N. Namely,

10 Theorem R is uncountable.

Proof There are other proofs of the uncountability of R, but none so beautiful as
this one. It is due to Cantor. I assume that you accept the fact that each real number
x has a decimal expansion, x = N.xiz9x3 ..., and it is uniquely determined by x if
one agrees never to terminate the expansion with an infinite string of 9s. (See also
Exercise 18.) We want to prove that R is uncountable. Suppose it is not uncountable.
Then it is countable and, being infinite, it must be denumerable. Accordingly let
f N — R be a bijection. Using f, we list the elements of R along with their decimal
expansions as an array, and consider the digits x;; that occur along the diagonal in
this array. See Figure 14.

f(l) = N ®11 T2 T3 T4 Tis Tie Ti7
f(2) = Ny @21 o2 T23 Tag a5 T Tay
f(B) = N3 w31 ¥32 33 T34 T3z T3 T3y
f(4) = Ny 41 Taz Tu3 Taa Tys Tae  Tay
f(5) = N5 @51 @52 Ts53 Tsa Tss Tse  Tsy
f(6) = No& w61 Te2 T63 Tea Tes T Ter
f(7) = Ny x71 T2 Tyzs T7a Trs Tre Xy

Figure 14 Cantor’s diagonal method

For each i, choose a digit y; such that y; # x;; and y; # 9. Where is the number
y = 0.y192y3...7 Is it f(1)? No, because the first digit in the decimal expansion of
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f(1) is z11 and y; # z11. Is it f(2)7 No, because the second digit in the decimal
expansion of f(2) is x99 and ys # x90. Is it f(k)? No, because the k' digit in the
decimal expansion of f(k) is xpr and yr # xkk. Nowhere in the list do we find y.
Nowhere! Therefore the list could not account for every real number, and R must

have been uncountable. O
11 Corollary [a,b] and (a,b) are uncountable.

Proof There are bijections from (a,b) onto (—1,1) onto the unit semicircle onto R
shown in Figure 15. The composite f bijects (a,b) onto R, so (a,b) is uncountable.

-1 1 '}' =f(x)
x
a

Figure 15 Equicardinality of (a,b), (—1,1), and R

Since [a, b] contains (a, b), it too is uncountable. O

The remaining results in this section are of a more positive flavor.

12 Theorem FEach infinite set S contains a denumerable subset.
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Proof Since S is infinite it is nonempty and contains an element s;. Since S is
infinite the set S\ {s1} = {s € S : s # 51} is nonempty and there exists so € S\{s1}.
Since S is an infinite set, S\ {s1,s0} = {s € S : s # 51,52} is nonempty and there
exists s3 € S\ {s1,s2}. Continuing this way gives a list (s,) of distinct elements of
S. The set of these elements forms a denumerable subset of S. O

13 Theorem An infinite subset A of a denumerable set B is denumerable.

Proof There exists a bijection f : N — B. Each element of A appears exactly once
in the list f(1), f(2), f(3),... of B. Define g(k) to be the k'" element of A appearing
in the list. Since A is infinite, g(k) is defined for all k € N. Thus g : N — A is a
bijection and A is denumerable. O

14 Corollary The sets of even integers and of prime integers are denumerable.
Proof They are infinite subsets of N which is denumerable. O
15 Theorem N x N is denumerable.

Proof Think of N x N as an co X oo matrix and walk along the successive counter-
diagonals. See Figure 16. This gives a list

(1,1),(2,1),(1,2),(3,1),(2,2),(1,3),(4,1),(3,2),(2,3), (1,4), (5, 1), ...

of N x N and proves that N x N is denumerable. O

Figure 16 Counter-diagonals in an oo X oo matrix
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16 Corollary The Cartesian product of denumerable sets A and B is denumerable.
Proof N ~ NxN ~ A x B. O
17 Theorem If f : N — B is a surjection and B is infinite then B is denumerable.

Proof For each b € B, the set {k € N: f(k) = b} is nonempty and hence contains a
smallest element; say h(b) = k is the smallest integer that is sent to b by f. Clearly, if
b,/ € B and b # b’ then h(b) # h(b'). That is, h : B — N is an injection which bijects
B to hB C N. Since B is infinite, so is hB. By Theorem 13, hB is denumerable and
therefore so is B. O

18 Corollary The denumerable union of denumerable sets is denumerable.

Proof Suppose that Ap, As, ... is a sequence of denumerable sets. List the elements
of A; as a;1,a;9,... and define

f:NxN —- A=UA
(i,J) = a
Clearly f is a surjection. According to Theorem 15, there is a bijection g : N —

N x N. The composite f o g is a surjection N — A. Since A is infinite, Theorem 17
implies it is denumerable. O

19 Corollary Q is denumerable.

Proof Q is the denumerable union of the denumerable sets A, = {p/q : p € Z} as
q ranges over N. 0

20 Corollary For each m € N the set Q™ is denumerable.

Proof Apply the induction principle. If m = 1 then the previous corollary states
that Q! is denumerable. Knowing inductively that Q™! is denumerable and Q™ =
Q™! x Q, the result follows from Corollary 16. O

Combination laws for countable sets are similar to those for denumerable sets. As
is easily checked,

Every subset of a countable set is countable.
A countable set that contains a denumerable subset is denumerable.
The Cartesian product of finitely many countable sets is countable.

The countable union of countable sets is countable.
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5* Comparing Cardinalities

The following result gives a way to conclude that two sets have the same cardinality.
Roughly speaking the condition is that card A < card B and card B < card A.

21 Schroeder-Bernstein Theorem If A, B are sets and f : A— B, g: B — A
are injections then there exists a bijection h: A — B.

Proof-sketch Consider the dynamic Venn diagram, Figure 17. The disc labeled gf A

Figure 17 Pictorial proof of the Schroeder-Bernstein Theorem

is the image of A under the map go f. It is a subset of A. The ring between A and
gf A divides into two subrings. Ag is the set of points in A that do not lie in the image
of g, while A; is the set points in the image of g that do not lie in gfA. Similarly,
By is the set of points in B that do not lie in fA, while B; is the set of points in
fA that do not lie in fgB. There is a natural bijection h from the pair of rings
Ag U A; = AN\ gf A to the pair of rings BoU By = B\ fgB. It equals f on the outer
ring Ag = A\ gB and it is g~! on the inner ring A; = gB\ gfA. (The map g~! is
not defined on all of A, but it is defined on the set gB.) In this notation, h sends A
onto By and sends A; onto By. It switches the indices. Repeat this on the next pair
of rings for A and B. That is, look at gf A instead of A and fgB instead of B. The

next two rings in A, B are

Ay = gfANgfgB Az = gfgB \ gfgfA
By = fgB\ fgfA B3z = fgfAN\ fgfgB.

Send Aj to B3 by f and A3 to By by g~!. The rings A; are disjoint, and so are
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the rings B;, so repetition gives a bijection
o: U4 — UB;,
(U indicates disjoint union) defined by

() f(x) if x € A; and 7 is even
xTr) =
g Yx) ifze€ A; andiis odd.

Let Ax= AN (U A;) and Bx= B\ (U B;) be the rest of A and B. Then f bijects
Ay to Bx and ¢ extends to a bijection h : A — B defined by

h(x):{qb(x) it e LA
f(z) ifxe As. 0

A supplementary aid in understanding the Schroeder Bernstein proof is the fol-

lowing crossed ladder diagram, Figure 18.

A A Az Aj Ay As A,
N\ { AN i N\ 7
f, /g" VA JE 1 VA 8 !
/\\« /\\ /\« R
By By B B3 B4 Bs B,
N g Ng g Ne g
Ag Ay A Az Ag As A

Figure 18 Diagramatic proof of the Schroeder-Bernstein Theorem

Exercise 36 asks you to show directly that (a,b) ~ [a,b]. This makes sense since
(a,b) C [a,b] C R and (a,b) ~ R should certainly imply (a,b) ~ [a,b] ~ R. The
Schroeder-Bernstein theorem gives a quick indirect solution to the exercise. The in-
clusion map i : (a,b) < [a, b] sending x to z injects (a, b) into [a, b], while the function
j(x) = x/2 + (a+ b)/4 injects [a,b] into (a,b). The existence of the two injections
implies by the Schroeder-Bernstein Theorem that there is a bijection (a,b) ~ [a, b].
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6* The Skeleton of Calculus

The behavior of a continuous function defined on an interval [a, b] is at the root of all
calculus theory. Using solely the Least Upper Bound Property of the real numbers we
rigorously derive the basic properties of such functions. The function f : [a,b] — R
is continuous if for each € > 0 and each z € [a, b] there is a 6 > 0 such that

t € fa,bland [t—z| <6 = [f(t)— f(z)| < e

See Figure 19.

f(X)+€ ...................................................
f(x) ‘ .......... R P S AR S (R
f(x)_€ E -------------------------
IEEEE TR PYREREEEEEEE [
0 a

Figure 19 The graph of a continuous function of a real variable

Continuous functions are found everywhere in analysis and topology. Theo-
rems 22, 23, and 24 present their simplest properties. Later we generalize these
results to functions that are neither real valued nor dependent on a real variable.
Although it is possible to give a combined proof of Theorems 22 and 23 I prefer to
highlight the Least Upper Bound Property and keep them separate.

22 Theorem The values of a continuous function defined on an interval [a,b] form
a bounded subset of R. That is, there exist m, M € R such that for all x € [a,b] we
have m < f(x) < M.

Proof For z € [a,b], let V, be the value set of f(t) as ¢ varies from a to z,
Ve = {y € R: for some t € [a,z] we have y = f(t)}.

Set
X = {x € [a,b] : V; is a bounded subset of R}.
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We must prove that b € X. Clearly a € X and b is an upper bound for X. Since
X is nonempty and bounded above, there exists in R a least upper bound ¢ < b for
X. Take ¢ = 1 in the definition of continuity at c¢. There exists a 6 > 0 such that
|z — ¢| < 6 implies |f(x) — f(c)| < 1. Since c is the least upper bound for X, there
exists z € X in the interval [¢ — §, ¢|. (Otherwise ¢ — ¢ is a smaller upper bound for
X.) Now as t varies from a to ¢, the value f(t) varies first in the bounded set V,. and
then in the bounded set J = (f(c) — 1, f(c) + 1). See Figure 20.

=

—~
)

S’
+

—
LLLIL

Figure 20 The value set V,, and the interval J

The union of two bounded sets is a bounded set and it follows that V. is bounded,
so ¢ € X. Besides, if ¢ < b then f(¢) continues to vary in the bounded set .J for ¢t > ¢,
contrary to the fact that ¢ is an upper bound for X. Thus, ¢ = b, b € X, and the
values of f form a bounded subset of R. O

23 Theorem A continuous function f defined on an interval [a,b] takes on absolute
minimum and absolute maximum values: For some xo,x1 € [a,b] and for all x € [a,b]
we have

f(zo) < f(x) < f(x1).

Proof Let M =1.u.b. f(t) as t varies in [a,b]. By Theorem 22 M exists. Consider
the set X = {x € [a,b] : Lu.b.V, < M} where, as above, V;, is the set of values of f(t)
as t varies on [a, z].



40 Real Numbers Chapter 1

Case 1. f(a) = M. Then f takes on a maximum at a and the theorem is proved.

Case 2. f(a) < M. Then X # () and we can consider the least upper bound of X, say
c. If f(e) < M, we choose € > 0 with e < M — f(c). By continuity at ¢, there exists
a 0 > 0 such that |t — ¢| < ¢ implies |f(¢t) — f(c)| < e. Thus, Lu.b.V. < M. If ¢ <b
this implies there exist points t to the right of ¢ at which l.u.b.V; < M, contrary to
the fact that ¢ is an upper bound of such points. Therefore, ¢ = b, which implies that
M < M, a contradiction. Having arrived at a contradiction from the supposition
that f(c) < M, we duly conclude that f(c) = M, so f assumes a maximum at ¢. The
situation with minima is similar. O

24 Intermediate Value Theorem A continuous function defined on an interval
[a,b] takes on (or “achieves,” “assumes,” or “attains”) all intermediate values: That
is, if f(a) = a, f(b) = B, and 7 is given, o < v < (3, then there is some c € |a,b]

such that f(c) =7. The same conclusion holds if B <7 < a.

The theorem is pictorially obvious. A continuous function has a graph that is a
curve without break points. Such a graph can not jump from one height to another.
It must pass through all intermediate heights.

Proof Set X = {z € [a,b] : Lu.b.V, <7} and ¢ = Lu.b.X. Now c exists because X
is nonempty (it contains a) and it is bounded above (by b). We claim that f(c) =7,
as shown in Figure 21.

To prove it we just eliminate the other two possibilities which are f(c) < 7 and
f(¢) > 7, by showing that each leads to a contradiction. Suppose that f(c) < ¥
and take € = 7 — f(c). Continuity at ¢ gives § > 0 such that |t — ¢| < § implies
|f(t) — f(c)| < e. That is,

te(c—90, c+0) = f(t) <7,

so ¢+ 0/2 € X, contrary to ¢ being an upper bound of X.

Suppose that f(c) > 7 and take e = f(c) — 7. Continuity at ¢ gives § > 0 such
that |t — ¢| < ¢ implies |f(t) — f(¢)| < e. That is,

te(c=46,c+9) = f(t) >,

so ¢ — /2 is an upper bound for X, contrary to ¢ being the least upper bound for
X. Since f(c) is neither < ¥ nor > v we get f(c) =1. O

A combination of Theorems 22, 23, 24, and Exercise 43 could well be called the
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0 : a : X ¢ - b

Figure 21 = € X implies that f(x) < 7.

25 Fundamental Theorem of Continuous Functions Fvery continuous real val-
ued function of a real variable x € [a,b] is bounded, achieves minimum, intermediate,
and maximum values, and is uniformly continuous.

7* Visualizing the Fourth Dimension

A lot of real analysis takes place in R™ but the full m-dimensionality is rarely im-
portant. Rather, most analysis facts which are true when m = 1,2, 3 remain true for
m > 4. Still, I suspect you would be happier if you could visualize R, R, etc. Here
is how to do it.

It is often said that time is the fourth dimension and that R* should be thought
of as xyzt-space where a point has position (z,y,z) in 3-space at time ¢. This is
only one possible way to think of a fourth dimension. Instead, you can think of color
as a fourth dimension. Imagine our usual 3-space with its xyz-coordinates in which
points are colorless. Then imagine that you can give color to points (“paint” them)
with shades of red indicating positive fourth coordinate and blue indicating negative
fourth coordinate. This gives xyzc-coordinates. Points with equal zyz-coordinates
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but different colors are different points.

How is this useful? We have not used time as a coordinate, reserving it to describe
motion in 4-space. Figure 22 shows two circles — the unit circle C' in the horizontal
xy-plane and the circle V' with radius 1 and center (1,0,0) in the vertical zz-plane.
They are linked. No continuous motion can unlink them in 3-space without one

Figure 22 C and V are linked circles.

crossing the other. However, in Figure 23 you can watch them unlink in 4-space as
follows.

Just gradually give redness to C' while dragging it leftward parallel to the z-axis,
until it is to the left of V. (Leave V always fixed.) Then diminish the redness of
C until it becomes colorless. It ends up to the left of V' and no longer links it. In
formulas we can let

Ct)={(z,y,2,¢c) eR*: (x +2t)> +y* =1, 2 =0, and c(t) = t(t — 1)}

for 0 <t < 1. See Figure 23.

The moving circle C(t) never touches the stationary circle V. In particular, at
time t = 1/2 we have C(t) NV = (. For (—1,0,0,1/4) # (—1,0,0,0).

Other parameters can be used for higher dimensions. For example we could use
pressure, temperature, chemical concentration, monetary value, etc. In theoretical
mechanics one uses six parameters for a moving particle — three coordinates of position
and three more for momentum.

Moral Choosing a new parameter as the fourth dimension (color instead of time)
lets one visualize 4-space and observe motion there.
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—
colorless C'(0) colorless V'

—
reddish C(1/4) \-@ss v

reddest C'(1/2) colorless V

reddish C'(3/4) colorless V'
colorle@ colorless V

Figure 23 How to unlink linked circles using the fourth dimension
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Exercises
0. Prove that for all sets A, B, C' the formula

AN(BUC) =(ANB)U(ANC)

is true. Here is the solution written out in gory detail. Imitate this style in
writing out proofs in this course. See also the guidelines for writing a rigorous
proof on page5. Follow them!

Hypothesis. A, B, C are sets.

Conclusion. AN(BUC)=(ANB)U(ANCO).

Proof. To prove two sets are equal we must show that every element of the first
set is an element of the second set and vice versa. Referring to Figure 24, let x
denote an element of the set AN (B UC). It belongs to A and it belongs to B
or to C. Therefore x belongs to AN B or it belongs to AN C. Thus x belongs
to the set (AN B)U(ANC) and we have shown that every element of the first
set AN (B UC) belongs to the second set (AN B)U (ANC).

A A
//"'"\\
/] ™

B C B C

Figure 24 A is ruled vertically, B and C' are ruled horizontally, AN B is
ruled diagonally, and A N C' is ruled counter-diagonally.

On the other hand let y denote an element of the set (AN B)U (ANC). It
belongs to AN B or it belongs to ANC. Therefore it belongs to A and it belongs
to B or to C. Thus y belongs to AN (B UC) and we have shown that every
element of the second set (AN B)U(ANC) belongs to the first set AN (BUC).
Since each element of the first set belongs to the second set and each element
of the second belongs to the first, the two sets are equal, AN (BUC) =
(ANB)U(ANC). QED
1. Prove that for all sets A, B,C the formula

AU(BNC)=(AUB)N(AUC)
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*4.

10.
11.

is true.

. If several sets A, B, C, ... all are subsets of the same set X then the differences

XNA X\B, X\(,... are the complements of A, B,C,... in X and are
denoted A€, B¢, C°,.... The symbol A€ is read “A complement.”
(a) Prove that (A°)¢ = A.
(b) Prove De Morgan’s Law: (AN B)¢ = A°U B¢ and derive from it the law
(AU B)¢ = A°nN B°.
(c) Draw Venn diagrams to illustrate the two laws.
(d) Generalize these laws to more than two sets.

. Recast the following English sentences in mathematics, using correct mathe-

matical grammar. Preserve their meaning.
(a) 2 is the smallest prime number.
(b) The area of any bounded plane region is bisected by some line parallel to
the x-axis.
*(c) “All that glitters is not gold.”
What makes the following sentence ambiguous? “A death row prisoner can’t
have too much hope.”

. Negate the following sentences in English using correct mathematical grammar.

(a) If roses are red, violets are blue.
*(b) He will sink unless he swims.

. Why is the square of an odd integer odd and the square of an even integer even?

What is the situation for higher powers? [Hint: Prime factorization.]
(a) Why does 4 divide every even integer square?
(b) Why does 8 divide every even integer cube?
(¢) Why can 8 never divide twice an odd cube?
(d) Prove that the cube root of 2 is irrational.

. Suppose that the natural number % is not a perfect n'® power.

th root is irrational.

a Prove that its n
b Infer that the n'® root of a natural number is either a natural number or

it is irrational. It is never a fraction.

. Let « = A|B, 2’ = A’|B’ be cuts in Q. We defined

r+a = (A+A) | rest of Q.

(a) Show that although B + B’ is disjoint from A + A’; it may happen in
degenerate cases that Q is not the union of A+ A’ and B + B'.
(b) Infer that the definition of x + 2’ as (A+ A") | (B + B’) would be incorrect.
(c) Why did we not define z -2’ = (A - A") | rest of Q7
Prove that for each cut x we have x + (—z) = 0* [This is not entirely trivial.]
A multiplicative inverse of a nonzero cut x = A|B is a cut y = C|D such that
x-y=1%
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(a) If z > 0% what are C and D?
(b) If x < 0% what are they?
(c¢) Prove that x uniquely determines y.

12. Prove that there exists no smallest positive real number. Does there exist a
smallest positive rational number? Given a real number x, does there exist a
smallest real number y > x?

13. Let b =1.u.b. S, where S is a bounded nonempty subset of R.

(a) Given € > 0 show that there exists an s € S with
b—e < s < b

(b) Can s € S always be found so that b —e < s < b?

(c) If z = A|B is a cut in Q, show that x = l.u.b.A.

14. Prove that v/2 € R by showing that -z = 2 where 2 = A|B is the cut in Q with
A={r=Q:r <0orr? <2} [Hint: Use Exercise 13. See also Exercise 16,
below.]

15. Given y € R, n € N, and ¢ > 0, show that for some § > 0, if v € R and
|lu —y| < ¢ then |u™ — y™| < e. [Hint: Prove the inequality when n =1, n =2,
and then do induction on n using the identity

ut =yt = (- y) (W "y )]

16. Given x > 0 and n € N, prove that there is a unique y > 0 such that y" = .

That is, the n'" root of x exists and is unique. [Hint: Consider

y=lLub{seR:s" <z}

Then use Exercise 15 to show that y™ can be neither < z nor > z.]
17. Let z,y € R and n € N be given.

(a) Prove that x < y if and only if 2™ < y™.

(b) Infer from Exercise 16 that x < y if and only if the n'® root of x is less

than the n*® root of y.

18. Prove that real numbers correspond bijectively to decimal expansions not ter-

minating in an infinite strings of nines, as follows. The decimal expansion of
xz € Ris N.x1xso ..., where N is the largest integer < z, x1 is the largest integer
< 10(x — N), x9 is the largest integer < 100(x — (N + x1/10)), and so on.
(a) Show that each zj is a digit between 0 and 9.
(b) Show that for each k there is an ¢ > k such that z, # 9.
(c¢) Conversely, show that for each such expansion N.zjzs ... not terminating
in an infinite string of nines, the set

L e S N |

N, N
v, * 10° 10~ 100
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is bounded and its least upper bound is a real number x with decimal
expansion N.x1zs .. ..
(d) Repeat the exercise with a general base in place of 10.

19. Formulate the definition of the greatest lower bound (g.l.b.) of a set of real
numbers. State a g.l.b. property of R and show it is equivalent to the lL.u.b.
property of R.

20. Prove that limits are unique, i.e., if (a,) is a sequence of real numbers that
converges to a real number b and also converges to a real number b, then
b=1.

21. Let f: A — B be a function. That is, f is some rule or device which, when
presented with any element a € A, produces an element b = f(a) of B. The
graph of f is the set S of all pairs (a,b) € A x B such that b = f(a).

(a) If you are given a subset S C A x B, how can you tell if it is the graph of
some function? (That is, what are the set theoretic properties of a graph?)

(b) Let g : B — C be a second function and consider the composed function
gof:A— C. Assume that A= B =C = [0,1], draw A x B x C as the
unit cube in 3-space, and try to relate the graphs of f, g, and go f in the
cube.

22. A fixed-point of a function f : A — A is a point a € A such that f(a) = a.
The diagonal of A x A is the set of all pairs (a,a) in A x A.

(a) Show that f : A — A has a fixed-point if and only if the graph of f
intersects the diagonal.

(b) Prove that every continuous function f : [0,1] — [0,1] has at least one
fixed-point.

(c) Is the same true for continuous functions f : (0,1) — (0,1)?f

(d) Is the same true for discontinuous functions?

23. A rational number p/q is dyadic if ¢ is a power of 2, ¢ = 2* for some nonnegative
integer k. For example, 0,3/8,3/1, —3/256, are dyadic rationals, but 1/3,5/12
are not. A dyadic interval is [a,b] where a = p/2* and b = (p + 1)/2F. For
example, [.75, 1] is a dyadic interval but [1, 7], [0,2], and [.25,.75] are not. A
dyadic cube is the product of dyadic intervals having equal length. The set of
dyadic rationals may be denoted as Q2 and the dyadic lattice as Q5.

(a) Prove that any two dyadic squares (i.e., planar dyadic cubes) of the same
size are either identical, intersect along a common edge, intersect at a
common vertex, or do not intersect at all.

(b) Show that the corresponding intersection property is true for dyadic cubes
in R™.

tA question posed in this manner means that, as well as answering the question with a “yes” or
a “no,” you should give a proof if your answer is “yes” or a specific counterexample if your answer
is “no.” Also, to do this exercise you should read Theorems 22, 23, 24.
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24. Given a cube in R™, what is the largest ball it contains? Given a ball in
R™, what is the largest cube it contains? What are the largest ball and cube
contained in a given box in R™?

25. (a) Given e > 0, show that the unit disc contains finitely many dyadic squares
whose total area exceeds m — €, and which intersect each other only along
their boundaries.

**(b) Show that the assertion remains true if we demand that the dyadic squares
are disjoint.

(c) Formulate (a) in dimension m = 3 and m > 4.

**(d) Do the analysis with squares and discs interchanged. That is, given € > 0
prove that finitely many disjoint closed discs can be drawn inside the unit
square so that the total area of the discs exceeds 1 — e. [Hint: The Pile
of Sand Principle. On the first day of work, take away 1/16 of a pile of
sand. On the second day take away 1/16 of the remaining pile of sand.
Continue. What happens to the pile of sand after n days when n — oco?
Instead of sand, think of your obligation to place finitely many disjoint
dyadic squares (or discs) that occupy at least 1/16 of the area of the unit
disc (or unit square).]

*26. Let b(R) and s(R) be the number of integer unit cubes in R that intersect the
ball and sphere of radius R, centered at the origin.
(a) Let m = 2 and calculate the limits
- s(R) - s(R)?
Ansr) M A R
(b) Take m > 3. What exponent k& makes the limit

lim S(R)k

interesting?
(¢) Let ¢(R) be the number of integer unit cubes that are contained in the
ball of radius R, centered at the origin. Calculate

lim @
R—o0 (R)

(d) Shift the ball to a new, arbitrary center (not on the integer lattice) and
re-calculate the limits.
27. Prove that the interval [a,b] in R is the same as the segment [a, b] in R!. That
is,
{r eR:a <z <b}
= {yeR:3ste[0,1]with s +¢t=1 and y = sa + tb}.

[Hint: How do you prove that two sets are equal?]
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28. A convex combination of wi, ..., wi € R™ is a vector sum
w= 81wy + - + SpWgk
such that s; + -+ + sy =1land 0 < sy, ..., sp < 1.

(a) Prove that if a set F is convex then F contains the convex combination of
any finite number of points in F.
(b) Why is the converse obvious?
29. (a) Prove that the ellipsoid

22 2 z2
E = {(z,v, )ERS — + »2 + — <1}
is convex. [Hint: E is the unit ball for a different dot product. What is
it? Does the Cauchy-Schwarz inequality not apply to all dot products?]
(b) Prove that all boxes in R™ are convex.
30. A function f : (a,b) — R is a convex function if for all z,y € (a,b) and all

s,t €[0,1] with s + t =1 we have

flsz+ty) < sf(x)+tf(y).

(a) Prove that f is convex if and only if the set S of points above its graph is

convex in R?. The set S is {(z,y) : f(x) < y}.
*(b) Prove that every convex function is continuous.

(c) Suppose that f is convex and a < z < u < b. The slope o of the line
through (z, f(z)) and (u, f(u)) depends on = and u, say 0 = o(z,u). Prove
that ¢ increases when z increases, and o increases when u increases.

(d) Suppose that f is second-order differentiable. That is, f is differentiable
and its derivative f’ is also differentiable. As is standard, we write (f") =
f”. Prove that f is convex if and only if f”(z) > 0 for all z € (a,b).

(e) Formulate a definition of convexity for a function f : M — R where
M C R™ is a convex set. [Hint: Start with m = 2.]

*31. Suppose that a function f : [a,b] — R is monotone nondecreasing. That is,
z1 <z implies f(z1) < f(z2).

(a) Prove that f is continuous except at a countable set of points. [Hint: Show
that at each = € (a,b), f has right limit f(z+) and a left limit f(z—),
which are limits of f(z + h) as h tends to 0 through positive and negative
values respectively. The jump of f at x is f(z+) — f(x—). Show that f is
continuous at x if and only if it has zero jump at x. At how many points
can f have jump > 17 At how many points can the jump be between 1/2
and 17 Between 1/3 and 1/27]

(b) Is the same assertion true for a monotone function defined on all of R?

*32. Suppose that F is a convex region in the plane bounded by a curve C.
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(a) Show that C has a tangent line except at a countable number of points.
[For example, the circle has a tangent line at all its points. The triangle
has a tangent line except at three points, and so on.]
(b) Similarly, show that a convex function has a derivative except at a count-
able set of points.
*33. Let f(k,m) be the number of k-dimensional faces of the m-cube. See Table 1.

H Hm:l‘m:Q‘m:Z&‘m:4‘m:5‘--- ‘ m ‘ m—+1 H
k=0 2 4 8 f(0,4) | f(0,5) f(0,m) | f(O,m+1)
k=1 1 4 12 f(1,4) | f(1,5) f(d,m) | f(1,m+1)
k=2 0 1 6 f(2,4) | f(2,5) | --- | f(2,m) | f(2,m+1)
k=3 0 0 1 f(3,4) | f(3,5) f(3,m) | f(3,m+1)
k=4 0 0 0 f(4,4) | f(4,5) f4,m) | f(4,m+1)

Table 1 f(k,m) is the number of k-dimensional faces of the m-cube.

(a) Verify the numbers in the first three columns.

(b) Calculate the columns m = 4, m = 5, and give the formula for passing
from the m™ column to the (m + 1),

(¢) What would an m = 0 column mean?

(d) Prove that the alternating sum of the entries in any column is 1. That is,
2-1=1, 4-441=1, 8-12+6—1 =1, and in general > (~1)¥ f(k,m) =
1. This alternating sum is called the Euler characteristic.

34. Find an exact formula for a bijection f : N x N — N. Is one

?+ 2 +i(2j-3) —j+2,

fa.j) =+ 0+2+ - +(@+j-2) = ;

35. Prove that the union of denumerably many sets By, each of which is countable,
is countable. How could it happen that the union is finite?
*36. Without using the Schroeder-Bernstein Theorem,
(a) Prove that [a,b] ~ (a,b] ~ (a,b).
(b) More generally, prove that if C' is countable then

RNC ~ R ~ RUC.

(c¢) Infer that the set of irrational numbers has the same cardinality as R, i.e.,
R\NQ ~ R. [Hint: Imagine that you are the owner of denumerably many
hotels, Hy, Ho, ..., all fully occupied, and that a traveler arrives and asks
you for accommodation. How could you re-arrange your current guests to
make room for the traveler?]
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*37. Prove that R? ~ R. [Hint: Think of shuffling two digit strings
(a1a2a3 .. .)&(blbgbg .. ) — (alblazbgagbg .. )

In this way you could transform a pair of reals into a single real. Be sure to
face the nines-termination issue.]
38. Let S be a set and let P = P(S) be the collection of all subsets of S. [P(S) is
called the power set of S.] Let F be the set of functions f: S — {0,1}.
(a) Prove that there is a natural bijection from F onto P defined by

f—={sesS: f(s)=1}.

*(b) Prove that the cardinality of P is greater than the cardinality of S, even
when S is empty or finite.

[Hints: The notation YX is sometimes used for the set of all functions X — Y.
In this notation ¥ = {0,1}* and assertion (b) becomes #(S) < #({0,1}°).
The empty set has one subset, itself, whereas it has no elements, so #(() = 0,
while #({0,1}?) = 1, which proves (b) for the empty set. Assume there is a
bijection from S onto P. Then there is a bijection g : S — F, and for each
s €8, B(s) is a function, say fs: S — {0,1}. Think like Cantor and try to find
a function which corresponds to no s. Infer that  could not have been onto.]

39. A real number is algebraic if it is a root of a nonconstant polynomial with
integer coefficients.

(a) Prove that the set A of algebraic numbers is denumerable. [Hint: Each
polynomial has how many roots? How many linear polynomials are there?
How many quadratics? .. .]

(b) Repeat the exercise for roots of polynomials whose coefficients belong to
some fixed, arbitrary denumerable set S C R.

*(c) Repeat the exercise for roots of trigonometric polynomials with integer
coefficients.

(d) Real numbers that are not algebraic are said to be transcendental. Try-
ing to find transcendental numbers is said to be like looking for hay in a
haystack. Why?

40. A finite word is a finite string of letters, say from the roman alphabet.

(a) What is the cardinality of the set of all finite words, and thus of the set of
all possible poems and mathematical proofs?

(b) What if the alphabet had only two letters?

(c) What if it had countably many letters?

(d) Prove that the cardinality of the set ¥,, of all infinite words formed using
a finite alphabet of n letters, n > 2, is equal to the cardinality of R.
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(e) Give a solution to Exercise 37 by justifying the equivalence chain
RE=RxR ~ Sy x¥ ~ %x% ~ R

(f) How many decimal expansions terminate in an infinite string of 9’s? How
many don’t?

41. If v is a value of a continuous function f : [a,b] — R use the Least Upper
Bound Property to prove that there are smallest and largest « € [a, b] such that
f(x) =w.

42. A function defined on an interval [a,b] or (a,b) is uniformly continuous
if for each € > 0 there exists a 6 > 0 such that |z — ¢/ < ¢ implies that
|f(z) — f(t)] < e. (Note that this 6 cannot depend on z, it can only depend
on e. With ordinary continuity, the § can depend on both x and e.)

(a) Show that a uniformly continuous function is continuous but continuity
does not imply uniform continuity. (For example, prove that sin(1/z) is
continuous on the interval (0,1) but is not uniformly continuous there.
Graph it.)

(b) Is the function 2z uniformly continuous on the unbounded interval (—oo, c0)?

(c) What about z%?

*43. Prove that a continuous function defined on an interval [a, b] is uniformly con-
tinuous. [Hint: Let € > 0 be given. Think of € as fixed and consider the
sets

A(6) ={u € [a,b] :if z,t € [a,u] and |z —t| < §
then | (x) — f(1)] < €}
A= U A®9).
>0
Using the Least Upper Bound Property, prove that b € A. Infer that f is uni-
formly continuous. The fact that continuity on [a, b] implies uniform continuity
is one of the important, fundamental principles of continuous functions.]

*44. Define injections f : N — N and g : N — N by f(n) = 2n and g(n) = 2n. From
f and g, the Schroeder-Bernstein Theorem produces a bijection N — N. What
is it?

*45. Let (ay,) be a sequence of real numbers. It is bounded if the set A = {a1, a9, ...}
is bounded. The limit supremum, or limsup, of a bounded sequence (a,,) as
n — oo is

limsup a, = lim <sup ak>
n—00 n—=00 \ >p
(a) Why does the limsup exist?
(b) If sup{ay,} = oo, how should we define limsup a,?

n—oo
(c) If li_)m an = —o0, how should we define limsup a,,?
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(d) When is it true that

limsup(a, +b,) < limsupa, + limsupb,

n—0o0 n—ro0 n—o0
limsupca, = climsupa,?
n—oo n—0o0

When is it true they are unequal? Draw pictures that illustrate these
relations.

(e) Define the limit infimum, or liminf, of a sequence of real numbers, and
find a formula relating it to the limit supremum.

(f) Prove that 11_>m ay, exists if and only if the sequence (a,,) is bounded and

lim inf a,, = lim sup a,,.
n—00 n—00

**46. The unit ball with respect to a norm || || on R? is
{veR?: |jv] <1}

(a) Find necessary and sufficient geometric conditions on a subset of R? that
it is the unit ball for some norm.

(b) Give necessary and sufficient geometric conditions that a subset be the
unit ball for a norm arising from an inner product.

(c) Generalize to R™. [You may find it useful to read about closed sets in the
next chapter, and to consult Exercise41 there.]

47. Assume that V is an inner product space whose inner product induces a norm
as |z| = /(x, ).
(a) Show that | | obeys the parallelogram law

|z + y* + [z —y* =2[z]* + 2Jy|?

for all z,y € V.
*(b) Show that any norm obeying the parallelogram law arises from a unique
inner product. [Hints: Define the prospective inner product as
T +y 2 2
2

r—y
2

<$,y> -

Checking that (, ) satisfies the inner product properties of symmetry and
positive definiteness is easy. Also, it is immediate that |z|?> = (z,z), so
(', ) induces the given norm. Checking bilinearity is another story.

(i) Let x,y,z € V be arbitrary. Show that the parallelogram law implies

x4y, z) + (r—vy, z2) = 2(z,y),
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and infer that (2z,z) = 2(z, z). For arbitrary u,v € V set z = (u+v)
and y = %(u — ), plug in to the previous equation, and deduce

(u,z) + (v,2) = (u+w, z),

which is additive bilinearity in the first variable. Why does it now fol-
low at once that (, ) is also additively bilinear in the second variable?
To check multiplicative bilinearity, prove by induction that if m € Z
then m(z,y) = (ma,y), and if n € N then 1(z,y) = (tz,y). Infer
that r{x,y) = (rz,y) when r is rational. Is A — (Az,y) — \(x,y)
a continuous function of A\ € R, and does this give multiplicative
bilinearity?]

48. Consider a knot in 3-space as shown in Figure 25. In 3-space it cannot be

Figure 25 An overhand knot in 3-space

unknotted. How can you unknot it in 4-space?

*49. Prove that there exists no continuous three dimensional motion de-linking the
two circles shown in Figure 22 which keeps both circles flat at all times.

50. The Klein bottle is a surface that has an oval of self intersection when it is

shown in 3-space. See Figure 26. It can live in 4-space with no self-intersection.

oval of self-intersection

f-
(SN
eSS\
AN
=

Figure 26 The Klein Bottle in 3-space has an oval of self-intersection.

How?
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ol.

52.

Read Flatland by Edwin Abbott. Try to imagine a Flatlander using color to
visualize 3-space.

Can you visualize a 4-dimensional cube — its vertices, edges, and faces? [Hint: It
may be easier (and equivalent) to picture a 4-dimensional parallelepiped whose
eight red vertices have xyz-coordinates that differ from the xyz-coordinates
of its eight colorless vertices. It is a 4-dimensional version of a rectangle or
parallelogram whose edges are not parallel to the coordinate axes.]



A Taste of Topology

1 Metric Spaces

It may seem paradoxical at first, but a specific math problem can be harder to solve
than some abstract generalization of it. For instance if you want to know how many
roots the equation

-4+ —t+1=0

can have then you could use calculus and figure it out. It would take a while. But
thinking more abstractly, and with less work, you could show that every n''-degree
polynomial has at most n roots. In the same way many general results about functions
of a real variable are more easily grasped at an abstract level — the level of metric
spaces.

Metric space theory can be seen as a special case of general topology, and many
books present it that way, explaining compactness primarily in terms of open cov-
erings. In my opinion, however, the sequence/subsequence approach provides the
easiest and simplest route to mastering the subject. Accordingly it gets top billing
throughout this chapter.

A metric space is a set M, the elements of which are referred to as points of M,
together with a metric d having the three properties that distance has in Euclidean
space. The metric d = d(x,y) is a real number defined for all points z,y € M and
d(x,y) is called the distance from the point = to the point y. The three distance
properties are as follows: For all z,y,z € M we have

(©) Springer International Publishing Switzerland 2015 57
C.C. Pugh, Real Mathematical Analysis, Undergraduate Texts
in Mathematics, DOI 10.1007/978-3-319-17771-7_2
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(a) positive definiteness: d(z,y) > 0, and d(z,y) = 0 if and only if z = y.
(b) symmetry: d(x,y) = d(y, x).
(c) triangle inequality: d(z,z) < d(z,y) + d(y, 2).

The function d is also called the distance function. Strictly speaking, it is
the pair (M, d) which is a metric space, but we will follow the common practice of
referring to “the metric space M,” and leave to you the job of inferring the correct
metric.

The main examples of metric spaces are R, R™, and their subsets. The metric
on R is d(z,y) = |x — y| where z,y € R and |z — y| is the magnitude of =z — y. The
metric on R™ is the Euclidean length of x — y where x, y are vectors in R”. Namely,

d(x7y) = \/(.1‘1 - y1)2 ..ot (xm - ym)2

for v = (z1,...,2m) and y = (Y1, ..., Ym)-

Since Euclidean length satisfies the three distance properties, d is a bona fide
metric and it makes R™ into a metric space. A subset M C R™ becomes a metric
space when we declare the distance between points of M to be their Euclidean distance
apart as points in R™. We say that M inherits its metric from R™ and is a metric
subspace of R™. Figure27 shows a few subsets of R? to suggest some interesting
metric spaces.

There is also one metric that is hard to picture but valuable as a source for
counterexamples, the discrete metric. Given any set M, define the distance between
distinct points of M to be 1 and the distance between every point and itself to be
0. This is a metric. See Exercise4. If M consists of three points, say M = {a,b, c},
you can think of the vertices of the unit equilateral triangle as a model for M. See
Figure 28. They have mutual distance 1 from each other. If M consists of one, two, or
four points can you think of a model for the discrete metric on M? More challenging
is to imagine the discrete metric on R. All points, by definition of the discrete metric,
lie at unit distance from each other.

Convergent Sequences and Subsequences

A sequence of points in a metric space M is a list p1,po,... where the points
pn belong to M. Repetition is allowed, and not all the points of M need to appear
in the list. Good notation for a sequence is (pn), or (pn)nen. The notation {p,}
is also used but it is too easily confused with the set of points making up the se-
quence. The difference between (p,)nen and {p, : n € N} is that in the former case
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Figure 27 Five metric spaces — a closed outward spiral, a Hawaiian earring,
a topologist’s sine circle, an infinite television antenna, and Zeno’s maze

Figure 28 The vertices of the unit equilateral triangle form a discrete
metric space.
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the sequence prescribes an ordering of the points, while in the latter the points get
jumbled together. For example, the sequences 1,2,3,...and 1,2,1,3,2,1,4,3,2,1,...
are different sequences but give the same set of points, namely N.

Formally, a sequence in M is a function f : N — M. The n'" term in the sequence
is f(n) = pn. Clearly, every sequence defines a function f : N — M and conversely,
every function f : N — M defines a sequence in M. The sequence (p,) converges
to the limit p in M if

Ve > 0 dN € N such that
n € Nandn > N = d(pn,p) < e

Limits are unique in the sense that if (p,) converges to p and if (p,) also converges
to p’ then p = p’. The reason is this. Given any € > 0, there are integers N and N’
such that if n > N then d(p,,p) < €, while if n > N’ then d(p,,p’) < e. Then for all
n > max{N, N’} we have

d(p,p') < d(p,pp) +d(pn,p) < e+e = 2e

But € is arbitrary and so d(p,p’) = 0 and p = p’. (This is the e-principle again.)

We write p, — p, or p, — p as n — o0, or

lim p, = p

n—oo
to indicate convergence. For example, in R the sequence p, = 1/n converges to 0 as
n — 0o. In R? the sequence (1/n, sinn) does not converge as n — oo. In the metric
space Q (with the metric it inherits from R) the sequence 1, 1.4, 1.414, 1.4142, ...
does not converge.

Just as a set can have a subset, a sequence can have a subsequence. For ex-
ample, the sequence 2,4,6,8,... is a subsequence of 1,2,3,4,.... The sequence
3,5,7,11,13,17, ... is a subsequence of 1,3,5,7,9, ..., which in turn is a subsequence
of 1,2,3,4,.... In general, if (pp)nen and (qr)ren are sequences and if there is a
sequence n; < ne < ng < ... of positive integers such that for each k£ € N we have
gk = pn, then (gi) is a subsequence of (p,). Note that the terms in the subsequence
occur in the same order as in the mother sequence.

1 Theorem FEwvery subsequence of a convergent sequence in M converges and it con-
verges to the same limit as does the mother sequence.
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Proof Let (g;) be a subsequence of (p,), gk = pn,, where n; < ng < .... Assume
that (p,) converges to p in M. Given € > 0, there is an N such that for all n > N
we have d(p,,p) < €. Since ny,ng, ... are positive integers we have k < ny, for all k.
Thus, if £ > N then ng > N and d(qx,p) < €. Hence (gx) converges to p. O

A common way to state Theorem 1 is that limits are unaffected when we pass to
a subsequence.

2 Continuity

In linear algebra the objects of interest are linear transformations. In real analysis
the objects of interest are functions, especially continuous functions. A function f
from the metric space M to the metric space N is just that; f: M — N and f sends
points p € M to points fp € N. The function maps M to N. The way you should
think of functions — as devices, not formulas — is discussed in Section 4 of Chapter 1.
The most common type of function maps M to R. It is a real-valued function of the
variable p € M.

Definition A function f : M — N is continuous if it preserves sequential
convergence: f sends convergent sequences in M to convergent sequences in NV,
limits being sent to limits. That is, for each sequence (p,,) in M which converges to
a limit p in M, the image sequence (f(p,)) converges to fp in N.

Here and in what follows, the notation fp is often used as convenient shorthand
for f(p). The metrics on M and N are dj; and dy. We will often refer to either
metric as just d.

2 Theorem The composite of continuous functions is continuous.
Proof Let f: M — N and g : N — P be continuous and assume that

lim p,=p

n—oo

in M. Since f is continuous, lim f(p,) = fp. Since g is continuous, lim g(f(p,)) =
n—oo n—oo

g(fp) and therefore go f : M — P is continuous. See Figure 29 on the next page. [

Moral The sequence condition is the easy way to tell at a glance whether a function
is continuous.
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Figure 29 The composite function g o f

There are two “obviously” continuous functions.

3 Proposition For every metric space M the identity map id : M — M is continu-
ous, and so is every constant function f: M — N.

Proof Let p, — p in M. Then id(p,) = pn, — p = id(p) as n — oo which gives
continuity of the identity map. Likewise, if f(z) = ¢ € N for all x € M and if p,, — p
in M then fp =g and f(p,) = ¢ for all n. Thus f(p,) — fp as n — oo which gives
continuity of the constant function f. O

Homeomorphism

Vector spaces are isomorphic if there is a linear bijection from one to the other.
When are metric spaces isomorphic? They should “look the same.” The letters Y
and T look the same; and they look different from the letter O. If f : M — N
is a bijection and f is continuous and the inverse bijection f~' : N — M is also
continuous then f is a homeomorphism'(or a “homeo” for short) and M, N are
homeomorphic. We write M = N to indicate that M and N are homeomorphic.
2 is an equivalence relation: M = M since the identity map is a homeomorphism
M — M; M = N clearly implies that N = M; and the previous theorem shows that

the composite of homeomorphisms is a homeomorphism.

Geometrically speaking, a homeomorphism is a bijection that can bend, twist,
stretch, and wrinkle the space M to make it coincide with N, but it cannot rip,

tThis is a rare case in mathematics in which spelling is important. Homeomorphism # homomor-
phism.
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puncture, shred, or pulverize M in the process. The basic questions to ask about
metric spaces are:

(a) Given M and N, are they homeomorphic?
(b) What are the continuous functions from M to N?

A major goal of this chapter is to show you how to answer these questions in
many cases. For example, is the circle homeomorphic to the interval? To the sphere?
etc. Figure 30 indicates that the circle and the (perimeter of the) triangle are homeo-
morphic, while Figure 15 shows that (a, b), the semicircle, and R are homeomorphic.

Ty

fx)

\
>

S(x)
Figure 30 The circle and triangle are homeomorphic.

A natural question that should occur to you is whether continuity of f~! is actu-
ally implied by continuity of a bijection f. It is not. Here is an instructive example.

Consider the interval [0,27) = {z € R: 0 < 2 < 27} and define f : [0,27) — S*
to be the mapping f(r) = (cosz, sinz) where S! is the umit circle in the plane.
The mapping f is a continuous bijection, but the inverse bijection is not continuous.
For there is a sequence of points (z,) on S! in the fourth quadrant that converges
to p = (1,0) from below, and f~!(z,) does not converge to f~!(p) = 0. Rather it
converges to 2w. Thus, f is a continuous bijection whose inverse bijection fails to
be continuous. See Figure3l. In Exercises49 and 50 you are asked to find worse
examples of continuous bijections that are not homeomorphisms.

To build your intuition about continuous mappings and homeomorphisms, con-
sider the following examples shown in Figure 32 — the unit circle in the plane, a trefoil
knot in R3, the perimeter of a square, the surface of a donut (the 2-torus), the surface
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Figure 31 f wraps [0, 27) bijectively onto the circle.

of a ceramic coffee cup, the unit interval [0, 1], the unit disc including its boundary.

Equip all with the inherited metric. Which should be homeomorphic to which?

O &

>

D

Figure 32 Seven metric spaces
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The (e, §)-Condition

The following theorem presents the more familiar (but equivalent!) definition
of continuity using € and §. It corresponds to the definition given in Chapter 1 for
real-valued functions of a real variable.

4 Theorem [ : M — N is continuous if and only if it satisfies the (€, §)-condition:
For each € > 0 and each p € M there exists § > 0 such that if v € M and dp(x,p) <
then dy(fx, fp) < e.

Proof Suppose that f is continuous. It preserves sequential convergence. From the
supposition that f fails to satisfy the (e, d)-condition at some p € M we will derive
a contradiction. If the (e, §)-condition fails at p then there exists € > 0 such that for
each 6 > 0 there is a point z with d(z,p) < 0 and d(fz, fp) > e. Taking 6 = 1/n
we get a sequence (z,,) with d(zp,p) < 1/n and d(f(xy), fp) > €, which contradicts
preservation of sequential convergence. For z, — p but f(z,) does not converge
to fp, which contradicts the fact that f preserves sequential convergence. Since
the supposition that f fails to satisfy the (e, d)-condition leads to a contradiction, f
actually does satisfy the (e, §)-condition.

To check the converse, suppose that f satisfies the (¢, d)-condition at p. For each
sequence (x,) in M that converges to p we must show f(x,) — fpin N as n — oc.
Let € > 0 be given. There is § > 0 such that dy(z,p) < 6 = dn(fz, fp) < e
Convergence of x,, to p implies there is an integer K such that for all n > K we have
dpr(xn,p) < 9§, and therefore dy(f(zy), fp) < €. That is, f(x,) — fp asn — co. See
also Exercise 13. O

3 The Topology of a Metric Space

Now we come to two basic concepts in a metric space theory — closedness and open-
ness. Let M be a metric space and let S be a subset of M. A point p € M is a limit
of S if there exists a sequence (p,) in S that converges to it.t

T A limit of S is also sometimes called a limit point of S. Take care though: Some mathematicians
require that a limit point of S be the limit of a sequence of distinct points of S. They would say that
a finite set has no limit points. We will not adopt their point of view. Another word used in this
context, especially by the French, is “adherence.” A point p adheres to the set S if and only if p
is a limit of S. In more general circumstances, limits are defined using “nets” instead of sequences.
They are like “uncountable sequences.” You can read more about nets in graduate-level topology
books such as Topology by James Munkres.
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Definition S is a closed set if it contains all its limits."
Definition S is an open set if for each p € S there exists an r > 0 such that
dlp,g) < r = gq€S&.

5 Theorem Openness is dual to closedness: The complement of an open set is a
closed set and the complement of a closed set is an open set.

Proof Suppose that S C M is an open set. We claim that S¢ is a closed set. If
pn — p and p, € S¢ we must show that p € §¢. Well, if p ¢ S¢ then p € S and, since
S is open, there is an r > 0 such that

dlp,q) <r = q€S.

Since p, — p, we have d(p,p,) < r for all large n, which implies that p, € S,
contrary to the sequence being in S¢. Since the supposition that p lies in .S leads to
a contradiction, p actually does lie in S§¢, proving that S is a closed set.

Suppose that S is a closed set. We claim that S€¢ is open. Take any p € S¢. If
there fails to exist an r > 0 such that

dlp,q) <r = qe€5°

then for each r = 1/n with n = 1,2,... there exists a point p, € S such that
d(p,pn) < 1/n. This sequence in S converges to p € S¢, contrary to closedness of S.
Therefore there actually does exist an r > 0 such that

dlp,q) <r = qe€5°

which proves that S¢ is an open set. 0

Most sets, like doors, are neither open nor closed, but ajar. Keep this in mind.
For example neither (a,b] nor its complement is closed in R; (a,b] is neither closed
nor open. Unlike doors, however, sets can be both open and closed at the same
time. For example, the empty set ) is a subset of every metric space and it is always
closed. There are no sequences and no limits to even worry about. Similarly the
full metric space M is a closed subset of itself: For it certainly contains the limit of

tNote how similarly algebraists use the word “closed.” A field (or group or ring, etc.) is closed
under its arithmetic operations: Sums, differences, products, and quotients of elements in the field
still lie in the field. In our case it is limits. Limits of sequences in S must lie in S.
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every sequence that converges in M. Thus, () and M are closed subsets of M. Their
complements, M and (), are therefore open: () and M are both closed and open.

Subsets of M that are both closed and open are clopen. See also Exercise 125. It
turns out that in R the only clopen sets are () and R. In Q, however, things are quite
different, sets such as {r € Q: —V2<r< \/5} being clopen in Q. To summarize,

A subset of a metric space can be
closed, open, both, or neither.

You should expect the “typical” subset of a metric space to be neither closed nor
open.

The topology of M is the collection T of all open subsets of M.

6 Theorem T has three properties:t as a system it is closed under union, finite
intersection, and it contains 0, M. That is,

(a) Every union of open sets is an open set.
(b) The intersection of finitely many open sets is an open set.

(c) O and M are open sets.

Proof (a) If {U,} is any collection* of open subsets of M and V = |J U, then V is
open. For if p € V' then p belongs to at least one U, and there is an r > 0 such that

dp,q) <r = q€U,.

Since U, C V, this implies that all such ¢ lie in V', proving that V is open.

(b) If Uy, ..., U, are open sets and W = [} Uy then W is open. For if p € W then
for each k, 1 < k < n, then there is an r; > 0 such that

d(p,q) <. = q€Uk
Take r = min{ry,...,r}. Then r > 0 and

dlp,q) <r = qeUy,

fAny collection T of subsets of a set X that satisfies these three properties is called a topology on
X, and X is called a topological space. Topological spaces are more general than metric spaces:
There exist topologies that do not arise from a metric. Think of them as pathological. The question
of which topologies can be generated by a metric and which cannot is discussed in Topology by
Munkres. See also Exercise 30.

#The « in the notation U, “indexes” the sets. If &« = 1,2, ... then the collection is countable, but
we are just as happy to let o range through uncountable index sets.
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for each k; i.e., g € W = ) U, proving that W is open.
(c) Tt is clear that () and M are open sets. O

7 Corollary The intersection of any number of closed sets is a closed set; the finite
union of closed sets is a closed set; O and M are closed sets.

Proof Take complements and use De Morgan’s laws. If { K, } is a collection of closed
sets then U, = (K, )¢ is open and

K = nK = (UUa)C'

Since Y U, is open, its complement K is closed. Similarly, a finite union of closed
sets is the complement of the finite intersection of their complements, and is a closed
set. (]

What about an infinite union of closed sets? Generally, it is not closed. For
example, the interval [1/n,1] is closed in R, but the union of these intervals as n
ranges over N is the interval (0, 1] which is not closed in R. Neither is the infinite
intersection of open sets open in general.

Two sets whose closedness/openness properties are basic are:

limS = {pe€ M :pisalimit of S}
M,p = {qe M :d(p,q) <r}.

The former is the limit set of S; the latter is the r-neighborhood of p.

8 Theorem lim S is a closed set and M,p is an open set.

Proof Simple but not immediate! See Figure 33.

Suppose that p, — p and each p,, lies in lim.S. We claim that p € lim S. Since
pn is a limit of S there is a sequence (p,, i )ren in S that converges to p,, as k — oo.
Thus there exists g, = p;, j(n) € S such that

d(pna Qn) <

S -

Then, as n — oo we have

which implies that g, — p, so p € lim S, which completes the proof that lim .S is a
closed set.
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Figure 33 S = (0,1) x (0,1) and p, = (1/n,0) converges to p = (0,0) as

n — oo. Each p, is the limit of the sequence p,, , = (1/n,1/k) as k — oo.

The sequence ¢, = (1/n,1/n) lies in S and converges to (0,0). Hence: The
limits of limits are limits.

Figure 34 Why the r-neighborhood of p is an open set
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To check that M, p is an open set, take any ¢ € M, p and observe that
s=r—d(p,q) > 0.
By the triangle inequality, if d(q, z) < s then
d(p,z) < d(p,q) + d(g,z) <,

and hence Mgq C M,p. See Figure 34. Since each ¢ € M,p has some M,q that is
contained in M, p, M,p is an open set. O

9 Corollary The interval (a,b) is open in R and so are (—o0,b), (a,0), and (—o0, 0).
The interval [a,b] is closed in R.

Proof (a,b) is the r-neighborhood of its midpoint m = (a+0b)/2 where r = (b—a)/2.
Therefore (a,b) is open in R. Since the union of open sets is open we see that

U (b_na b— 1/n) = (—OO,b>

neN
is open. The same applies to (a,00). The whole metric space R = (—o0, 00) is always
open in itself.

Since the complement of [a, ] is the open set (—o0,a) U (b, 00), the interval [a, ]
is closed. 0

10 Corollary lim S is the “smallest” closed set that contains S in the sense that if
K D S and K 1is closed then K D lim S.

Proof Obvious. K must contain the limit of each sequence in K that converges in
M and therefore it must contain the limit of each sequence in S C K that converges
in M. These limits are exactly lim S. 0

We refer to lim S as the closure of S and denote it also as S. You start with S
and make it closed by adding all its limits. You don’t need to add any more points
because limits of limits are limits. That is, lim(lim S) = limS. An operation like
this is called idempotent. Doing the operation twice produces the same outcome as

doing it once.

A neighborhood of a point p in M is any open set V' that contains p. Theorem 8
implies that V' = M,p is a neighborhood of p. Eventually, you will run across the
phrase “closed neighborhood” of p, which refers to a closed set that contains an open

set that contains p. However, until further notice all neighborhoods are open.
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Usually, sets defined by strict inequalities are open while those defined by equal-
ities or nonstrict inequalities are closed. Examples of closed sets in R are finite sets,
[a,b], N, and the set {0} U{1/n:n € N}. Each contains all its limits. Examples of
open sets in R are open intervals, bounded or not.

Topological Description of Continuity

A property of a metric space or of a mapping between metric spaces that can
be described solely in terms of open sets (or equivalently, in terms of closed sets) is
called a topological property. The next result describes continuity topologically.

* 5

R® R

Figure 35 The function f : (z,y) — 2? + y*> + 2 and its graph over the
preimage of [3, 6]

Let f: M — N be given. The preimage’ of a set V C N is
frre(vV)y ={peM: fp) eV}
For example, if f : R? — R is the function defined by the formula
flay) =2 +y* +2

then the preimage of the interval [3,6] in R is the annulus in the plane with inner
radius 1 and outer radius 2. Figure 35 shows the domain of f as R? and the target

TThe preimage of V is also called the inverse image of V and is denoted by f~'(V). Unless f
is a bijection, this notation leads to confusion. There may be no map f~' and yet expressions like
V O f(f~%(V)) are written that mix maps and nonmaps. By the way, if f sends no point of M into
V then fP*(V) is the empty set.
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as R. The range is the set of real numbers > 2. The graph of f is a paraboloid
with lowest point (0,0,2). The second part of the figure shows the portion of the
graph lying above the annulus. You will find it useful to keep in mind the distinctions
among the concepts: function, range, and graph.

11 Theorem The following are equivalent for continuity of f : M — N.

(i) The (e, d)-condition.
(ii) The sequential convergence preservation condition.

(iii) The closed set condition: The preimage of each closed set in N is closed in
M.

(iv) The open set condition: The preimage of each open set in N is open in M.

Proof Totally natural! By Theorem4, (i) implies (ii).
(ii) implies (iii). If K C N is closed in N and p,, € fP*(K) converges to p € M
then we claim that p € fP*(K). By (ii), f preserves sequential convergence so
lim f(pn) = [fp.
n—oo
Since K is closed in N, fp € K, so p € fP*(K), and we see that fP*(K) is closed in
M. Thus (ii) implies (iii).
(iii) implies (iv). This follows by taking complements: (fP*(U))¢ = fP(U°).

(iv) implies (i). Let ¢ > 0 and p € M be given. N.(fp) is open in N, so its
preimage U = fP™(N.(fp)) is open in M. The point p belongs to the preimage so
openness of U implies there is a § > 0 such that Ms(p) C U. Then

f(Ms(p)) € fU C Nc(fp)

gives the €,d condition, dys(p,x) <d = dn(fp, fx) < e. See Figure 36. O

I hope you find the closed and open set characterizations of continuity elegant.
Note that no explicit mention is made of the metric. The open set condition is purely
topological. It would be perfectly valid to take as a definition of continuity that the
preimage of each open set is open. In fact this is exactly what’s done in general
topology.

12 Corollary A homeomorphism f : M — N bijects the collection of open sets in
M to the collection of open sets in N. It bijects the topologies.
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Figure 36 The ¢, - condition for a continuous function f: M — N

Proof Let V be an open set in N. By Theorem 11, since f is continuous, the preimage
of V is open in M. Since f is a bijection, this preimage U = {p € M : fp € V} is
exactly the image of V by the inverse bijection, U = f~1(V'). The same thing can be
said about f~! since f~! is also a homeomorphism. That is, V = fU. Thus, sending
U to fU bijects the topology of M to the topology of V. O

Because of this corollary, a homeomorphism is also called a topological equiv-
alence.

In general, continuous maps do not need to send open sets to open sets. For
example, the squaring map = +— x2? from R to R is continuous but it sends the open
interval (—1,1) to the nonopen interval [0,1). See also Exercise 28.

Inheritance

If a set S is contained in a metric subspace N C M you need to be careful when
you say that S is open or closed. For example,

S={zxeQ:—rm<z<7}

is a subset of the metric subspace Q C R. It is both open and closed with respect to
@ but is neither open nor closed with respect to R. To avoid this kind of ambiguity
it is best to say that S is clopen “with respect to Q but not with respect to R,” or
more briefly that S is clopen “in Q but not in R.” Nevertheless there is a simple
relation between the topologies of M and N when N is a metric subspace of M.
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13 Inheritance Principle Every metric subspace N of M inherits its topology
from M in the sense that each subset V. C N which is open in N is actually the
intersection V.= N NU for some U C M that is open in M, and vice versa.

Proof It all boils down to the fact that for each p € N we have
Nyp= NN M,p.

After all, N,p is the set of z € N such that dy(z,p) < r and this is exactly the
same as the set of those x € M,p that belong to N. Therefore N inherits its -
neighborhoods from M. Since its open sets are unions of its r-neighborhoods, NV also
inherits its open sets from M.

In more detail, if V' is open in N then it is the union of those N,p with N.p C V.
Each such N,p is N N M,p and the union of these M,p is U, an open subset of
M. The intersection N NU equals V. Conversely, if U is any open subset of M
and p € V. = N NU then openness of U implies there is an M,p C U. Thus
N,p= NN M,p CV, which shows that V is open in N. ]

14 Corollary FEvery metric subspace of M inherits its closed sets from M.

Proof By “inheriting its closed sets” we mean that each closed subset L C N is the
intersection N N K for some closed subset K C M and vice versa. The proof consists
of two words: “Take complements.” See also Exercise 34. ]

Let’s return to the example with Q C Rand S ={z € Q: —7 <z < 7}. The
set S is clopen in Q, so we should have S = QN U for some open set U C R and
S = QN K for some closed set K C R. In fact U and K are

U= (-mmn) and K = [-m, 7.
15 Corollary Assume that N is a metric subspace of M and also is a closed subset
of M. A set L C N is closed in N if and only if it is closed in M. Similarly, if N is
a metric subspace of M and also is an open subset of M then U C N is open in N if

and only if it is open in M.

Proof The proof is left to the reader as Exercise 34. O



Section 3 The Topology of a Metric Space 75

Product Metrics

We next define a metric on the Cartesian product M = X x Y of two metric
spaces. There are three natural ways to do so:

p.p) = Vdx(@,a')?+dy(y,y)>?
dmax(p>p,) = max{dX ($7 :E/)a dy (y> y/)}
pp) = dx(z,2") +dy(y,y)

where p = (z,y) and p’ = (2/,9') belong to M. (dg is the Euclidean product
metric.) The proof that these expressions actually define metrics on M is left as
Exercise 38.

16 Proposition dn.x < dg < dsuym < 2dmax-

Proof Dropping the smaller term inside the square root shows that dy.x < dg;
comparing the square of dg and the square of dgyy, shows that the latter has the
terms of the former and the cross term besides, so dg < dgum; and clearly dgyy is no
larger than twice its greater term, so dgum < 2dpmax- O

17 Convergence in a Product Space The following are equivalent for a sequence
Pn = (p1n>p2n) mn M = My x Ms:

(a) (pn) converges with respect to the metric dpay.
(b) (pn) converges with respect to the metric dg.
(c) (pn) converges with respect to the metric dgyp, .

(d) (pin) and (p2n) converge in My and My respectively.
Proof This is immediate from Proposition 16. O

18 Corollary If f : M — N and g : X — Y are continuous then so is their
Cartesian product f x g which sends (p,z) € M x X to (fp,gx) € N xY.

Proof If (p,,x,) — (p,x) in M x X then Theorem 17 implies p, — p in M and
x, — x in X. By continuity, f(p,) — fp and g(x,) — gz. By Theorem 17,
(f(pn),9(xn)) = (fp, gx) which gives continuity of f x g. O]

The three metrics make sense in the obvious way for a Cartesian product of m > 3
metric spaces. The inequality
dmax < dE < dsum < mdmax~

is proved in the same way, and we see that Theorem 17 holds also for the product of
m metric spaces. This gives
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19 Corollary (Convergence in R™) A sequence of vectors (v,) in R™ converges
in R™ if and only if each of its component sequences (vi,) converges, 1 <i < m. The
limit of the vector sequence is the vector

v= lim v, = <lim Vlp, lim von,..., lim vmn>.
n—0o0 n—o0 n—0o0 n—oo

The distance function d : M x M — R is a function from the metric space M x M
to the metric space R, so the following assertion makes sense.

20 Theorem d is continuous.

Proof We check (¢, d)-continuity with respect to the metric dsym. Given € > 0 we
take § = e. If dsum((p,q), (p',q')) < & then the triangle inequality gives

dp,p') +dp'.¢)+d(d,q) < d',d)+¢
d(p',p) +d(p,q) +d(q,q') < d(p,q)+e

QL o
E —
- T3
=L o
N—r N—
IN A

which gives
dp,q) —e < d',¢) < d(p,q) +e

Thus |d(p',q") — d(p,q)| < € and we get continuity with respect to the metric dgym.
By Theorem 17 it does not matter which metric we use on R x R. O

As you can see, the use of dgu, simplifies the proof by avoiding square root
manipulations. The sum metric is also called the Manhattan metric or the taxicab
metric. Figure 37 shows the “unit discs” with respect to these metrics in R?. See
also Exercise 2.

21 Corollary The metrics dyax, di, and dsym, are continuous.
Proof Theorem 20 asserts that all metrics are continuous. O

22 Corollary The absolute value is a continuous mapping R — R. In fact the norm
is a continuous mapping from any normed space to R.

Proof ||v|| = d(v,0). O
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0, 1)

©, 1) W)

(.5,.5)

?(1,0) (1,0)

max ([x], [y]) < 1

Figure 37 The unit disc in the max metric is a square, and in the sum
metric it is a rhombus.

Completeness

In Chapter 1 we discussed the Cauchy criterion for convergence of a sequence of
real numbers. There is a natural way to carry these ideas over to a metric space M.
The sequence (p,) in M satisfies a Cauchy condition provided that for each e > 0
there is an integer N such that for all k,n > N we have d(pg,pn) < €, and (p,) is
said to be a Cauchy sequence. In symbols,

Ve > 0 AN such that k,n > N = d(pg,pn) < €.

The terms of a Cauchy sequence “bunch together” as n — oco. Each convergent
sequence (py,) is Cauchy. For if (p,,) converges to p as n — oo then, given € > 0, there
is an N such that for all n > N we have

d(pn,p) <

|

By the triangle inequality, if k,n > N then

d(pkupn) < d(pkap) + d(papn) <e¢

so convergence = Cauchy.

Theorem 1.5 states that the converse is true in the metric space R. Every Cauchy
sequence in R converges to a limit in R. In the general metric space, however, this
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need not be true. For example, consider the metric space Q of rational numbers,
equipped with the inherited metric d(x,y) = |z — y|, and consider the sequence

(rp) = (1.4, 1.41, 1.414, 1.4142, ...).

It is Cauchy. Given ¢ > 0, choose N > —logige. If k,n > N then |rp — ry| <
10" < e. Nevertheless, (r,,) refuses to converge in Q. After all, as a sequence in
R it converges to v/2, and if it also converges to some r € Q, then by uniqueness of
limits in R we have r = v/2, something we know is false. In brief, convergence =
Cauchy but not conversely.

A metric space M is complete if each Cauchy sequence in M converges to a limit
in M. Theorem 1.5 states that R is complete.

23 Theorem R™ is complete.
Proof Let (p,) be a Cauchy sequence in R™. Express p,, in components as

Pn = (plna ) pmn)-

Because (py) is Cauchy, each component sequence (pip)nen is Cauchy. Complete-
ness of R implies that the component sequences converge, and therefore the vector
sequence converges. O

24 Theorem Fuvery closed subset of a complete metric space is a complete metric
subspace.

Proof Let A be a closed subset of the complete metric space M and let (p,) be a
Cauchy sequence in A with respect to the inherited metric. It is of course also a
Cauchy sequence in M and therefore it converges to a limit p in M. Since A is closed
we have p € A. ]

25 Corollary FEvery closed subset of Euclidean space is a complete metric space.
Proof Obvious from the previous theorem and completeness of R™. O

Remark Completeness is not a topological property. For example, consider R with
its usual metric and (—1,1) with the metric it inherits from R. Although they are
homeomorphic metric spaces, R is complete but (—1, 1) is not.

In Section 10 we explain how every metric space can be completed.



Section 4 Compactness 79

4 Compactness

Compactness is the single most important concept in real analysis. It is what reduces
the infinite to the finite.

Definition A subset A of a metric space M is (sequentially) compact if every
sequence (a,) in A has a subsequence (a,, ) that converges to a limit in A.

The empty set and finite sets are trivial examples of compact sets. For a sequence
(an) contained in a finite set repeats a term infinitely often, and the corresponding
constant subsequence converges.

Compactness is a good feature of a set. We will develop criteria to decide whether
a set is compact. The first is the most often used, but beware! — its converse is
generally false.

26 Theorem FEvery compact set is closed and bounded.

Proof Suppose that A is a compact subset of the metric space M and that p is
a limit of A. Does p belong to A? There is a sequence (a,) in A converging to
p. By compactness, some subsequence (ay,,) converges to some ¢ € A, but every
subsequence of a convergent sequence converges to the same limit as does the mother
sequence, so ¢ = p and p € A. Thus A is closed.

To see that A is bounded, choose and fix any point p € M. Either A is bounded
or else for each n € N there is a point a,, € A such that d(p,a,) > n. Compactness
implies that some subsequence (ay,, ) converges. Convergent sequences are bounded,
which contradicts the fact that d(p, a,, ) — oo as k — oco. Therefore (a,) cannot exist
and for some large r we have A C M,p, which is what it means that A is bounded.[]

27 Theorem The closed interval [a,b] C R is compact.
Proof Let (x,) be a sequence in [a, b] and set
C ={z € a,b] : x,, < x only finitely often}.

Equivalently, for all but finitely many n, x,, > x. Since a € C we know that C # ().
Clearly b is an upper bound for C'. By the least upper bound property of R there
exists ¢ = L.u.b. C with ¢ € [a,b]. We claim that a subsequence of (z,,) converges to
c. Suppose not, i.e., no subsequence of (z,,) converges to c. Then for some r > 0, z,,
lies in (¢ — 7, ¢+ r) only finitely often, which implies that ¢+ r € C, contrary to
¢ being an upper bound for C'. Hence some subsequence of (z,) does converge to ¢
and [a, b] is compact. O
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To pass from R to R™ we think about compactness for Cartesian products.

28 Theorem The Cartesian product of two compact sets is compact.

Proof Let (ay,by) € A X B be given where A C M and B C N are compact. There
exists a subsequence (ap,,) that converges to some point a € A as k — oo. The
subsequence (by, ) has a sub-subsequence (by, ) that converges to some b € B as
{ — oo. The sub-subsequence (ank( Z)) continues to converge to the point a. Thus

(a”k(l’.)’ bnk(e)) — (a,b)
as £ — oo. This implies that A x B is compact. O
29 Corollary The Cartesian product of m compact sets is compact.

Proof Write A; x Ag X -+ X A,y = A X (Ag X -+ - x Ayy,) and perform induction on
m. (Theorem 28 handles the bottom case m = 2.) O

30 Corollary Ewvery box [ai,bi] X -+ X [am, by in R™ is compact.

Proof Obvious from Theorem 27 and the previous corollary. O

An equivalent formulation of these results is the

31 Bolzano-Weierstrass Theorem Fvery bounded sequence in R™ has a conver-
gent subsequence.

Proof A bounded sequence is contained in a box, which is compact, and therefore
the sequence has a subsequence that converges to a limit in the box. See also Exer-
cise 11. U

Here is a simple fact about compacts.

32 Theorem Fuvery closed subset of a compact is compact.

Proof If A is a closed subset of the compact set K and if (a,) is a sequence of points
in A then clearly (a,) is also a sequence of points in K, so by compactness of K there
is a subsequence (ay,) converging to a limit p € K. Since A is closed, p lies in A
which proves that A is compact. O

Now we come to the first partial converse to Theorem 26.
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33 Heine-Borel Theorem FEvery closed and bounded subset of R™ is compact.

Proof Let A C R™ be closed and bounded. Boundedness implies that A is contained
in some box, which is compact. Since A is closed, Theorem 32 implies that A is
compact. See also Exercise 11. ]

The Heine-Borel Theorem states that closed and bounded subsets of Euclidean
space are compact, but it is wvital’ to remember that a closed and bounded subset
of a general metric space may fail to be compact. For example, the set N of natural
numbers equipped with the discrete metric is a complete metric space, it is closed in
itself (as is every metric space), and it is bounded. But it is not compact. After all,
what subsequence of 1,2,3,... converges?

A more striking example occurs in the metric space C([0,1],R) whose metric is
d(f,g) = max{|f(z) — g(x)|}. The space is complete but its closed unit ball is not
compact. For example, the sequence of functions f,, = x™ has no subsequence that
converges with respect to the metric d. In fact every closed ball is noncompact.

Ten Examples of Compact Sets

Any finite subset of a metric space, for instance the empty set.

Any closed subset of a compact set.

The union of finitely many compact sets.

The Cartesian product of finitely many compact sets.

The intersection of arbitrarily many compact sets.

The closed unit ball in R3.

The boundary of a compact set, for instance the unit 2-sphere in R3.
The set {z € R:3n € Nand z = 1/n} U {0}.

The Hawaiian earring. See page 58.

The Cantor set. See Section 8.

© XN O W N

,_.
©

Nests of Compacts

If Ay DA D - DA, D Auy1 D ... then (4,) is a nested sequence of sets.
Its intersection is

N A, = {p: for each n we have p € A, }.
n=1

T have asked variants of the following True or False question on every analysis exam I've given:
“Every closed and bounded subset of a complete metric space is compact.” You would be surprised
at how many students answer “Irue.”
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See Figure 38.

Figure 38 A nested sequence of sets

For example, we could take A, to be the disc {z € R? : |z| < 1/n}. The intersec-
tion of all the sets A,, is then the singleton {0}. On the other hand, if A, is the ball
{z € R3: |z| <1+ 1/n} then M) A, is the closed unit ball B3.

34 Theorem The intersection of a nested sequence of compact monempty sets is
compact and nonempty.

Proof Let (A;) be such a sequence. By Theorem 26, A,, is closed. The intersection
of closed sets is always closed. Thus, A, is a closed subset of the compact set A;
and is therefore compact. It remains to show that the intersection is nonempty.

Ay, is nonempty, so for each n € N we can choose a,, € A,. The sequence (ay,)
lies in A; since the sets are nested. Compactness of A; implies that (a,) has a
subsequence (ay, ) converging to some point p € A;. The limit p also lies in the set
A, since except possibly for the first term, the subsequence (ay, ) lies in Ay and As
is a closed set. The same is true for Az and for all the sets in the nested sequence.
Thus, p € NA, and ) 4, is shown to be nonempty. O

The diameter of a nonempty set S C M is the supremum of the distances d(zx,y)
between points of S.
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35 Corollary If in addition to being nested, nonempty, and compact, the sets A,
have diameter that tends to 0 as n — oo then A = A, is a single point.

Proof For each n € N, A is a subset of A,,, which implies that A has diameter zero.
Since distinct points lie at positive distance from each other, A consists of at most one
point, while by Theorem 34 it consists of at least one point. See also Exercise 52. [

Figure 39 This nested sequence has empty intersection.

Figure 39 shows a nested sequence of nonempty noncompact sets with empty in-
tersection. They are the open discs with center (1/n,0) on the z-axis and radius 1/n.
They contain no common point. (Their closures do intersect at a common point, the

origin.)

Continuity and Compactness

Next we discuss how compact sets behave under continuous transformations.

36 Theorem If f: M — N is continuous and A is a compact subset of M then fA
is a compact subset of N. That is, the continuous image of a compact is compact.

Proof Suppose that (b,) is a sequence in fA. For each n € N choose a point a,, € A
such that f(a,) = b,. By compactness of A there exists a subsequence (ay,) that
converges to some point p € A. By continuity of f it follows that

bn, = flan,) — fp € fA
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as k — oco. Thus, every sequence (b,) in fA has a subsequence converging to a limit
in fA, which shows that fA is compact. O

From Theorem 36 follows the natural generalization of the min/max theorem in
Chapter 1 which concerns continuous real-valued functions defined on an interval
[a,b]. See Theorem 1.23.

37 Corollary A continuous real-valued function defined on a compact set is bounded;
it assumes maximum and minimum values.

Proof Let f: M — R be continuous and let A be a compact subset of M. Theo-
rem 36 implies that fA is a compact subset of R, so by Theorem 26 it is closed and
bounded. Thus, the greatest lower bound, v, and least upper bound, V, of fA exist
and belong to fA; i.e., there exist points p, P € A such that for all « € A we have
v=fp< fa< fP=1V. O

Homeomorphisms and Compactness

A homeomorphism is a bicontinuous bijection. Originally, compactness was called
bicompactness. This is reflected in the next theorem.

38 Theorem If M is compact and M is homeomorphic to N then N is compact.
Compactness is a topological property.

Proof N is the continuous image of M, so by Theorem 36 it is compact. O
39 Corollary [0,1] and R are not homeomorphic.
Proof One is compact and the other isn’t. ]

40 Theorem If M is compact then a continuous bijection f : M — N is a homeo-
morphism — its inverse bijection f~': N — M is automatically continuous.

Proof Suppose that ¢, — qin N. Since f is a bijection, p, = f~!(¢,) and p = f~1(q)
are well defined points in M. To check continuity of f~! we must show that p, — p.

If (py,) refuses to converge to p then there is a subsequence (py, ) and a § > 0 such
that for all k£ we have d(py,,p) > 6. Compactness of M gives a sub-subsequence
(pnk(e)) that converges to a point p* € M as £ — oc.

Necessarily, d(p,p™) > 6, which implies that p # p* Since f is continuous we
have

f(pnk(e)) - f(p*)
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as £ — oco. The limit of a convergent sequence is unchanged by passing to a subse-
quence, and so f(pnk(z)) = Gny,y — q as £ — oo. Thus, f(p* = q= f(p), contrary to
f being a bijection. It follows that p, — p and therefore that f~! is continuous. [

If M is not compact then Theorem 40 becomes false. For example, the function
f :[0,27) — R? defined by f(z) = (cosw, sinx) is a continuous bijection onto the
unit circle in the plane, but it is not a homeomorphism. This useful example was
discussed on page 65. Not only does this f fail to be a homeomorphism, but there
is no homeomorphism at all from [0, 27) to S. The circle is compact while [0, 27) is
not. Therefore they are not homeomorphic. See also Exercises 49 and 50.

Embedding a Compact

Not only is a compact space M closed in itself, as is every metric space, but it
is also a closed subset of each metric space in which it is embedded. More precisely
we say that h : M — N embeds M into N if h is a homeomorphism from M onto
hM. (The metric on hM is the one it inherits from N.) Topologically M and hM
are equivalent. A property of M that holds also for every embedded copy of M is an
absolute or intrinsic property of M.

41 Theorem A compact is absolutely closed and absolutely bounded.

Proof Obvious from Theorems 26 and 36. O

For example, no matter how the circle is embedded in R3, its image is always
closed and bounded. See also Exercises48 and 120.
Uniform Continuity and Compactness

In Chapter 1 we defined the concept of uniform continuity for real-valued functions
of a real variable. The definition in metric spaces is analogous. A function f : M — N
is uniformly continuous if for each € > 0 there exists a § > 0 such that

p,q € M and dy(p,q) <6 = dn(fp, fq) < e

42 Theorem FEvery continuous function defined on a compact is uniformly contin-

uous.

Proof Suppose not, and f : M — N is continuous, M is compact, but f fails to
be uniformly continuous. Then there is some € > 0 such that no matter how small
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0 is, there exist points p,q € M with d(p,q) < ¢ but d(fp, fq) > €. Take § = 1/n
and let (p,) and (g,) be sequences of points in M such that d(p,,q,) < 1/n while
d(f(pn), f(gn)) > €. Compactness of M implies that there is a subsequence p,,, which
converges to some p € M as k — oo. Since d(pp,qn) < 1/n — 0 as n — 00, (¢n,)
converges to the same limit as does (py, ) as k — oo; namely g,, — p. Continuity at
p implies that f(pn,) — fp and f(gn,) — fp. If k is large then

d(f (Pny.), fan,)) < d(f(pny), fP) + d(fp, fan,)) < €

contrary to the supposition that d(f(pn), f(gn)) > € for all n. O

Theorem 42 gives a second proof that continuity implies uniform continuity on an
interval [a, b]. For [a,b] is compact.

5 Connectedness

As another application of these ideas, we consider the general notion of connectedness.
Let A be a subset of a metric space M. If A is neither the empty set nor M then A
is a proper subset of M. Recall that if A is both closed and open in M it is said to
be clopen. The complement of a clopen set is clopen. The complement of a proper
subset is proper.

If M has a proper clopen subset A then M is disconnected. For there is a
separation of M into proper, disjoint clopen subsets,

M = AU A“

(The notation U indicates disjoint union.) M is connected if it is not disconnected,
i.e., it contains no proper clopen subset. Connectedness of M does not mean that M
is connected to something, but rather that M is one unbroken thing. See Figure 40.

Figure 40 M and N illustrate the difference between being connected and
being disconnected.
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43 Theorem If M is connected, f : M — N is continuous, and f is onto then N is
connected. The continuous image of a connected is connected.

Proof Simple! If A is a clopen proper subset of N then, according to the open and
closed set conditions for continuity, fP**(A) is a clopen subset of M. Since f is onto
and A # (), we have fP*(A) # (). Similarly, fP*®(A¢) # (). Therefore fP*(A) is a
proper clopen subset of M, contrary to M being connected. It follows that A cannot
exist and that N is connected. O

44 Corollary If M is connected and M is homeomorphic to N then N is connected.
Connectedness is a topological property.

Proof N is the continuous image of M, so Theorem 43 implies it is connected. [

45 Corollary (Generalized Intermediate Value Theorem) Every continuous
real-valued function defined on a connected domain has the intermediate value prop-
erty.

Proof Assume that f : M — R is continuous and M is connected. If f assumes
values a < 8 in R and if it fails to assume some value ¥ with o < v < 3, then

M={zeM: flx) <v}u{zeM: f(x) > 7}
is a separation of M, contrary to connectedness. O
46 Theorem R is connected.

Proof If U C R is nonempty and clopen we claim that U = R. Choose some p € U
and consider the set

X = {z € U : the open interval (p,x) is contained in U}.

X is nonempty since U is open. Let s be the supremum of X. If s is finite (i.e., X is
bounded above) then s = 1. u.b. X and s is a limit of X. Since X C U and U is closed
we have s € U. Since U is open there is an interval (s —r,s + r) C U, which gives
an interval (p,s +r) C U, contrary to s being an upper bound for X. Hence s = oo
and U D (p,00). The same reasoning gives U D (—o0,p), so U = R as claimed. Thus
there are no proper clopen subsets of R and R is connected. ]

47 Corollary (Intermediate Value Theorem for R) FEvery continuous function
f R — R has the intermediate value property.
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Proof Immediate from the Generalized Intermediate Value Theorem and connect-
edness of R. O

48 Corollary The following metric spaces are connected: The intervals (a,b), [a,b],
the circle, and all capital letters of the Roman alphabet.

Proof The interval (a,b) is homeomorphic to R, while [a, b] is the continuous image
of R under the map whose graph is shown in Figure41. The circle is the continuous
image of R under the map ¢ +— (cost,sint). Connectedness of the letters A, ..., 7 is
equally clear. O

f)=b

a b

Figure 41 The function f surjects R continuously to [a, b].

Connectedness properties give a good way to distinguish nonhomeomorphic sets.

Example The union of two disjoint closed intervals is not homeomorphic to a single
interval. One set is disconnected and the other is connected.

Example The closed interval [a, b] is not homeomorphic to the circle S*. For removal
of a point x € (a, b) disconnects [a, b] while the circle remains connected upon removal
of any point. More precisely, suppose that h : [a,b] — S! is a homeomorphism.
Choose a point = € (a,b), and consider X = [a,b] \ {z}. The restriction of h to X is
a homeomorphism from X onto Y, where Y is the circle with the point hz removed.
But X is disconnected while Y is connected. Hence h cannot exist and the segment
is not homeomorphic to the circle.

Example The circle is not homeomorphic to the figure eight. Removing any two
points of the circle disconnects it, but this is not true of the figure eight. Or, removing



Section 5 Connectedness 89

the crossing point disconnects the figure eight but removing any point of the circle
leaves it connected.

Example The circle is not homeomorphic to the disc. For removing two points
disconnects the circle but does not disconnect the disc.

As you can see, it is useful to be able to recognize disconnected subsets S of a
metric space M. By definition, S is a disconnected subset of M if it is disconnected
when considered in its own right as a metric space with the metric it inherits from
M; i.e., it has a separation S = AU B such that A and B are proper clopen subsets
of S. The sets A, B are separated in S but they need not be separated in M. Their
closures in M may intersect.

Example The punctured interval X = [a,b] \ {c} is disconnected if a < ¢ < b. For
X =la,c)U(c,b] is a separation of X. The closures of the two sets with respect to
the metric space X do not intersect, even though their closures with respect to R
do intersect. Pay attention to this phenomenon which is related to the Inheritance
Principle.

Example Any subset Y of the punctured interval is disconnected if it meets both
[a,c) and (¢,b]. For Y = ([a,c) NY) U ((¢,b] NY) is a separation of Y.

49 Theorem The closure of a connected set is connected. More generally, if S C M
is connected and S C T C S then T is connected.

Proof It is equivalent to show that if T is disconnected then S is disconnected.
Disconnectedness of T implies that

T=AUB
where A, B are clopen and proper in T'. It is natural to expect that
S=KUL

is a separation of S where K = ANS and L = BN S. The sets K and L are disjoint,
their union is S, and by the Inheritance Principle they are clopen. But are they
proper?

If K =0 then A C S°. Since A is proper there exists p € A. Since A is open in
T, there exists a neighborhood M,p such that

TNnMpcC A cC S
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The neighborhood M,p contains no points of S, which is contrary to p belonging to
S. Thus, K # (. Similarly, L = BNS # (), so S = K U L is a separation of S,
proving that S is disconnected. O

Example The outward spiral expressed in polar coordinates as
S={(r,0):(1—=r)f=1and 0 > x/2}

has S = S U S, where S! is the unit circle. Since S is connected, so is S. (Recall
that S is the closure of S.) See Figure 27.

50 Theorem The union of connected sets sharing a common point p is connected.

Proof Let S = J S, where each S, is connected and p € [ S,. If S is disconnected
then it has a separation S = A U A° where A, A are proper and clopen. One of
them contains p; say it is A. Then AN S, is a nonempty clopen subset of S,. Since
S, is connected, AN S, = S, for each o, and A = S. This implies that A¢ = 0, a
contradiction. Therefore S is connected. O

Example The 2-sphere S? is connected. For S? is the union of great circles, each
passing through the poles.

Example Every convex set C'in R™ (or in any metric space with a compatible linear
structure) is connected. If we choose a point p € C' then each ¢ € C lies on a line
segment [p, q] C C. Thus, C is the union of connected sets sharing the common point
p. It is connected.

Definition A path joining p to ¢ in a metric space M is a continuous function
f :]a,b] = M such that fa = p and fb = q. If each pair of points in M can be joined
by a path in M then M is path-connected. See Figure42.

51 Theorem Path-connected implies connected.

Proof Assume that M is path-connected but not connected. Then M = A U A€ for
some proper clopen A C M. Choose p € A and g € A°. There is a path f : [a,b] = M
from p to gq. The separation fP™(A) U fP™(A°) contradicts connectedness of [a, b].
Therefore M is connected. O

Example All connected subsets of R are path-connected. See Exercise 67.
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Figure 42 A path f in M that joins p to ¢
Example Every open connected subset of R™ is path-connected. See Exercises 61
and 66.

Example The topologist’s sine curve is a compact connected set that is not
path-connected. It is M = GUY where

G = {(z,y) €R?*:y =sinl/rand 0 < 2 < 1/7}
Y = {(0,y) e R*: -1 <y < 1}

See Figure43. The metric on M is just Euclidean distance. Is M connected? Yes!

1

0.5

-0.5

|

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 43 The topologist’s sine curve M is a connected set. It includes the
vertical segment Y at x = 0.

The graph G is connected and M = G. By Theorem 49 M is connected.
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6 Other Metric Space Concepts

Here are a few standard metric space topics related to what appears above. If S € M
then its closure is the smallest closed subset of M that contains S, its interior is the
largest open subset of M contained in .S, and its boundary is the difference between
its closure and its interior. Their notations are

S = clS = closure of S intS = interior of S 9S = boundary of S.

To avoid inheritance ambiguity it would be better (but too cumbersome) to write
clyr S, intps S, and OpS to indicate the ambient space M. In Exercise 95 you are
asked to check various simple facts about them, such as S = lim S = the intersection
of all closed sets that contain S.

Clustering and Condensing

Two concepts similar to limits are clustering and condensing. The set S “clusters”
at p (and p is a cluster point! of S) if each M,p contains infinitely many points
of S. The set S condenses at p (and p is a condensation point of S) if each
M, p contains uncountably many points of S. Thus, S limits at p, clusters at p, or
condenses at p according to whether each M,p contains some, infinitely many, or
uncountably many points of S. See Figure 44.

Figure 44 Limiting, clustering, and condensing behavior

fCluster points are also called accumulation points. As mentioned above, they are also some-
times called limit points, a usage that conflicts with the limit idea. A finite set S has no cluster
points, but of course, each of its points p is a limit of S since the constant sequence (p,p,p,...)
converges to p.
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52 Theorem The following are equivalent conditions to S clustering at p.

(i) There is a sequence of distinct points in S that converges to p.
(ii) Each neighborhood of p contains infinitely many points of S.
(11i) Each neighborhood of p contains at least two points of S.
(iv) Each neighborhood of p contains at least one point of S other than p.

Proof Clearly (i) = (ii) = (iii) = (iv), and (ii) is the definition of clustering. It
remains to check (iv) = (i).

Assume (iv) is true: Each neighborhood of p contains a point of S other than
p. In Mipp choose a point p; € (S \ {p}). Set ro = min(1/2, d(p1,p)), and in
the smaller neighborhood M,,p, choose pa € (S \ {p}). Proceed inductively: Set
rn, = min(1/n, d(pp—1,p)) and in M, p, choose p, € (S \ {p}). Since r,, — 0 the
sequence (p,) converges to p. The points p,, are distinct since they have different
distances to p,

d(p1,p) = r2 > d(p2,p) = r3 > d(ps,p) > ...
Thus (iv) = (i) and the four conditions are equivalent. O
Condition (iv) is the form of the definition of clustering most frequently used,

although it is the hardest to grasp. It is customary to denote by S’ the set of cluster
points of S.

53 Proposition S U S = S.
Proof A cluster point is a type of limit of S, so §’ C lim S = S and
Sus c S
On the other hand, if p € S then either p € S or else p ¢ S and each neighborhood

of p contains points of S other than p. This implies that pe SUS’, s0 S € SU S,
and the two sets are equal. ]

54 Corollary S is closed if and only if S’ C S.

Proof S is closed if and only if S = S. Since S = S U S’, equivalent to S’ C S is
S=2. O

55 Corollary The least upper bound and greatest lower bound of a nonempty bounded
set S C R belong to the closure of S. Thus, if S is closed then they belong to S.

Proof If b =1.u.b. S then each interval (b — r, b] contains points of S. The same is
true for intervals [a, a 4+ r) where a = g.1.b. S O
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Perfect Metric Spaces

A metric space M is perfect if M’ = M, i.e., each p € M is a cluster point of
M. Recall that M clusters at p if each M,p is an infinite set. For example [a,b] is
perfect and Q is perfect. N is not perfect since none of its points are cluster points.

56 Theorem FEvery nonempty, perfect, complete metric space is uncountable.

Proof Suppose not: Assume M is nonempty, perfect, complete, and countable. Since
M consists of cluster points it must be denumerable and not finite. Say

M = {1‘1,5{,’2,...}

is a list of all the elements of M. We will derive a contradiction by finding a point of
M not in the list. Define

—

Myp = {ge M : d(p,q) <r}.

It is the closed neighborhood of radius r at p. Choose any y; € M with y; # a1

and choose r1 > 0 so that Y7 = M, (y1) “excludes” z; in the sense that z; ¢ Y;. We
can take r; as small as we want, say r < 1.

Since M clusters at y; we can choose y2 € M, (y1) with yo # z2 and choose
ro > 0 so that Yo = M, (y2) excludes xo. Taking ro small ensures Ya C Y. (Here we
are using openness of M, (y1).) Also we take ro < 1/2. Since Y5 C Y7, it excludes x;

as well as xo. See Figure 45.

Nothing stops us from continuing inductively, and we get a nested sequence of
closed neighborhoods Y1 D Y2 D Ys... such that Y, excludes zi,...,x,, and has
radius 7, < 1/n. Thus the center points y, form a Cauchy sequence. Completeness
of M implies that

limy, =y e M
n—o0

exists. Since the sets Y;, are closed and nested, y € Y,, for each n. Does y equal x1?
No, for Y7 excludes x1. Does it equal 2?7 No, for Y5 excludes xo. In fact, for each n
we have y # x,. The point y is nowhere in the supposedly complete list of elements
of M, a contradiction. Hence M is uncountable. ]

57 Corollary R and [a,b] are uncountable.

Proof R is complete and perfect, while [a,b] is compact, therefore complete, and
perfect. Neither is empty. O
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Figure 45 The exclusion of successively more points of the sequence (z,,)
that supposedly lists all the elements of M

58 Corollary Fvery nonempty perfect complete metric space is everywhere uncount-
able in the sense that each r-neighborhood is uncountable.

Proof The r/2-neighborhood M, 5(p) is perfect: It clusters at each of its points.
The closure of a perfect set is perfect. Thus, M, (p) is perfect. Being a closed
subset of a complete metric space, it is complete. According to Theorem 56, M, /5(p)

is uncountable. Since M, /»(p) C M,p, M,p is uncountable. O

Continuity of Arithmetic in R

Addition is a mapping Sum : R x R — R that assigns to (z,y) the real number
x +y. Subtraction and multiplication are also such mappings. Division is a mapping
R x (RN {0}) — R that assigns to (x,y) the number z/y.

59 Theorem The arithmetic operations of R are continuous.

60 Lemma For each real number c the function Mult, : R — R that sends = to cx
15 continuous.
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Proof If ¢ = 0 the function is constantly equal to 0 and is therefore continuous. If
¢ # 0 and € > 0 is given, choose 6 =€/ |c|. If |z —y| < 6 then

|Mult.(z) — Mult.(y)| = |e| |z —y| < |c| 0 =€
which shows that Mult,. is continuous. ]

Proof of Theorem 59 We use the preservation of sequential convergence criterion
for continuity. It’s simplest. Let (2, y,) — (z,y) as n — oco.

By the triangle inequality we have

!Sllm(l’myn) - Sum(x7y)’ S |$n - .CL" + ’yn - y’ = dsum((xna yn)a (x7y))

By Corollary 21 dgyy, is continuous, s0 dsym((n,Yn), (z,y)) — 0 as n — oo, which
completes the proof that Sum is continuous. (By Theorem 17 it does not matter
which metric we use on R x R.)

Subtraction is the composition of continuous functions
Sub(z,y) = Sum o (id x Mult_1)(z, y)

and is therefore continuous. (Proposition 3 implies id is continuous, Lemma 60 implies
Mult_; is continuous, and Corollary 18 implies id x Mult_; is continuous.)

Multiplication is continuous since

|Mult($n7 yn) - MUIt(Q:» y)‘ = |5L‘nyn - l'y|

N

<z — 2| [yal + |2 [yn — ¥l
< B(lz = zn| + |y — ynl)
:MultB(dsum((xn7yn)v(‘r7y))) -0

as n — 0o, where we use the fact that convergent sequences are bounded to write
lyn| + || < B for all n.

Reciprocation is the function Rec : R\ {0} — R\ {0} that sends x to 1/x. If
xn, — x # 0 then there is a constant b > 0 such that for all large n we have |1/x,| < b
and |1/x| < b. Since

1 1

Tn X

= :m < Multyz (|zp, —z]) — 0
n

|Rec(z,) — Rec(z)| =

as n — oo we see that Rec is continuous.

Division is continuous on R x (R \ {0}) since it is the composite of continuous
mappings Mult o (id x Rec) : (z,y) — (z,1/y) — - 1/y. O



Section 6 Other Metric Space Concepts 97

The absolute value is a mapping Abs : R — R that sends z to |z|. It is contin-
uous since it is d(z,0) and the distance function is continuous. The maximum and
minimum are functions R x R — R given by the formulas

z+y |z—y
2 2

m+y+lw—y|

max(z,y) =
so they are also continuous.

61 Corollary The sums, differences, products, and quotients, absolute values, max-
ima, and minima of real-valued continuous functions are continuous. (The denomi-
nator functions should not equal zero.)

Proof Take, for example, the sum f + g where f,g : M — R are continuous. It is
the composite of continuous functions

M L9 pyr Sy R

x +— (fr,gx) — Sum(fz,gz),
and is therefore continuous. The same applies to the other operations. ]
62 Corollary Polynomials are continuous functions.

Proof Proposition 3 states that constant functions and the identity function are con-
tinuous. Thus Corollary 61 and induction imply that the polynomial ag + a1z + - - -+
anx™ is continuous. O

The same reasoning shows that polynomials of m variables are continuous func-
tions R™ — R.

Boundedness

A subset S of a metric space M is bounded if for some p € M and some r > 0,
S C M,p.

A set which is not bounded is unbounded. For example, the elliptical region 422 +
y? < 4 is a bounded subset of R?, while the hyperbola zy = 1 is unbounded. It is
easy to see that if S is bounded then for each ¢ € M there is an s such that Mgq
contains S.

Distinguish the word “bounded” from the word “finite.” The first refers to phys-
ical size, the second to the number of elements. The concepts are totally different.
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Also, boundedness has little connection to the existence of a boundary — a clopen
subset of a metric space has empty boundary, but some clopen sets are bounded,
others not.

Exercise 39 asks you to show that every convergent sequence is bounded, and to
decide whether it is also true that every Cauchy sequence is bounded, even when the
metric space is not complete.

Boundedness is not a topological property. For example, (—1,1) and R are home-
omorphic although (—1,1) is bounded and R is unbounded. The same example shows
that completeness is not a topological property.

A function from M to another metric space N is a bounded function if its
range is a bounded subset of N. That is, there exist ¢ € N and r > 0 such that

fM C N,q.

Note that a function can be bounded even though its graph is not. For example,
x> sinz is a bounded function R — R although its graph, {(z,y) € R? : y = sinz},
is an unbounded subset of R2.

7 Coverings

For the sake of simplicity we have postponed discussing compactness in terms of open
coverings until this point. Typically, students find coverings a challenging concept.
It is central, however, to much of analysis — for example, measure theory.

Definition A collection U of subsets of M covers A C M if A is contained in the
union of the sets belonging to U. The collection U is a covering of A. If U and V
both cover A and if V C U in the sense that each set V € V belongs also to U then
we say that U reduces to V, and that V is a subcovering of A.

Definition If all the sets in a covering U of A are open then U is an open covering
of A. If every open covering of A reduces to a finite subcovering of A then we say
that A is covering compact!.

The idea is that if A is covering compact and U is an open covering of A then
just a finite number of the open sets are actually doing the work of covering A. The
rest are redundant.

tYou will frequently find it said that an open covering of A has a finite subcovering. “Has” means
“reduces to.”
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A covering U of A is also called a cover of A. The members of U are not called
covers. Instead, you could call them scraps or patches. Imagine the covering as a
patchwork quilt that covers a bed, the quilt being sewn together from overlapping
scraps of cloth. See Figure 46.

Figure 46 A covering of A by eight scraps. The set A is cross-hatched.
The scraps are two discs, two rectangles, two ellipses, a pentagon, and a
triangle. Each point of A belongs to at least one scrap.

The mere existence of a finite open covering of A is trivial and utterly worthless.
FEvery set A has such a covering, namely the single open set M. Rather, for A to
be covering compact, each and every open covering of A must reduce to a finite
subcovering of A. Deciding directly whether this is so is daunting. How could you
hope to verify the finite reducibility of all open coverings of A? There are so many of
them. For this reason we concentrated on sequential compactness; it is relatively easy
to check by inspection whether every sequence in a set has a convergent subsequence.

To check that a set is not covering compact it suffices to find an open covering
which fails to reduce to a finite subcovering. Occasionally this is simple. For example,



100 A Taste of Topology Chapter 2

the set (0, 1] is not covering compact in R because its covering
U= {(1/n,2): neN}
fails to reduce to a finite subcovering.

63 Theorem For a subset A of a metric space M the following are equivalent:

(a) A is covering compact.

(b) A is sequentially compact.

Proof that (a) implies (b) We assume A is covering compact and prove it is se-
quentially compact. Suppose not. Then there is a sequence (p,) in A, no subsequence
of which converges in A. Each point a € A therefore has some neighborhood M,.a
such that p, € M,a only finitely often. (The radius » may depend on the point a.)
The collection {M,a : a € A} is an open covering of A and by covering compactness
it reduces to a finite subcovering

{Mﬁ (a1)7 MTQ(a2)7 R Mrlc (ak)}

of A. Since p,, appears in each of these finitely many neighborhoods M,,(a;) only
finitely often, it follows from the pigeonhole principle that (p,) has only finitely many
terms, a contradiction. Thus (p,,) cannot exist, and A is sequentially compact. ]

The following presentation of the proof that (b) implies (a) appears in Royden’s
book, Real Analysis. A Lebesgue number for a covering U of A is a positive real
number A such that for each a € A there is some U € U with Mya C U. Of course,
the choice of this U depends on a. It is crucial, however, that the Lebesgue number
A is independent of a € A.

The idea of a Lebesgue number is that we know each point a € A is contained in
some U € U, and if A is extremely small then M)a is just a slightly swollen point —
so the same should be true for it too. No matter where in A the neighborhood Mya
is placed, it should lie wholly in some member of the covering. See Figure 47.

If A is noncompact then it may have open coverings with no positive Lebesgue
number. For example, let A = (0,1) € R = M. The singleton collection {A} is
an open covering of A, but there is no A > 0 such that for every a € A we have
(a—X,a+ X)) C A. See Exercise 86.

64 Lebesgue Number Lemma FEvery open covering of a sequentially compact set
has a Lebesgue number A > 0.
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Figure 47 Small neighborhoods are like swollen points. U has a positive
Lebesgue number A. The A-neighborhood of each point in the cross-hatched
set A is wholly contained in at least one member of the covering.

Proof Suppose not: U is an open covering of a sequentially compact set A, and yet
for each A > 0 there exists an a € A such that no U € U contains Mya. Take A =1/n
and let a, € A be a point such that no U € U contains M; /n(an). By sequential
compactness, there is a subsequence (a,,) converging to some point p € A. Since U
is an open covering of A, there exist » > 0 and U € U with M,p C U. If k is large
then d(an,,p) < r/2 and 1/nj < r/2, which implies by the triangle inequality that

M, (an,,) € Myp C U,

contrary to the supposition that no U € U contains M; /n(an). We conclude that,
after all, U does have a Lebesgue number A > 0. See Figure 48. O

Proof that (b) implies (a) in Theorem 63 Let U be an open covering of the
sequentially compact set A. We want to reduce U to a finite subcovering. By the
Lebesgue Number Lemma, U has a Lebesgue number A > 0. Choose any a; € A and
some U; € U such that

M), ((11) c U;.
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.U,..-)_ip}

1"ff|;"_ |(i'n_ )

Figure 48 The neighborhood M, p engulfs the smaller neighborhood
Ml/nk (ank ) .

If U; D A then U reduces to the finite subcovering {U; } consisting of a single set,
and the implication (b) = (a) is proved. On the other hand, as is more likely, if U;
does not contain A then we choose a point as € A\ Uy and Us € U such that

M)\(az) C Us.

Either U reduces to the finite subcovering {U;, Us} (and the proof is finished) or
else we can continue, eventually producing a sequence (ay,) in A and a sequence (Uy,)
in U such that

My(an) € U, and apy1 € (AN (U1 U---UU,)).

We will show that such sequences (ay,), (U,) lead to a contradiction. By sequential
compactness, there is a subsequence (a,, ) that converges to some p € A. For a large
k we have d(ap, ,p) < A and

p € My(an,) C U,,.

See Figure 49.

All a,,, with £ > k lie outside Uy, , which contradicts their convergence to p. Thus,
at some finite stage the process of choosing points a, and sets U,, terminates, and U
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Figure 49 The point a,, is so near p that the neighborhood M) (ay,,)

engulfs p.
reduces to a finite subcovering {Uy,...,U,} of A, which implies that A is covering
compact. See also the remark on page 421. O

Upshot In light of Theorem 63, the term “compact” may now be applied equally to
any set obeying (a) or (b).

Total Boundedness

The Heine-Borel Theorem states that a subset of R™ is compact if and only if
it is closed and bounded. In more general metric spaces, such as Q, the assertion is
false. But what if the metric space is complete? As remarked on page 81 it is still
false.

But mathematicians do not quit easily. The Heine-Borel Theorem ought to gen-
eralize beyond R somehow. Here is the concept we need: A set A C M is totally
bounded if for each € > 0 there exists a finite covering of A by e-neighborhoods. No
mention is made of a covering reducing to a subcovering. How close total boundedness
is to the worthless fact that every metric space has a finite open covering!

65 Generalized Heine-Borel Theorem A subset of a complete metric space is
compact if and only if it is closed and totally bounded.
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Proof Let A be a compact subset of M. Therefore it is closed. To see that it is
totally bounded, let € > 0 be given and consider the covering of A by e-neighborhoods,

{Mcz : x € A}.

Compactness of A implies that this covering reduces to a finite subcovering and
therefore A is totally bounded.

Conversely, assume that A is a closed and totally bounded subset of the complete
metric space M. We claim that A is sequentially compact. That is, every sequence
(an) in A has a subsequence that converges in A. Set ¢, = 1/k, k = 1,2,.... Since
A is totally bounded we can cover it by finitely many e;-neighborhoods

M€1 (Ql)v R M61 (qm)

By the pigeonhole principle, terms of the sequence a, lie in at least one of these
neighborhoods infinitely often, say it is M, (p1). Choose

ap, € Al = AﬂMel(pl).

Every subset of a totally bounded set is totally bounded, so we can cover A; by finitely
many eg-neighborhoods. For one of them, say M, (p2), a, lies in Ay = Ay N M, (p2)
infinitely often. Choose a,, € Az with ng > nj.

Proceeding inductively, cover Ay _1 by finitely many e;-neighborhoods, one of
which, say M, (pr), contains terms of the sequence (a,) infinitely often. Then choose
ap, € Ap = Ag_1 N0 M, (pr) with ng > ni_;. Then (a,,) is a subsequence of (ay). It
is Cauchy. For if € > 0 is given we choose N such that 2/N < e. If k,£ > N then

2
an,,0n, € Ay and diam Ay <2ey = N < €,

which shows that (ay, ) is Cauchy. Completeness of M implies that (a,,) converges
to some p € M and since A is closed we have p € A. Hence A is compact. O

66 Corollary A metric space is compact if and only if it is complete and totally
bounded.

Proof Every compact metric space M is complete. This is because, given a Cauchy
sequence (p,) in M, compactness implies that some subsequence converges in M,
and if a Cauchy sequence has a convergent subsequence then the mother sequence
converges too. As observed above, compactness immediately gives total boundedness.

Conversely, assume that M is complete and totally bounded. Every metric space
is closed in itself. By Theorem 65, M is compact. O]
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8 Cantor Sets

Cantor sets are fascinating examples of compact sets that are maximally disconnected.
(To emphasize the disconnectedness, one sometimes refers to a Cantor set as “Cantor
dust.”) Here is how to construct the standard Cantor set. Start with the unit
interval [0, 1] and remove its open middle third, (1/3,2/3). Then remove the open
middle third from the remaining two intervals, and so on. This gives a nested sequence
C'>C' > C? > ... where C° = [0,1], C! is the union of the two intervals [0, 1/3]
and [2/3,1], C? is the union of four intervals [0,1/9], [2/9,1/3], [2/3,7/9], and [8/9, 1],
C3 is the union of eight intervals, and so on. See Figure 50.

co

Cl
Cl
C3 I - — - An endpoinl I — I

ct —- —-- —_— =-- _— - —_— —--

cs - - - - am e e

Figure 50 The construction of the standard middle-thirds Cantor set C

In general C™ is the union of 2" closed intervals, each of length 1/3™. Each C™ is
compact. The standard middle thirds Cantor set is the nested intersection

o
cC=nNnca.
n=0
We refer to C' as “the” Cantor set. Clearly it contains the endpoints of each of
the intervals comprising C™. Actually, it contains uncountably many more points
than these endpoints! There are other Cantor sets defined by removing, say, middle

fourths, pairs of middle tenths, etc. All Cantor sets turn out to be homeomorphic to
the standard Cantor set. See Section 9.

A metric space M is totally disconnected if each point p € M has arbitrarily
small clopen neighborhoods. That is, given € > 0 and p € M, there exists a clopen
set U such that

pe U C Mcp.
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For example, every discrete space is totally disconnected. So is Q.

67 Theorem The Cantor set is a compact, nonempty, perfect, and totally discon-
nected metric space.

Proof The metric on C' is the one it inherits from R, the usual distance |z — y|. Let
FE be the set of endpoints of all the C™-intervals,

E=1{0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9, ...}.

Clearly E is denumerable and contained in C, so C' is nonempty and infinite. It is
compact because it is the intersection of compacts.

To show C' is perfect and totally disconnected, take any x € C' and any € > 0.
Fix n so large that 1/3™ < e. The point z lies in one of the 2" intervals I of length
1/3™ that comprise C". Fix this I. The set E N [ is infinite and contained in the
interval (z — €, © + ¢€). Thus C clusters at x and C' is perfect. See Figure 51.

I
® } )
x—¢€ x X+¢€

T~

(= ul

Figure 51 The endpoints of C cluster at x.

The interval I is closed in R and therefore in C”. The complement J = C™ \ [
consists of finitely many closed intervals and is therefore closed too. Thus, I and J are
clopen in C™. By the Inheritance Principle their intersections with C' are clopen in C,
so C'N1 is a clopen neighborhood of x in C' which is contained in the e-neighborhood
of z, completing the proof that C' is totally disconnected. O

68 Corollary The Cantor set is uncountable.

Proof Being compact, C' is complete, and by Theorem 56, every complete, perfect,
nonempty metric space is uncountable. ]

A more direct way to see that the Cantor set is uncountable involves a geometric
coding scheme. Take the code 0 = left and 2 = right. Then

Co = left interval = [0,1/3] Cy = right interval = [2/3,1],

and C' = Cy U Cy. Similarly, the left and right subintervals of Cy are coded Cyy
and Cje, while the left and right subintervals of Cy are Cyy and Coy. This gives

c? = Coo U Coa U Cy U Cos.
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The intervals that comprise C? are specified by strings of length 3. For instance, Caaq
is the left subinterval of Cy. In general an interval of C™" is coded by an address
string of n symbols, each a 0 or a 2. Read it like a zip code. The first symbol gives
the interval’s gross location (left or right), the second symbol refines the location, the
third refines it more, and so on.

Imagine now an infinite address string w = wjwsws... of zeros and twos.
Corresponding to w, we form a nested sequence of intervals

Cor O Cuiws O Cinwows D - D Cuyiwony, D vy

the intersection of which is a point p = p(w) € C. Specifically,

p(w) = n Cw|n

neN
where w|n = wj ...w, truncates w to an address of length n. See Theorem 34.

As we have observed, each infinite address string defines a point in the Cantor set.
Conversely, each point p € C' has an address w = w(p): its first n symbols o = w|n
are specified by the interval C, of C™ in which p lies. A second point ¢ has a different
address, since there is some n for which p and ¢ lie in distinct intervals C, and Cpg

of C".

In sum, the Cantor set is in one-to-one correspondence with the set €2 of addresses.
Each address w € 2 defines a point p(w) € C and each point p € C has a unique
address w(p). The set Q is uncountable. In fact it corresponds bijectively to R. See
Exercise 112.

If SC M and S = M then S is dense in M. For example, Q is dense in R. The
set S is somewhere dense if there exists an open nonempty set U C M such that
SNU DU. If S is not somewhere dense then it is nowhere dense.

69 Theorem The Cantor set contains no interval and is nowhere dense in R.

Proof Suppose not and C' contains (a,b). Then (a,b) C C™ for all n € N. Take n
with 1/3™ < b — a. Since (a,b) is connected it lies wholly in a single C"-interval, say
I. But I has smaller length than (a,b), which is absurd, so C' contains no interval.

Next, suppose C' is dense in some nonempty open set U C R, i.e., the closure of
C NU contains U. Thus

C =C >CnU > U D (a,b),

contrary to the fact that C' contains no interval. O
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The existence of an uncountable nowhere dense set is astonishing. Even more is
true: The Cantor set is a zero set — it has “outer measure zero.” By this we mean
that, given any € > 0, there is a countable covering of C' by open intervals (ag, bx),
and the total length of the covering is

(o]
Zbk —ap < €.
k=1

(Outer measure is one of the central concepts of Lebesgue Theory. See Chapter 6.)
After all, C' is a subset of C", which consists of 2™ closed intervals, each of length
1/3™. If n is large enough then 2" /3™ < e. Enlarging each of these closed intervals to
an open interval keeps the sum of the lengths < €, and it follows that C' is a zero set.

If we discard subintervals of [0, 1] in a different way, we can make a fat Cantor
set — one that has positive outer measure. Instead of discarding the middle-thirds of

th stage in the construction, we discard only the middle 1/n! portion.

intervals at the n
The discards are grossly smaller than the remaining intervals. See Figure52. The
total amount discarded from [0, 1] is < 1, and the total amount remaining, the outer

measure of the fat Cantor set, is positive. See Exercise 3.31.

Figure 52 In forming a fat Cantor set, the gap intervals occupy a
progressively smaller proportion of the Cantor set intervals.

9* Cantor Set Lore

In this section, we explore some arcane features of Cantor sets.

Although the continuous image of a connected set is connected, the continuous
image of a disconnected set may well be connected. Just crush the disconnected set
to a single point. Nevertheless, I hope you find the following result striking, for it
means that the Cantor set C' is the universal compact metric space, of which all
others are merely shadows.

70 Cantor Surjection Theorem Given a compact nonempty metric space M, there

s a continuous surjection of C onto M.

See Figure53. Exercise 114 suggests a direct construction of a continuous sur-
jection C' — [0, 1], which is already an interesting fact. The proof of Theorem 70
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C —— - — — —

R4

Figure 53 o surjects C onto M.

involves a careful use of the address notation from Section 8 and the following simple
lemma about dividing a compact metric space M into small pieces. A piece of M is
any compact nonempty subset of M.

71 Lemma If M is a nonempty compact metric space and € > 0 is given then M
can be expressed as the finite union of pieces, each of diameter < e.

Proof Reduce the covering {M,/y(x) : # € M} of M to a finite subcovering and take
the closure of each member of the subcovering. O

We say that M divides into these small pieces. The metaphor is imperfect
because the pieces may overlap. The strategy of the proof of Theorem 70 is to divide
M into large pieces, divide the large pieces into small pieces, divide the small pieces
into smaller pieces and continue indefinitely. Labeling the pieces coherently with
words in two letters leads to the Cantor surjection.

Let W(n) be the set of words in two letters, say a and b, having length n. Then
#W (n) = 2". For example W (2) consists of the four words aa, bb, ab, and ba.

Using Lemma 71 we divide M into a finite number of pieces of diameter < 1 and
we denote by M; the collection of these pieces. We choose n; with 2 > #M; and
choose any surjection wy : W(n1) — M;. Since there are enough words in W(ny), w;
exists. We say wy labels M; and if wi(«) = L then « is a label of L.
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Then we divide each L € M into finitely many smaller pieces. Let My (L) be the
collection of these smaller pieces and let
My = U Ma(L).
LeM;y

Choose ng such that 2" > max{#Mz(L) : L € M;} and label My with words
a3 € W(ny + ng) such that

If L = wi(a) then af labels the pieces S € Ma(L)

as ( varies in W (na).

This labeling amounts to a surjection ws : W(ny + ng) — Mz that is coherent with
w1 in the sense that 5 — wy(af) labels the pieces S € wq(a). Since there are enough
words in W (ng), we exists. If there are other labels o of L € M; then we get other
labels o/ 8’ for the pieces S € My(L). We make no effort to correlate them.

Proceeding by induction we get finer and finer divisions of M coherently labeled
with longer and longer words. More precisely there is a sequence of divisions (M)
and surjections wy : Wi, = W(ny + - -+ + ng) — My, such that

(a) The maximum diameter of the pieces L € My, tends to zero as k — oo.
(b) M1 refines M, in the sense that each S € My is contained in some L € M.
(“The small pieces S are contained in the large pieces L.”)
(c) If L € My, and My41(L) denotes {S € My : S C L} then
L = u s
SEMk+1(L)
(d) The labelings wy, are coherent in the sense that if wy(a) = L € My, then
B+ wi1(af) labels M1 (L) as [ varies in W(ngy1).

See Figure 54.

Proof of the Cantor Surjection Theorem We are given a nonempty compact
metric space M and we seek a continuous surjection ¢ : C — M where C is the
standard Cantor set.

C = N C™ where C™ is the disjoint union of 2" closed intervals of length 1/3".
In Section 8 we labeled these C"-intervals with words in the letters 0 and 2 having
length n. (For instance Cagg is the left C3-interval of Oy = [8/9, 1], namely Caog =
[8/9,25/27].) We showed there is a natural bijection between C' and the set of all
infinite words in the letters 0 and 2 defined by
p = n Cw|n

neN
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aa bb
ab ba
M
My
Ms Mo
aaa bba
) aab bbb
aba baa
abb bab

Figure 54 Coherently labeled successive divisions of M. They have
n1 =2, ng = 1, and n3 = 6. Note that overlabeling is necessary.

We referred to w = w(p) as the address of p. (w|n is the truncation of w to its first n
letters.) See page 107.

For k =1,2,... let M} be the fine divisions of M constructed above, coherently
labeled by wy. They obey (a)-(d). Given p € C we look at the nested sequence of
pieces Ly(p) € My, such that Li(p) = wi(w|(n1 + --- 4+ ng)) where w = w(p). That
is, we truncate w(p) to its first nj + - - - + ny, letters and look at the piece in My, with
this label. (We replace the letters 0 and 2 with a and b.) Then (Lg(p)) is a nested
decreasing sequence of nonempty compact sets whose diameters tend to 0 as k — oo.
Thus M) Lk (p) is a well defined point in M and we set

o(p) = N Li(p).
keN

We must show that ¢ is a continuous surjection C' — M. Continuity is simple. If
p,p’ € C are close together then for large n the first n entries of their addresses are
equal. This implies that o(p) and o(p’) belong to a common Lj and k is large. Since
the diameter of Lj tends to 0 as k — oo we get continuity.

Surjectivity is also simple. Each ¢ € M is the intersection of at least one nested
sequence of pieces Ly € M. For ¢ belongs to some piece L1 € My, and it also belongs
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to some subpiece Ly € Ma(L1), etc. Coherence of the labeling of the My implies that

for each nested sequence (Lg) there is an infinite word @ = ajagag ... such that
a; € W(n;) and Ly = wg(aq ... ) with m =ng + -+ + ng. The point p € C with
address « is sent by o to q. O

Peano Curves

72 Theorem There exists a Peano curve, a continuous path in the plane which is
space-filling in the sense that its image has nonempty interior. In fact there is a
Peano curve whose image is the closed unit disc B.

Proof Let o : C — B? be a continuous surjection supplied by Theorem 70. Extend
o toamap 7 :[0,1] — B? by setting

o(x) ifeeC
() = ¢ (1—1t)o(a) + to(b) if x = (1—t)a+ tb € (a,b)
and (a,b) is a gap interval.

A gap interval is an interval (a,b) C C° such that a,b € C. Because o is continuous,
|o(a) —o(b)| — 0 as |a — b] — 0. Hence 7 is continuous. Its image includes the disc
B? and thus has nonempty interior. In fact the image of 7 is exactly B2, since the
disc is convex and 7 just extends o via linear interpolation. See Figure 55. O

This Peano curve cannot be one-to-one since C' is not homeomorphic to B?. (C
is disconnected while B? is connected.) In fact no Peano curve 7 can be one-to-one.
See Exercise 102.

Cantor Spaces

We say that M is a Cantor space if, like the standard Cantor set C, it is compact,
nonempty, perfect, and totally disconnected.

73 Moore-Kline Theorem Fvery Cantor space M is homeomorphic to the stan-
dard middle-thirds Cantor set C'.

A Cantor piece is a nonempty clopen subset S of a Cantor space M. It is easy
to see that S is also a Cantor space. See Exercise 100. Since a Cantor space is totally
disconnected, each point has a small clopen neighborhood N. Thus, a Cantor space
can always be divided into two disjoint Cantor pieces, M = U LU U*°.
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gap interval

== == == --eg be= == == == (C

Figure 55 Filling in the Cantor surjection ¢ to make a Peano space-filling
curve T

74 Cantor Partition Lemma Given a Cantor space M and e > 0, there is a num-
ber N such that for each d > N there is a partition of M into d Cantor pieces of
diameter < e. (We care most about dyadic d.)

Proof A partition of a set is a division of it into disjoint subsets. In this case
the small Cantor pieces form a partition of the Cantor space M. Since M is totally
disconnected and compact, we can cover it with finitely many clopen neighborhoods

Ui, ...,U, having diameter < e. To make the sets U; disjoint, define
i = U
Vo = Ui\NUs
Vm = Um\(U1U"'UUm,1).

If any V; is empty, discard it. This gives a partition M = X U--- U Xy into N < m
Cantor pieces of diameter < e.
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If d = N this finishes the proof. If d > N then we inductively divide Xy into
two, and then three, and eventually d — N + 1 disjoint Cantor pieces; say

Xy =YiU---UYy Ny
The partition M = Xy U --- U Xy UY; U---U Yy ni1 finishes the proof. ]

Proof of the Moore-Kline Theorem We are given a Cantor space M and we
seek a homeomorphism from the standard Cantor set C' onto M.

By Lemma 74 there is a partition M; of M into d; nonempty Cantor pieces where
diy = 2™ is dyadic and the pieces have diameter < 1. Thus there is a bijection
wy : Wy — My where Wy = W (ny).

According to the same lemma, each L € M; can be partitioned into N (L) Cantor
pieces of diameter < 1/2. Choose a dyadic number

dy = 2™ > max{N(L): L e M}

and use the lemma again to partition each L into ds smaller Cantor pieces. These
pieces constitute Ma(L), and we set Mo = |J;, M2(L). It is a partition of M having
cardinality dids and in the natural way described in the proof of Theorem 70 it is
coherently labeled by Wy = W(ny + ng2). Specifically, for each L € M; there is a
bijection wy, : W (ng) — Ma(L) and we define wy : Wo — My by wa(af) =S € My if
and only if wy(a) = L and wr(8) = S. This ws is a bijection.

Proceeding in exactly the same way, we pass from 2 to 3, from 3 to 4, and
eventually from k to k + 1, successively refining the partitions and extending the
bijective labelings.

The Cantor surjection constructed in the proof of Theorem 70 is
o(p) = N Li(p)
k

where L (p) € My, has label w(p)|m with m = ny + - - -+ ny. Distinct points p,p’ € C
have distinct addresses w, w’. Because the labelings wy, are bijections and the divisions
My, are partitions, w # w’ implies that for some k, Li(p) # Li(p'), and thus o(p) #
o(p'). That is, o is a continuous bijection C'— M. A continuous bijection from one
compact to another is a homeomorphism. O

75 Corollary Fvery two Cantor spaces are homeomorphic.

Proof Immediate from the Moore-Kline Theorem: Each is homeomorphic to C. [
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76 Corollary The fat Cantor set is homeomorphic to the standard Cantor set.
Proof Immediate from the Moore-Kline Theorem. O

77 Corollary A Cantor set is homeomorphic to its own Cartesian square; that is,
c=CxC.

Proof It is enough to check that C' x C is a Cantor space. It is. See Exercise 99. [J

The fact that a nontrivial space is homeomorphic to its own Cartesian square is
disturbing, is it not?

Ambient Topological Equivalence

Although all Cantor spaces are homeomorphic to each other when considered as
abstract metric spaces, they can present themselves in very different ways as subsets
of Fuclidean space. Two sets A, B in R™ are ambiently homeomorphic if there is
a homeomorphism of R™ to itself that sends A onto B. For example, the sets

A={0}U[L,2U {3 and B ={0}U{l}U[23]

are homeomorphic when considered as metric spaces, but there is no ambient homeo-
morphism of R that carries A to B. Similarly, the trefoil knot in R? is homeomorphic
but not ambiently homeomorphic in R? to a planar circle. See also Exercise 105.

78 Theorem Fvery two Cantor spaces in R are ambiently homeomorphic.
Let M be a Cantor space contained in R. According to Theorem 73, M is home-

omorphic to the standard Cantor set C. We want to find a homeomorphism of R to
itself that carries C' to M.

The convex hull of S C R™ is the smallest convex set H that contains S. When
m = 1, H is the smallest interval that contains S.

79 Lemma A Cantor space M C R can be divided into two Cantor pieces whose

convex hulls are disjoint.

Proof Obvious from one-dimensionality of R: Choose a point z € R\ M such that
some points of M lie to the left of x and others lie to its right. Then

M = Mn(-oco,z) U (x,00)NM

divides M into disjoint Cantor pieces whose convex hulls are disjoint closed intervals.[]
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Proof of Theorem 78 Let M C R be a Cantor space. We will find a homeomor-
phism 7 : R — R sending C' to M. Lemma 79 leads to Cantor divisions My, such that
the convex hulls of the pieces in each My, are disjoint. With respect to the left/right
order of R, label these pieces in the same way that the Cantor middle third intervals
are labeled: Ly and Lo in M; are the left and right pieces of M, Loy and Lgo are
the left and right pieces of Ly, and so on. Then the homeomorphism ¢ : C' — M
constructed in Theorems 70 and 73 is automatically monotone increasing. Extend o
across the gap intervals affinely as was done in the proof of Theorem 72, and extend
it to R\ [0, 1] in any affine increasing fashion such that 7(0) = ¢(0) and 7(1) = o(1).
Then 7 : R — R extends o to R. The monotonicity of ¢ implies that 7 is one-to-one,
while the continuity of ¢ implies that 7 is continuous. 7 : R — R is a homeomorphism
that carries C' onto M.

If M’ C R is a second Cantor space and 7/ : R — R is a homeomorphism that
sends C onto M’ then 7/ o 7~ ! is a homeomorphism of R that sends M onto M’'. [

As an example, one may construct a Cantor set in R by removing from [0, 1] its
middle third, then removing from each of the remaining intervals nine symmetrically
placed subintervals; then removing from each of the remaining twenty intervals, four
asymmetrically placed subintervals; and so forth. In the limit (if the lengths of the
remaining intervals tend to zero) we get a nonstandard Cantor set M. According to
Theorem 78, there is a homeomorphism of R to itself sending the standard Cantor
set, C onto M.

Another example is the fat Cantor set mentioned on page 108. It too is ambiently
homeomorphic to C.

Theorem FEvery two Cantor spaces in R? are ambiently homeomorphic.

We do not prove this theorem here. The key step is to show M has a dyadic disc
partition. That is, M can be divided into a dyadic number of Cantor pieces, each
piece contained in the interior of a small topological disc D;, the D; being mutually
disjoint. (A topological disc is any homeomorph of the closed unit disc B2. Smallness
refers to diam D;.) The proofs I know of the existence of such dyadic partitions are
tricky cut-and-paste arguments and are beyond the scope of this book. See Moise’s
book, Geometric Topology in Dimensions 2 and 3 and also Exercise 138.

Antoine’s Necklace

A Cantor space M C R™ is tame if there is an ambient homeomorphism A :
R™ — R™ that carries the standard Cantor set C' (imagined to lie on the zj-axis
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in R™) onto M. If M is not tame it is wild. Cantor spaces contained in the line
or plane are tame. In 3-space, however, there are wild ones, Cantor sets A so badly
embedded in R? that they act like curves. It is the lack of a “ball dyadic partition
lemma” that causes the problem.

The first wild Cantor set was discovered by Louis Antoine, and is known as
Antoine’s Necklace. The construction involves the solid torus or anchor ring,
which is homeomorphic to the Cartesian product B? x S'. It is easy to imagine a
necklace of solid tori: Take an ordinary steel chain and modify it so its first and last
links are also linked. See Figure 56.

Nick PuGH

Figure 56 A necklace of twenty solid tori

Antoine’s construction then goes like this. Draw a solid torus A°. Interior to A°,
draw a necklace A' of several small solid tori, and make the necklace encircle the
hole of A%. Repeat the construction on each solid torus 7' comprising A'. That is,
interior to each T', draw a necklace of very small solid tori so that it encircles the hole
of T. The result is a set A?> C A' which is a necklace of necklaces. In Figure 56, A?
would consist of 400 solid tori. Continue indefinitely, producing a nested decreasing
sequence A D A' 5 A% O .... The set A" is compact and consists of a large
number (20™) of extremely small solid tori arranged in a hierarchy of necklaces. It
is an n'" order necklace. The intersection A = ] A” is a Cantor space, since it is
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compact, perfect, nonempty, and totally disconnected. It is homeomorphic to C'. See
Exercise 139.

Certainly A is bizarre, but is it wild? Is there no ambient homeomorphism A of
R3 that sends the standard Cantor set C' onto A? The reason that h cannot exist is
explained next.

Figure 57 x loops through A°, which contains the necklace of solid tori.

Referring to Figure57, the loop s passing through the hole of A% cannot be
continuously shrunk to a point in R? without hitting A. For if such a motion of &
avoids A then, by compactness, it also avoids one of the high-order necklaces A™. In
R3 it is impossible to continuously de-link two linked loops, and it is also impossible
to continuously de-link a loop from a necklace of loops. (These facts are intuitively
believable but hard to prove. See Dale Rolfsen’s book, Knots and Links.)

On the other hand, each loop X in R3\ C can be continuously shrunk to a point
without hitting C. For there is no obstruction to pushing A through the gap intervals
of C.

Now suppose that there is an ambient homeomorphism A of R? that sends C' to
A. Then A = h™'(k) is a loop in R®\ C, and it can be shrunk to a point in R3\ C,
avoiding C'. Applying h to this motion of A continuously shrinks  to a point, avoiding
A, which we have indicated is impossible. Hence h cannot exist, and A is wild.
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10* Completion

Many metric spaces are complete (for example, every closed subset of Euclidean space
is complete), and completeness is a reasonable property to require of a metric space,
especially in light of the following theorem.

80 Completion Theorem FEvery metric space can be completed.

This means that just as R completes Q, we can take any metric space M and find
a complete metric space M containing M whose metric extends the metric of M. To
put it another way, M is always a metric subspace of a complete metric space. In a

natural sense the completion is uniquely determined by M.

81 Lemma Given four points p,q,x,y € M, we have

Proof The triangle inequality implies that

and hence

—(d(p,z) + d(q,y)) < d(p,q) — d(z,y) < (d(p,z) + d(q,v)).

A number sandwiched between —k and k has magnitude < k, which completes the
proof. O

Proof of the Completion Theorem 80 We consider the collection € of all Cauchy
sequences in M, convergent or not, and convert it into the completion of M. (This is a
bold idea, is it not?) Cauchy sequences (p,,) and (gy,), are co-Cauchy if d(p,, ¢,) — 0
as n — oo. Co-Cauchyness is an equivalence relation on €. (This is easy to check.)

Define M to be € modulo the equivalence relation of being co-Cauchy. Points of
M are equivalence classes P = [(py)] such that (p,) is a Cauchy sequence in M. The

metric on M is

D(P,Q) = lim d(pn,qn),
where P = [(py)] and @ = [(¢»)]. It only remains to verify three things:

(a) D is a well defined metric on M.
(b) M C M.
(c) M is complete.
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None of these assertions is really hard to prove, although the details are somewhat
messy because of possible equivalence class/representative ambiguity.

(a) By Lemma 81

|d(Pms @m) — A(Pn, an)| < d(Pmsn) + d(Gm, gn)-

Thus (d(pn, ¢n)) is a Cauchy sequence in R, and because R is complete,
L = lim d(pn,qn)
n—oo
exists. Let (p),) and (q},) be sequences that are co-Cauchy with (p,,) and (g,), and let
/AT ;o
L' = nh~>nc}o d(pru Qn)'
Then
L= L' < |L—d(pn, gn)| + 1d(Pns an) — d(pr, a)| + 1d(py, @3) — L)

As n — oo, the first and third terms tend to 0. By Lemma81, the middle term is

|d(pr, qn) — AP, 4i)| < d(pn.ply) + d(gn, 45,),

which also tends to 0 as n — oo. Hence L = L’ and D is well defined on M. The
d-distance on M is symmetric and satisfies the triangle inequality. Taking limits,
these properties carry over to D on M , while positive definiteness follows directly
from the co-Cauchy definition.

(b) Think of each p € M as a constant sequence, p = (p,p,p,p,...). Clearly it
is Cauchy and clearly the D-distance between two constant sequences p and q is the
same as the d-distance between the points p and ¢. In this way M is naturally a
metric subspace of M.

(c) Let (Pgx)ren be a Cauchy sequence in M. We must find Q € M to which
Py, converges as k — oo. (Note that (Py) is a sequence of equivalence classes, not
a sequence of points in M, and convergence refers to D not d.) Because D is well
defined we can use a trick to shorten the proof. Observe that every subsequence of
a Cauchy sequence is Cauchy, and it and the mother sequence are co-Cauchy. For
all the terms far along in the subsequence are also far along in the mother sequence.
This lets us take a representative of Py all of whose terms are at distance < 1/k from
each other. Call this sequence (pg)nen. We have [(prn)] = Pi.

Set ¢, = pp.n. We claim that (g,) is Cauchy and D(Pg, Q) — 0 as kK — oo, where
Q = [(¢n)]- That is, M is complete.
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Let € > 0 be given. There exists N > 3/e such that if k,¢ > N then
D(Pi,P)) < g

and

d(pk i, Pe)
APk, Phen) + APkn,> Pen) + A(Pen, Do)

d(Qka QE)

IN

IN

1 1
' d 7 n ”
o T (Pkyn» P, )+€

2¢
< § + d(pk,napﬁ,n)-
The inequality is valid for all n and the left-hand side, d(qx, g¢), does not depend on
n. The limit of d(pgn,prn) as n — oo is D(Py, P;), which we know to be < €/3.
Thus, if k,¢ > N then d(qx, q¢) < € and (g,) is Cauchy. Similarly we see that P, — Q
as k — oo. For, given € > 0, we choose N > 2/e such that if k,n > N then

d(qr, qn) < €/2, from which it follows that

AP n) < APk Prk) + APk ks @n)
= d(prn, Pkk) + d(qk, qn)
= F TS c

The limit of the left-hand side of this inequality, as n — oo, is D(Py, Q). Thus
k—o00
and M is complete. O

Uniqueness of the completion is not surprising, and is left as Exercise 106. A
different proof of the Completion Theorem is sketched in Exercise 4.39.

A Second Construction of R from Q

In the particular case that the metric space M is Q, the Completion Theorem leads
to a construction of R from Q via Cauchy sequences. Note, however, that applying
the theorem as it stands involves circular reasoning, for its proof uses completeness
of R to define the metric D. Instead, we use only the Cauchy sequence strategy.

Convergence and Cauchyness for sequences of rational numbers are concepts that
make perfect sense without a priori knowledge of R. Just take all epsilons and deltas
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in the definitions to be rational. The Cauchy completion @ of @ is the collection
C of Cauchy sequences in Q modulo the equivalence relation of being co-Cauchy.

We claim that @ is a complete ordered field. That is, @ is just another version of
R. The arithmetic on Q is defined by

P+Q = [(pn+Qn)] P_Q:[(pn_Qn)]
PQ = [(ann)] P/Q = [(pn/Qn)]

where P = [(p,)] and Q = [(gn)]. Of course Q # [(0,0,...)] in the fraction P/Q.
Exercise 134 asks you to check that these natural definitions make Q a field. Although
there are many things to check — well definedness, commutativity, and so forth — all
are effortless. There are no sixteen case proofs as with cuts. Also, just as with metric
spaces, Q is naturally a subfield of @ when we think of » € Q as the constant sequence

7=[(r,r,...)]
That’s the easy part — now the rest.

To define the order relation on @ we rework some of the cut ideas. If P € @ has
a representative [(py)], such that for some € > 0, we have p,, > € for all n then P is
positive. If —P is positive then P is negative.

Then we define P < @ if Q — P is positive. Exercise 135 asks you to check that
this defines an order on @, consistent with the standard order < on @ in the sense
that for all p,q € Q we have p < ¢ <= p < ¢. In particular, you are asked to prove
the trichotomy property: Each P € @ is either positive, negative, or zero, and these
possibilities are mutually exclusive.

Combining Cauchyness with the definition of < gives

P = [(pn)] < Q = [(qn)] = there exist ¢ > 0 and N € N
(1) such that for all m,n > N,
we have p,, + ¢ < qp.

It remains to check the least upper bound property. Let P be a nonempty subset
of @ that is bounded above. We must find a least upper bound for P.

First of all, since P is bounded there is a B = (b,) € @ such that P < B for
all P € P. We can choose B so its terms lie at distance < 1 from each other. Set
b = by + 1. Then b is an upper bound for P. Since Q is Archimedean there is an
integer m > b, and T is also an upper bound for P. By the same reasoning P has

upper bounds 7 such that r is a dyadic fraction with arbitrarily large denominator
2m,
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Since P is nonempty, the same reasoning shows that there are dyadic fractions s
with large denominators such that s is not an upper bound for P.

We assert that the least upper bound for P is the equivalence class @@ of the
following Cauchy sequence (qo, g1, g2, - - -)-

(a) qo is the smallest integer such that gg is an upper bound for P.

(b) g1 is the smallest fraction with denominator 2 such that g7 is an upper bound
for P.

(¢) go is the smallest fraction with denominator 4 such that g3 is an upper bound
for P.

(d)

(e) gy is the smallest fraction with denominator 2" such that g, is an upper bound
for P.

The sequence (g,) is well defined because some but not all dyadic fractions with
denominator 2" are upper bounds for P. By construction (g, ) is monotone decreasing
and ¢,—1 — ¢ < 1/2". Thus, if m < n then

OSQm_QnZQm_Qm+1+Qm+1_Qm+2+"'+Qn—1_Qn

<t <o
— gm+l on om’
It follows that (gy) is Cauchy and Q = [(¢,)] € Q.

Suppose that @ is not an upper bound for P. Then there is some P = [(p,)] € P
with @ < P. By (1), there is an € > 0 and an N such that for all n > N,

qn + € < pn.

It follows that g < P, a contradiction to gy being an upper bound for P.
On the other hand suppose there is a smaller upper bound for P, say R = (r,,) <
Q. By (1) there are € > 0 and N such that for all m,n > N,

Tm + € < (n.

Fix a k > N with 1/2]’C < €. Then for allm > N,
rm<qk—e<qk—2—k.

By (1), R < gx — 1/2F. Since R is an upper bound for P, so is ¢ — 1/2*, a contradic-
tion to g being the smallest fraction with denominator 2¥ such that @ is an upper
bound for P. Therefore, @) is indeed a least upper bound for P.
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This completes the verification that the Cauchy completion of QQ is a complete
ordered field. Uniqueness implies that it is isomorphic to the complete ordered field R
constructed by means of Dedekind cuts in Section 2 of Chapter 1. Decide for yourself
which of the two constructions of the real number system you like better — cuts
or Cauchy sequences. Cuts make least upper bounds straightforward and algebra
awkward, while with Cauchy sequences it is the reverse.
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Exercises

1.

10.

An ant walks on the floor, ceiling, and walls of a cubical room. What metric
is natural for the ant’s view of its world? What metric would a spider consider
natural? If the ant wants to walk from a point p to a point ¢, how could it
determine the shortest path?

. Why is the sum metric on R? called the Manhattan metric and the taxicab

metric?

. What is the set of points in R? at distance exactly 1/2 from the unit circle S*

in the plane,

T = {peR3:3¢e S*and d(p,q) = 1/2
and for all ¢ € S' we have d(p,q) < d(p,q')}?

Write out a proof that the discrete metric on a set M is actually a metric.

. For p,q € S, the unit circle in the plane, let

da(p;q) = min{|£(p) — L(q)[, 27 — [£(p) — £(q)|}

where £(z) € [0,2m) refers to the angle that z makes with the positive z-axis.
Use your geometric talent to prove that d, is a metric on S'.

. For p,q € [0,7/2) let

ds(p,q) =sin|p —ql.

Use your calculus talent to decide whether dy is a metric.

. Prove that every convergent sequence (p,,) in a metric space M is bounded, i.e.,

that for some r > 0, some ¢ € M, and all n € N, we have p,, € M,q.

. Consider a sequence (z,,) in the metric space R.

(a) If (x,) converges in R prove that the sequence of absolute values (|x,|)
converges in R.

(b) State the converse.

(¢) Prove or disprove it.

. A sequence (z,,) in R increases if n < m implies x,, < x,,. It strictly in-

creases if n < m implies =, < z,,. It decreases or strictly decreases if
n < m always implies x,, > x,, or always implies x,, > x,. A sequence is
monotone if it increases or it decreases. Prove that every sequence in R which
is monotone and bounded converges in R.

Prove that the least upper bound property is equivalent to the “monotone
sequence property” that every bounded monotone sequence converges.

TThis is nicely is expressed by Pierre Teilhard de Chardin, “Tout ce qui monte converge,” in a
different context.
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11. Let (x,) be a sequence in R.

*(a) Prove that (z,) has a monotone subsequence.
(b) How can you deduce that every bounded sequence in R has a convergent
subsequence?
(¢) Infer that you have a second proof of the Bolzano-Weierstrass Theorem in
R.
(d) What about the Heine-Borel Theorem?

12. Let (p,) be a sequence and f : N — N be a bijection. The sequence (gx)ren
with gx = psi) is a rearrangement of (py,).

(a) Are limits of a sequence unaffected by rearrangement?
(b) What if f is an injection?
(c) A surjection?

13. Assume that f: M — N is a function from one metric space to another which
satisfies the following condition: If a sequence (p,) in M converges then the
sequence (f(p,)) in N converges. Prove that f is continuous. [This result
improves Theorem 4.]

14. The simplest type of mapping from one metric space to another is an isometry.
It is a bijection f : M — N that preserves distance in the sense that for all
p,q € M we have

dn(fp, fa) = dru(p, q)-

If there exists an isometry from M to N then M and N are said to be isometric,
M = N. You might have two copies of a unit equilateral triangle, one centered
at the origin and one centered elsewhere. They are isometric. Isometric metric
spaces are indistinguishable as metric spaces.

(a) Prove that every isometry is continuous.

(b) Prove that every isometry is a homeomorphism.

(c) Prove that [0,1] is not isometric to [0, 2].

15. Prove that isometry is an equivalence relation: If M is isometric to IV, show
that N is isometric to M; show that each M is isometric to itself (what mapping
of M to M is an isometry?); if M is isometric to N and N is isometric to P,
show that M is isometric to P.

16. Is the perimeter of a square isometric to the circle? Homeomorphic? Explain.

17. Which capital letters of the Roman alphabet are homeomorphic? Are any
isometric? Explain.

18. Is R homeomorphic to Q7 Explain.

19. Is Q homeomorphic to N? Explain.

20. What function (given by a formula) is a homeomorphism from (—1,1) to R? Is
every open interval homeomorphic to (0,1)? Why or why not?

21. Is the plane minus four points on the z-axis homeomorphic to the plane minus

four points in an arbitrary configuration?
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

If every closed and bounded subset of a metric space M is compact, does it
follow that M is complete? (Proof or counterexample.)
(0,1) is an open subset of R but not of R?, when we think of R as the z-axis in
R2. Prove this.
For which intervals [a, b] in R is the intersection [a, b] N Q a clopen subset of the
metric space Q7
Prove directly from the definition of closed set that every singleton subset of a
metric space M is a closed subset of M. Why does this imply that every finite
set of points is also a closed set?
Prove that a set U C M is open if and only if none of its points are limits of
its complement.
If S,T C M, a metric space, and S C T, prove that
(a) ScT.
(b) int(S) C int(T').
A map f: M — N is open if for each open set U C M, the image set f(U) is
open in N.

(a) If f is open, is it continuous?
) If fis a homeomorphism, is it open?
(c) If f is an open, continuous bijection, is it a homeomorphism?
(d) If f:R — R is a continuous surjection, must it be open?

) If f: R — R is a continuous, open surjection, must it be a homeomor-
phism?

(f) What happens in (e) if R is replaced by the unit circle S*?

Let T be the collection of open subsets of a metric space M, and X the collection
of closed subsets. Show that there is a bijection from T onto X.

Consider a two-point set M = {a,b} whose topology consists of the two sets,
M and the empty set. Why does this topology not arise from a metric on M?
Prove the following.

(a) If U is an open subset of R then it consists of countably many disjoint
intervals U = J U;. (Unbounded intervals (—oo,b), (a, ), and (—oo, c0)
are permitted.)

(b) Prove that these intervals U; are uniquely determined by U. In other
words, there is only one way to express U as a disjoint union of open
intervals.

(c) If U,V C R are both open, so U = [JU; and V' = |]V; where U; and V;
are open intervals, show that U and V are homeomorphic if and only if
there are equally many U; and Vj.

Show that every subset of N is clopen. What does this tell you about every
function f: N — M, where M is a metric space?
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33. (a) Find a metric space in which the boundary of M,p is not equal to the
sphere of radius r at p, O(M,p) # {x € M : d(x,p) = r}.

(b) Need the boundary be contained in the sphere?

34. Use the Inheritance Principle to prove Corollary 15.

35. Prove that S clusters at p if and only if for each » > 0 there is a point ¢ €
M,pN S, such that ¢ # p.

36. Construct a set with exactly three cluster points.

37. Construct a function f : R — R that is continuous only at points of Z.

38. Let X,Y be metric spaces with metrics dx,dy, and let M = X x Y be their
Cartesian product. Prove that the three natural metrics dg, dyax, and dgym on
M are actually metrics. [Hint: Cauchy-Schwarz.]

39. (a) Prove that every convergent sequence is bounded. That is, if (p,) con-
verges in the metric space M, prove that there is some neighborhood M.,.q
containing the set {p, : n € N}.

(b) Is the same true for a Cauchy sequence in an incomplete metric space?

40. Let M be a metric space with metric d. Prove that the following are equivalent.

(a) M is homeomorphic to M equipped with the discrete metric.
(b) Every function f: M — M is continuous.

(c) Every bijection g : M — M is a homeomorphism.

(d) M has no cluster points.

(e) Every subset of M is clopen.

(f) Every compact subset of M is finite.

41. Let || || be any norm on R™ and let B = {x € R : ||z|| < 1}. Prove that B is
compact. [Hint: It suffices to show that B is closed and bounded with respect
to the Euclidean metric.]

42. What is wrong with the following “proof” of Theorem 287 “Let ((an,by)) be
any sequence in A x B where A and B are compact. Compactness implies the
existence of subsequences (ay,) and (b, ) converging to a € A and b € B as
k — oo. Therefore ((an,,bn,)) is a subsequence of ((an,by)) that converges to
a limit in A x B, proving that A x B is compact.”

43. Assume that the Cartesian product of two nonempty sets A C M and B C N
is compact in M x N. Prove that A and B are compact.

44. Consider a function f: M — R. Its graph is the set

{(p,y) e M xR:y = fp}.

a) Prove that if f is continuous then its graph is closed (as a subset of M x R).

(

(b
(c
(d

Prove that if f is continuous and M is compact then its graph is compact.
Prove that if the graph of f is compact then f is continuous.

N — — N

What if the graph is merely closed? Give an example of a discontinuous
function f: R — R whose graph is closed.
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45.

46.

47.

Draw a Cantor set C on the circle and consider the set A of all chords between
points of C.
(a) Prove that A is compact.

*(b) Is A convex?

Assume that A, B are compact, disjoint, nonempty subsets of M. Prove that
there are ag € A and by € B such that for all a € A and b € B we have

d(ao, bo) S d(a, b)

[The points ag, by are closest together.]
Suppose that A, B C R?.
(a) If A and B are homeomorphic, are their complements homeomorphic?

*(b) What if A and B are compact?

*k(c) What if A and B are compact and connected?

48.

*49.

*%50.

52.

53.

o4.

Prove that there is an embedding of the line as a closed subset of the plane,
and there is an embedding of the line as a bounded subset of the plane, but
there is no embedding of the line as a closed and bounded subset of the plane.
Construct a subset A C R and a continuous bijection f : A — A that is not a
homeomorphism. [Hint: By Theorem 36 A must be noncompact.]

Construct nonhomeomorphic connected, closed subsets A, B C R? for which
there exist continuous bijections f : A — B and g : B — A. [Hint: By
Theorem 36 A and B must be noncompact.]
Do there exist nonhomeomorphic closed sets A, B C R for which there exist
continuous bijections f: A — B and g: B — A?
Let (A,,) be a nested decreasing sequence of nonempty closed sets in the metric
space M.

(a) If M is complete and diam A,, — 0 as n — oo, show that [} 4, is exactly

one point.

(b) To what assertions do the sets [n,c0) provide counterexamples?
Suppose that (K,) is a nested sequence of compact nonempty sets, K1 O Ky D

., and K = N K,. If for some p > 0, diam K,, > pu for all n, is it true that
diam K > u?
If f:A— Bandg:C — B such that A C C and for each a € A we have
f(a) = g(a) then g extends f. We also say that f extends to g. Assume that
f 8 — R is a uniformly continuous function defined on a subset S of a metric
space M.

(a) Prove that f extends to a uniformly continuous function f: S — R.

(b) Prove that f is the unique continuous extension of f to a function defined

on S.

(c) Prove the same things when R is replaced with a complete metric space
N.
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99.

56.

o7.

o8.

*59.

60.

61.
62.
63.

*64.

65.

66.

67.

The distance from a point p in a metric space M to a nonempty subset S C M
is defined to be dist(p, S) = inf{d(p,s) : s € S}.

(a) Show that p is a limit of S if and only if dist(p, S) = 0.

(b) Show that p — dist(p, S) is a uniformly continuous function of p € M.
Prove that the 2-sphere is not homeomorphic to the plane.
If S is connected, is the interior of S connected? Prove this or give a counterex-
ample.
Theorem 49 states that the closure of a connected set is connected.

(a) Is the closure of a disconnected set disconnected?

(b) What about the interior of a disconnected set?
Prove that every countable metric space (not empty and not a singleton) is
disconnected. [Astonishingly, there exists a countable topological space which
is connected. Its topology does not arise from a metric.]

(a) Prove that a continuous function f : M — R, all of whose values are

integers, is constant provided that M is connected.

(b) What if all the values are irrational?
Prove that the (double) cone {(x,y,z) € R?: 2% + y? = 22} is path-connected.
Prove that the annulus A = {z € R? : r < |2z| < R} is connected.
A subset E of R™ is starlike if it contains a point py (called a center for E)
such that for each ¢ € F, the segment between pg and ¢ lies in F.

(a) If E is convex and nonempty prove that it is starlike.

(b) Why is the converse false?

(c) Is every starlike set connected?

(d) Is every connected set starlike? Why or why not?
Suppose that £ C R™ is open, bounded, and starlike, and pg is a center for F.

(a) Is it true or false that all points p; in a small enough neighborhood of pg

are also centers for E7
(b)
(c)

(d) Can it consist of a single point?

Is the set of centers convex?
Is it closed as a subset of E7

Suppose that A, B C R? are convex, closed, and have nonempty interiors.
(a) Prove that A, B are the closure of their interiors.
(b) If A, B are compact, prove that they are homeomorphic.
[Hint: Draw a picture.]
(a) Prove that every connected open subset of R™ is path-connected.
(b) Is the same true for open connected subsets of the circle?
(¢) What about connected nonopen subsets of the circle?
List the convex subsets of R up to homeomorphism. How many are there and
how many are compact?
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68.
*69.

70.
71.

72.

73.

74.

*75.

76.

e

78.

79.

List the closed convex sets in R? up to homeomorphism. There are nine. How
many are compact?
Generalize Exercises 65 and 68 to R3; to R™.
Prove that (a,b) and [a,b) are not homeomorphic metric spaces.
Let M and N be nonempty metric spaces.
(a) If M and N are connected prove that M x N is connected.
(b) What about the converse?
(c) Answer the questions again for path-connectedness.
Let H be the hyperbola {(z,y) € R? : zy = 1 and z,y > 0} and let X be the
ZT-axis.
(a) Is the set S = X U H connected?
(b) What if we replace H with the graph G of any continuous positive function
f:R — (0,00); is X UG connected?
(¢) What if f is everywhere positive but discontinuous at just one point.
Is the disc minus a countable set of points connected? Path-connected? What
about the sphere or the torus instead of the disc?
Let S = R2\ Q2. (Points (z,y) € S have at least one irrational coordinate.) Is
S connected? Path-connected? Prove or disprove.
An arc is a path with no self-intersection. Define the concept of arc-connectedness
and prove that a metric space is path-connected if and only if it is arc-connected.
(a) The intersection of connected sets need not be connected. Give an exam-

ple.

(b) Suppose that Si,Ss,Ss,... is a sequence of connected, closed subsets of
the plane and S1 D Sy D .... Is S = 1S, connected? Give a proof or
counterexample.

*(c) Does the answer change if the sets are compact?

(d) What is the situation for a nested decreasing sequence of compact path-

connected sets?

If a metric space M is the union of path-connected sets S,, all of which have
the nonempty path-connected set K in common, is M path-connected?
(p1,...,pn) is an e-chain in a metric space M if for each ¢ we have p; € M and
d(pi,pi+1) < €. The metric space is chain-connected if for each ¢ > 0 and
each pair of points p,q € M there is an e-chain from p to q.

(a) Show that every connected metric space is chain-connected.

(b) Show that if M is compact and chain-connected then it is connected.

(¢) Is R\ Z chain-connected?

(d) If M is complete and chain-connected, is it connected?
Prove that if M is nonempty, compact, locally path-connected, and connected
then it is path-connected. (See Exercise 143, below.)
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80. The Hawaiian earring is the union of circles of radius 1/n and center x =
+1/n on the z-axis, for n € N. See Figure 27 on page 58.
(a) Is it connected?
(b) Path-connected?
(c) Is it homeomorphic to the one-sided Hawaiian earring?
*81. The topologist’s sine curve is the set

{(z,y):x=0and |y <lor0<xz<1andy=sinl/x}.

See Figure43. The topologist’s sine circle is shown in Figure58. (It is the
union of a circular arc and the topologist’s sine curve.) Prove that it is path-
connected but not locally path-connected. (M is locally path-connected
if for each p € M and each neighborhood U of p there is a path-connected
subneighborhood V' of p.)

Figure 58 The topologist’s sine circle
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82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

The graph of f: M — R is the set {(z,y) € M xR :y = fz}.
(a) If M is connected and f is continuous, prove that the graph of f is con-
nected.
(b) Give an example to show that the converse is false.
(¢) If M is path-connected and f is continuous, show that the graph is path-
connected.
(d) What about the converse?
The open cylinder is (0,1) x S*. The punctured plane is R?\ {0}.
(a) Prove that the open cylinder is homeomorphic to the punctured plane.
(b) Prove that the open cylinder, the double cone, and the plane are not
homeomorphic.
Is the closed strip {(z,y) € R? : 0 < z < 1} homeomorphic to the closed
half-plane {(z,y) € R? : 2 > 0}? Prove or disprove.
Suppose that M is compact and that U is an open covering of M which is
“redundant” in the sense that each p € M is contained in at least two members
of U. Show that U reduces to a finite subcovering with the same property.
Suppose that every open covering of M has a positive Lebesgue number. Give
an example of such an M that is not compact.

Exercises 87-94 treat the basic theorems in the chapter, avoiding the use of
sequences. The proofs will remain valid in general topological spaces.

Give a direct proof that [a,b] is covering compact. [Hint: Let U be an open
covering of [a, b] and consider the set

C = {x € [a,b] : finitely many members of U cover [a, z]}.

Use the least upper bound principle to show that b € C']

Give a direct proof that a closed subset A of a covering compact set K is covering
compact. [Hint: If U is an open covering of A, adjoin the set W = M\ A to U.
Is W=UU{W} an open covering of K? If so, so what?]

Give a proof of Theorem 36 using open coverings. That is, assume A is a
covering compact subset of M and f : M — N is continuous. Prove directly
that fA is covering compact. [Hint: What is the criterion for continuity in
terms of preimages?]

Suppose that f: M — N is a continuous bijection and M is covering compact.
Prove directly that f is a homeomorphism.

Suppose that M is covering compact and that f : M — N is continuous. Use
the Lebesgue number lemma to prove that f is uniformly continuous. [Hint:
Consider the covering of N by e/2-neighborhoods {N,/5(q) : ¢ € N} and its
preimage in M, {fP**(N/2(q)) : ¢ € N}
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92.

93.

94.

95.

96.
97.

98.

99.

100.

Give a direct proof that the nested decreasing intersection of nonempty covering
compact sets is nonempty. [Hint: If A; D Ay D ... are covering compact,
consider the open sets U, = AS. If () A, = (), what does {U,,} cover?]
Generalize Exercise 92 as follows. Suppose that M is covering compact and C
is a collection of closed subsets of M such that every intersection of finitely
many members of C is nonempty. (Such a collection € is said to have the
finite intersection property.) Prove that the grand intersection . C
is nonempty. [Hint: Consider the collection of open sets U = {C°: C € €]
If every collection of closed subsets of M which has the finite intersection prop-
erty also has a nonempty grand intersection, prove that M is covering compact.
[Hint: Given an open covering U = {U,}, consider the collection of closed sets
€ ={Us}]
Let S be a subset of a metric space M. With respect to the definitions on
page 92 prove the following.

(a) The closure of S is the intersection of all closed subsets of M that contain

S.
(b) The interior of S is the union of all open subsets of M that are contained
in S.

) The boundary of S is a closed set.

) Why does (a) imply the closure of S equals lim S?
e) If S is clopen, what is 057

) Give an example of S C R such that 9(0S) # 0, and infer that “the
boundary of the boundary 0 o 0 is not always zero.”
If AC BCC, Aisdensein B, and B is dense in C' prove that A is dense in C.
Is the set of dyadic rationals (the denominators are powers of 2) dense in Q7
In R? Does one answer imply the other? (Recall that A is dense in B if A C B
and A D B.)
Show that S C M is somewhere dense in M if and only if int(S) # (. Equiva-
lently, S is nowhere dense in M if and only if its closure has empty interior.
Let M, N be nonempty metric spaces and P = M x N.

(a)

(b) If M, N are totally disconnected prove that P is totally disconnected.

(c) What about the converses?

(d)

If M, N are perfect prove that P is perfect.

Infer that the Cartesian product of Cantor spaces is a Cantor space. (We
already know that the Cartesian product of compacts is compact.)
(e) Why does this imply that C x C = {(x,y) € R?: 2 € Cand y € C} is
homeomorphic to C, C being the standard Cantor set?
Prove that every Cantor piece is a Cantor space. (Recall that M is a Cantor
space if it is compact, nonempty, totally disconnected and perfect, and that
A C M is a Cantor piece if it is nonempty and clopen.)
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*101.

102.

103.
104.

105.

106.

107.

*108.

Let ¥ be the set of all infinite sequences of zeroes and ones. For example,
(100111000011111 ...) € ¥. Define the metric

an — by,
d(a,b) = Z ’2n|

where a = (a,,) and b = (b,) are points in 3.
(a) Prove that ¥ is compact.
(b) Prove that ¥ is homeomorphic to the Cantor set.
Prove that no Peano curve is one-to-one. (Recall that a Peano curve is a
continuous map f : [0, 1] — R? whose image has a nonempty interior.)
Prove that there is a continuous surjection R — R?. What about R™?
Find two nonhomeomorphic compact subsets of R whose complements are
homeomorphic.
As on page 115, consider the subsets of R,

A={0}U[L,2/U{3} and B ={0}uU{1}uU[2 3.

(a) Why is there no ambient homeomorphism of R to itself that carries A onto
B?
(b) Thinking of R as the z-axis, is there an ambient homeomorphism of R? to
itself that carries A onto B?
Prove that the completion of a metric space is unique in the following natural
sense: A completion of a metric space M is a complete metric X space contain-
ing M as a metric subspace such that M is dense in X. That is, every point of
X is a limit of M.
(a) Prove that M is dense in the completion M constructed in the proof of
Theorem 80.
(b) If X and X’ are two completions of M prove that there is an isometry
i : X — X' such that i(p) = p for all p € M.
(c¢) Prove that i is the unique such isometry.
(d) Infer that M is unique.
If M is a metric subspace of a complete metric space S prove that M is a
completion of M.
Consider the identity map id : Cpax — Cint where Cpax is the metric space
C(]0,1],R) of continuous real-valued functions defined on [0, 1], equipped with
the max-metric dyax(f,9) = max |f(z) —g(x)|, and Ciy is C([0, 1], R) equipped
with the integral metric,

dint (f, 9) / |f(z )| de.

Show that id is a continuous linear bijection (an isomorphism) but its inverse
is not continuous.
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*109. A metric on M is an ultrametric if for all z,y, z € M we have
d(z,z) < max{d(z,y),d(y,z)}.

ntuitively this means that the trip from x to z cannot be broken into shorter
Intuitively thi that the trip fi t t be broken into short
legs by making a stopover at some y.)
(a) Show that the ultrametric property implies the triangle inequality.
) In an ultrametric space show that “all triangles are isosceles.”
c ow that a metric space with an ultrametric is totally disconnected.
Show that tri ith It tric is totally di ted
efine a metric on the set ¥ of strings of zeroes and ones in Exercise
Defi tri the set X of strings of d in K ise 101
as

1

on if n is the smallest index for which a,, # b,

d*(a, b) =
0 if a=0.

Show that dyis an ultrametric and prove that the identity map is a home-
omorphism (X,d) — (X, dx).
*110. Q inherits the Euclidean metric from R but it also carries a very different metric,
the p-adic metric. Given a prime number p and an integer n, the p-adic norm
of n is

1
Inlp = —

P
where p¥ is the largest power of p that divides n. (The norm of 0 is by definition
0.) The more factors of p, the smaller the p-norm. Similarly, if z = a/b is a
fraction, we factor x as

where p divides neither r nor s, and we set
ol =

Pk
The p-adic metric on Q is

dp(xu y) = |'r - y|p

(a) Prove that dj, is a metric with respect to which Q is perfect — every point
is a cluster point.

(b) Prove that d, is an ultrametric.

(c) Let @, be the metric space completion of Q with respect to the metric dp,
and observe that the extension of d, to @, remains an ultrametric. Infer
from Exercise 109 that Q, is totally disconnected.
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*112.

113.

*114.

(d) Prove that Q, is locally compact, in the sense that every point has small
compact neighborhoods.
(e) Infer that Q, is covered by neighborhoods homeomorphic to the Cantor
set. See Gouveéa’s book, p-adic Numbers.
Let M = [0,1] and let M; be its division into two intervals [0, 1/2] and [1/2, 1].
Let My be its division into four intervals [0, 1/4], [1/4, 1/2], [1/2, 3/4], and
[3/4, 1]. Continuing these bisections generates natural divisions of [0,1]. The
pieces are intervals. We label them with words using the letters 0 and 1 as
follows: 0 means “left” and 1 means “right,” so the four intervals in My are
labeled as 00, 01, 10, and 11 respectively.
(a) Verify that all endpoints of the intervals (except 0 and 1) have two ad-
dresses. For instance,

2=1—1 11 (1| _ 1 2kl
] - B ool =)

(b) Verify that the points 0, 1, and all nonendpoints have unique addresses.
Prove that #C = #R. [Hint: According to the Schroeder-Bernstein Theorem
from Chapter 1 it suffices to find injections C' — R and R — C. The inclusion
C' C R is an injection C' — R. Each ¢ € [0,1) has a unique base-2 expansion
7(t) that does not terminate in an infinite string of ones. Replacing each 1 by
2 converts 7(t) to w(t), an infinite address in the symbols 0 and 2. It does not
terminate in an infinite string of twos. Set h(t) = Y o0, w;/3" and verify that
h :[0,1) — C is an injection. Since there is an injection R — [0, 1), conclude
that there is an injection R — C', and hence that #C = #R.]

Remark The Continuum Hypothesis states that if S is any uncountable subset
of R then S and R have equal cardinality. The preceding coding shows that
C' is not only uncountable (as is implied by Theorem 56) but actually has the
same cardinality as R. That is, C' is not a counterexample to the Continuum
Hypothesis. The same is true of all uncountable closed subsets of R. See
Exercise 151.

Let M be the standard Cantor set C. In the notation of Section8, C™ is the

collection of 2" Cantor intervals of length 1/3" that nest down to C' as n — oo.

Verify that setting C, = C' N C* gives divisions of C into disjoint clopen pieces.

(a) Prove directly that there is a continuous surjection of the middle-thirds

Cantor set C' onto the closed interval [0, 1]. [Hint: Each x € C has a base

3 expansion (zy,), all of whose entries are zeroes and twos. (For example,

2/3 = (26)base3 and 1/3 = (Oé)base 3. Write y = (yn) by replacing the

twos in (x,,) by ones and interpreting the answer base 2. Show that the
map x — y works.|
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(b) Compare this surjection to the one constructed from the bisection divisions
in Exercise 113.
115. Rotate the unit circle S' by a fixed angle o, say R : S' — S'. (In polar
coordinates, the transformation R sends (1, ) to (1, 0 + «).)
(a) If /7 is rational, show that each orbit of R is a finite set.
*(b) If a/m is irrational, show that each orbit is infinite and has closure equal
to St
116. A metric space M with metric d can always be remetrized so the metric becomes
bounded. Simply define the bounded metric

__d(p,q)
p(p,q) = m

(a) Prove that p is a metric. Why is it obviously bounded?
(b) Prove that the identity map M — M is a homeomorphism from M with
the d-metric to M with the p-metric.
(c¢) Infer that boundedness of M is not a topological property.
(d) Find homeomorphic metric spaces, one bounded and the other not.
117. Fold a piece of paper in half.
(a) Is this a continuous transformation of one rectangle into another?
(b) Is it injective?
(c) Draw an open set in the target rectangle, and find its preimage in the
original rectangle. Is it open?
(d) What if the open set meets the crease?
The baker’s transformation is a similar mapping. A rectangle of dough is
stretched to twice its length and then folded back on itself. Is the transformation
continuous? A formula for the baker’s transformation in one variable is f(z) =
1 — |1 — 2z|. The nt? iterate of fis f" = fofo ... of, n times. The orbit
of a point x is

{z, f(z), fZ(x), coey M), ..}

[For clearer but more awkward notation one can write f°" instead of f™. This
distinguishes composition f o f from multiplication f - f.]
(e) If z is rational prove that the orbit of x is a finite set.
(f) If x is irrational what is the orbit?
*118. The implications of compactness are frequently equivalent to it. Prove
(a) If every continuous function f : M — R is bounded then M is compact.
(b) If every continuous bounded function f : M — R achieves a maximum or
minimum then M is compact.
(c) If every continuous function f : M — R has compact range fM then M
is compact.
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(d) If every nested decreasing sequence of nonempty closed subsets of M has
nonempty intersection then M is compact.
Together with Theorems 63 and 65, (a)—(d) give seven equivalent definitions of
compactness. [Hint: Reason contrapositively. If M is not compact then it con-
tains a sequence (p,,) that has no convergent subsequence. It is fair to assume
that the points p, are distinct. Find radii ,, > 0 such that the neighborhoods
M,, (pn) are disjoint and no sequence g, € M,, (p,) has a convergent subse-
quence. Using the metric define a function f,, : M, (p,) — R with a spike at
Pn, such as
fulw) = T2 AP0
an + d(x’pn)

where a,, > 0. Set f(z) = fn(x) if x € M, (pn), and f(x) = 0 if = belongs to
no M., (pn). Show that f is continuous. With the right choice of a,, show that
f is unbounded. With a different choice of a,, it is bounded but achieves no
maximum, and so on.]
Let M be a metric space of diameter < 2. The cone for M is the set

C = O(M) = {po} U M x (0,1]

with the cone metric

p((p;s), (¢,1)) = |s—t|+min{s,t}d(p,q)
p((pa 5)7 pO) = S8
p(po;po) = 0.

The point py is the vertex of the cone. Prove that p is a metric on C. [If M
is the unit circle, think of it in the plane z = 1 in R? centered at the point
(0,0,1). Its cone is the 45-degree cone with vertex the origin.|
Recall that if for each embedding of M, h : M — N, hM is closed in N then
M is said to be absolutely closed. If each hM is bounded then M is absolutely
bounded. Theorem 41 implies that compact sets are absolutely closed and
absolutely bounded. Prove:

(a) If M is absolutely bounded then M is compact.
*(b) If M is absolutely closed then M is compact.
Thus these are two more conditions equivalent to compactness. [Hint: From
Exercise 118(a), if M is noncompact there is a continuous function f: M — R
that is unbounded. For Exercise 120(a), show that F(z) = (z, f(x)) embeds
M onto a nonbounded subset of M x R. For120(b), justify the additional
assumption that the metric on M is bounded by 2. Then use Exercise 118(b) to
show that if M is noncompact then there is a continuous function g : M — (0, 1]
such that for some nonclustering sequence (p,,), we have g(p,) — 0 as n — oo.
Finally, show that G(z) = (x, gx) embeds M onto a nonclosed subset S of the
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121.

122.

123.

124.

cone C(M) discussed in Exercise 119. S will be nonclosed because it limits at
po but does not contain it.]
(a) Prove that every function defined on a discrete metric space is uniformly
continuous.
(b) Infer that it is false to assert that if every continuous function f : M — R
is uniformly continuous then M is compact.
(c) Prove, however, that if M is a metric subspace of a compact metric space
K and every continuous function f : M — R is uniformly continuous then
M is compact.
Recall that p is a cluster point of S if each M, p contains infinitely many points
of S. The set of cluster points of S is denoted as S’. Prove:
(a) If SC T then S’ C T".
(b) (SUT) =8"UT".
(c) 8" =(9).
(d) S’ is closed in M; that is, S” C S’ where S” = (5')’.
(e) Calculate N, Q/, R, (R\Q)’, and Q".
(f) Let T be the set of points {1/n : n € N}. Calculate T" and T".
(g) Give an example showing that S” can be a proper subset of S’.

C

Recall that p is a condensation point of S if each M,p contains uncountably
many points of S. The set of condensation points of S is denoted as S* Prove:
(a) If S C T then S* C T*

(b) (SuUT)* = S*uU T*
S* ¢ § where §* = (9)*

)
(©)
(d) S*is closed in M; that is, S* < §* where S* = (5%’
(e) S** C S*where S** = (§%*
(f) Calculate N* Q* R* and (R\ Q)*
(g) Give an example showing that S* can be a proper subset of (S)* Thus,

(c) is not in general an equality.
**(h) Give an example that S** can be a proper subset of S* Thus, (e) is
not in general an equality. [Hint: Consider the set M of all functions
f :[a,b] = [0,1], continuous or not, and let the metric on M be the sup
metric, d(f,g) = sup{|f(z) — g(x)| : € [a,b]}. Consider the set S of all
“0-functions with rational values.”]
**(i) Give examples that show in general that S™ neither contains nor is con-
tained in S"* where S"* = (') [Hint: d-functions with values 1/n, n € N.|
Recall that p is an interior point of S C M if some M,p is contained in S.
The set of interior points of S is the interior of S and is denoted int .S. For all
subsets S, T" of the metric space M prove:
(a) int S = S\IS.
(b) int S = (S°)°.
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(c) int(int §) =int S.

(d) int(SNT)=1int(SNintT.

e) What are the dual equations for the closure?

f) Prove that int(SUT) D int SUint 7. Show by example that the inclusion

can be strict, i.e., not an equality.

125. A point p is a boundary point of a set S C M if every neighborhood M,p
contains points of both S and S°. The boundary of S is denoted 0.S. For all
subsets S, T of a metric space M prove:

(a) S is clopen if and only if 95 = 0.
(b) 0S = dS5°.
(c) 00S C 0S.
(d) 000S = 90S.
)
)

(
(

(e) (SUT) C 9SUIT.

(f) Give an example in which (c) is a strict inclusion, 00S # 95.
(g) What about (e)?

*126. Suppose that E is an uncountable subset of R. Prove that there exists a point
p € R at which E condenses. [Hint: Use decimal expansions. Why must there
be an interval [n, n+1) containing uncountably many points of £7 Why must it
contain a decimal subinterval with the same property? (A decimal subinterval
[a, b) has endpoints a = n+k/10, b = n+(k+1)/10 for some digit k, 0 < k < 9.)
Do you see lurking the decimal expansion of a condensation point?] Generalize
to R? and to R™.

127. The metric space M is separable if it contains a countable dense subset. [Note

the confusion of language: “Separable” has nothing to do with “separation.”]
(a) Prove that R™ is separable.
(b) Prove that every compact metric space is separable.

128. *(a) Prove that every metric subspace of a separable metric space is separable,
and deduce that every metric subspace of R™ or of a compact metric space
is separable.

(b) Is the property of being separable topological?
(c) Is the continuous image of a separable metric space separable?

129. Think up a nonseparable metric space.

130. Let B denote the collection of all e-neighborhoods in R whose radius € is

rational and whose center has all coordinates rational.
(a) Prove that B is countable.
(b) Prove that every open subset of R™ can be expressed as the countable
union of members of B.
(The union need not be disjoint, but it is at most a countable union because
there are only countably many members of B. A collection such as B is called
a countable base for the topology of R™.)
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131.

*132.

*133.

*134.

135.

*136.

*137.

**138.

(a) Prove that every separable metric space has a countable base for its topol-
ogy, and conversely that every metric space with a countable base for its
topology is separable.

(b) Infer that every compact metric space has a countable base for its topology.
Referring to Exercise 123, assume now that M is separable, S C M, and, as
before S’ is the set of cluster points of S while S* is the set of condensation
points of S. Prove:

(a) S* c(9")* = (9)*

(b) S** — S*/ — S*

(¢) Why is (a) not in general an equality?

[Hints: For (a) write S € (S\S) U S and S = (S\ ') U S, show that
(S \ 8N* = 0, and use Exercise 123(a). For (b), Exercise 123(d) implies that
S** < §* < S* To prove that S* ¢ S** write S € (S\ 5% U S* and show
that (S\ SM* = 0]

Prove that

(a) An uncountable subset of R clusters at some point of R.

(b) An uncountable subset of R clusters at some point of itself.

(¢) An uncountable subset of R condenses at uncountably many points of
itself.

(d) What about R™ instead of R?

(e) What about any compact metric space?

(f) What about any separable metric space?

[Hint: Review Exercise 126.]

Prove that @, the Cauchy sequences in Q modulo the equivalence relation of
being co-Cauchy, is a field with respect to the natural arithmetic operations
defined on page 122, and that Q is naturally a subfield of @

Prove that the order on @ defined on page 122 is a bona fide order which agrees
with the standard order on Q.

Let M be the square [0, 1]2, and let aa, ba, bb, ab label its four quadrants — upper
right, upper left, lower left, and lower right.

(a) Define nested bisections of the square using this pattern repeatedly, and let
7 be a curve composed of line segments that visit the kt'-order quadrants
systematically. Let 7 = limj 7, be the resulting Peano curve a la the
Cantor Surjection Theorem.

(b) Compare 7 to the Peano curve f : I — I? directly constructed on pages
271- 274 of the second edition of Munkres’ book Topology.

Let P be a closed perfect subset of a separable complete metric space M. Prove
that each point of P is a condensation point of P. In symbols, P = P' =
P = pP*

Given a Cantor space M C R?, given a line segment [p, q] C R? with p,q & M,
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*140.
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143.

*144.

and given an € > 0, prove that there exists a path A in the e-neighborhood of
[p, q] that joins p to ¢ and is disjoint from M. [Hint: Think of A as a bisector
of M. From this bisection fact a dyadic disc partition of M can be constructed,
which leads to the proof that M is tame.]
To prove that Antoine’s Necklace A is a Cantor set, you need to show that A
is compact, perfect, nonempty, and totally disconnected.
(a) Do so. [Hint: What is the diameter of any connected component of A",
and what does that imply about A?]

**(b) If, in the Antoine construction two linked solid tori are placed very cleverly
inside each larger solid torus, show that the intersection A = [} A" is a
Cantor set.

Consider the Hilbert cube

H = {(z1,29,...) €]0,1]*° : for each n € N we have |z,| < 1/2"}.
Prove that H is compact with respect to the metric
d(x, y)) = sup ’xn - yn|
n

where = = (z,,), y = (yn). [Hint: Sequences of sequences.]

Remark Although compact, H is infinite-dimensional and is homeomorphic
to no subset of R™.

Prove that the Hilbert cube is perfect and homeomorphic to its Cartesian
square, H =2 H x H.
Assume that M is compact, nonempty, perfect, and homeomorphic to its Carte-
sian square, M = M x M. Must M be homeomorphic to the Cantor set, the
Hilbert cube, or some combination of them?
A Peano space is a metric space M that is the continuous image of the unit
interval: There is a continuous surjection 7 : [0, 1] — M. Theorem 72 states the
amazing fact that the 2-disc is a Peano space. Prove that every Peano space is
(a) compact,
(b) nonempty,
(c) path-connected,
*(d) and locally path-connected, in the sense that for each p € M and each
neighborhood U of p there is a smaller neighborhood V of p such that any
two points of V' can be joined by a path in U.
The converse to Exercise 143 is the Hahn-Mazurkiewicz Theorem. Assume
that a metric space M is a compact, nonempty, path-connected, and locally
path-connected. Use the Cantor Surjection Theorem 70 to show that M is a
Peano space. [The key is to make uniformly short paths to fill in the gaps of
[0,1]\ C]
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146.

147.

One of the famous theorems in plane topology is the Jordan Curve Theorem.
A Jordan curve J is a homeomorph of the unit circle in the plane. (Equiva-
lently it is f([a,b]) where f : [a,b] — R? is continuous, f(a) = f(b), and for no
other pair of distinct s,t € [a, b] does f(s) equal f(t). It is also called a simple
closed curve.) The Jordan Curve Theorem asserts that R*\ J consists of two
disjoint, connected open sets, its inside and its outside, and every path between
them must meet J. Prove the Jordan Curve Theorem for the circle, the square,
the triangle, and — if you have courage — every simple closed polygon.
The utility problem gives three houses 1, 2, 3 in the plane and the three
utilities, Gas, Water, and Electricity. You are supposed to connect each house
to the three utilities without crossing utility lines. (The houses and utilities are
disjoint.)

(a) Use the Jordan curve theorem to show that there is no solution to the
utility problem in the plane.
Show also that the utility problem cannot be solved on the 2-sphere S2.

What about the surface of the Klein bottle?

Given utilities Uy, ..., U,, and houses Hi,..., H, located on a surface
with g handles, find necessary and sufficient conditions on m,n, g so that
the utility problem can be solved.

)

c¢) Show that the utility problem can be solved on the surface of the torus.
)
)

Let M be a metric space and let X denote the class of nonempty compact
subsets of M. The r-neighborhood of A € X is

M,A={x € M :3a € Aand d(z,a) <r}= U M,a.
acA

For A, B € X define
D(A,B) =inf{r >0: AC M,B and B C M, A}.

(a) Show that D is a metric on K. (It is called the Hausdorff metric and X
is called the hyperspace of M.)

(b) Denote by F the collection of finite nonempty subsets of M and prove that
JF is dense in K. That is, given A € X and given ¢ > 0 show there exists
F € F such that D(A, F) < e.
) If M is compact prove that X is compact.

) If M is connected prove that K is connected.
e) If M is path-connected is K path-connected?

) Do homeomorphic metric spaces have homeomorphic hyperspaces?

Remark The converse to (f), K(M) = K(N) = M = N is false. The
hyperspace of every Peano space is the Hilbert cube. This is a difficult
result but a good place to begin reading about hyperspaces is Sam Nadler’s
book Continuum Theory.
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Start with a set S C R and successively take its closure, the complement of
its closure, the closure of that, and so on: S, cl(S), (cl(S))¢,.... Do the same
to S¢ In total, how many distinct subsets of R can be produced this way?
In particular decide whether each chain S, cl(S), ... consists of only finitely
many sets. For example, if S = Q then we get Q, R, 0, ¢, R, R,... and
Q°, R, 0, 0, R, R,... for a total of four sets.

Consider the letter T.

(a) Prove that there is no way to place uncountably many copies of the letter
T disjointly in the plane. [Hint: First prove this when the unit square
replaces the plane.]

(b) Prove that there is no way to place uncountably many homeomorphic
copies of the letter T disjointly in the plane.

(c¢) For which other letters of the alphabet is this true?

(d) Let U be a set in R? formed like an umbrella: It is a disc with a perpendic-
ular segment attached to its center. Prove that uncountably many copies
of U cannot be placed disjointly in R3.

(e) What if the perpendicular segment is attached to the boundary of the
disc?

Let M be a complete, separable metric space such as R™. Prove the Cupcake
Theorem: Each closed set K C M can be expressed uniquely as the disjoint
union of a countable set and a perfect closed set,

CUP = K.

Let M be an uncountable compact metric space.

(a) Prove that M contains a homeomorphic copy of the Cantor set. [Hint:
Imitate the construction of the standard Cantor set C']

(b) Infer that Cantor sets are ubiquitous. There is a continuous surjection
o : C — M and there is a continuous injection i : C' — M.

(c) Infer that every uncountable closed set S C R has #S = #R, and hence
that the Continuum Hypothesis is valid for closed sets in R. [Hint: Cup-
cake and Exercise 112.]

(d) Is the same true if M is separable, uncountable, and complete?

Write jingles at least as good as the following. Pay attention to the meter as
well as the rhyme.

When a set in the plane
is closed and bounded,
you can always draw

a curve around it.

Peter Pribik
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If a clopen set can be detected,
Your metric space is disconnected.

David Owens

A coffee cup feeling quite dazed,
said to a donut, amazed,
an open surjective continuous injection,

You'd be plastic and I'd be glazed.

Norah Esty

"Tis a most indisputable fact

If you want to make something compact
Make it bounded and closed

For you're totally hosed

If either condition you lack.

Lest the reader infer an untruth

(Which I think would be highly uncouth)
I must hasten to add

There are sets to be had

Where the converse is false, fo’sooth.

Karla Westfahl

For ev'ry a and b in S
if there exists a path that’s straight
from a to b and it’s inside

then “S must be convex,” we state.

Alex Wang
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Prelim Problems'

1.

10.

Suppose that f : R” — R satisfies two conditions:
(i) For each compact set K, f(K) is compact.
(ii) For every nested decreasing sequence of compacts (K,),

Prove that f is continuous.

. Let X C R™ be compact and f : X — R be continuous. Given ¢ > 0, show

that there is a constant M such that for all z,y € X we have |f(z) — f(y)| <
M|z —y| + e

. Consider f:R? — R. Assume that for each fixed zq, y + f(x0, %) is continuous

and for each fixed yo, * — f(z,yo) is continuous. Find such an f that is not
continuous.

Let f : R? — R satisfy the following properties. For each fixed o € R the
function y — f(xo,y) is continuous and for each fixed yp € R the function
x + f(x,90) is continuous. Also assume that if K is any compact subset of R?
then f(K) is compact. Prove that f is continuous.

. Let f(x,y) be a continuous real-valued function defined on the unit square

[0,1] x [0,1]. Prove that

g(x) = max{f(z,y) : y € [0,1]}

is continuous.

Let {Uy} be a cover of R™ by open sets. Prove that there is a cover {V}} of R™
by open sets V; such that Vi C U, and each compact subset of R™ is disjoint
from all but finitely many of the Vj.

A function f : [0, 1] — R is said to be upper semicontinuous if given = € [0, 1]
and € > 0 there exists a 6 > 0 such that |y—=z| < 0 implies that f(y) < f(x) +e.
Prove that an upper semicontinuous function on [0, 1] is bounded above and
attains its maximum value at some point p € [0, 1].

. Prove that a continuous function f : R — R which sends open sets to open sets

must be monotonic.

. Show that [0, 1] cannot be written as a countably infinite union of disjoint closed

subintervals.

A connected component of a metric space M is a maximal connected subset
of M. Give an example of M C R having uncountably many connected com-
ponents. Can such a subset be open? Closed? Does your answer change if R?
replaces R?

fThese are questions taken from the exam given to first-year math graduate students at U.C.
Berkeley.
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11.

12.

13.

14.

15.

Let U C R™ be an open set. Suppose that the map h : U — R™ is a homeo-
morphism from U onto R which is uniformly continuous. Prove that U = R™.
Let X be a nonempty connected set of real numbers. If every element of X is
rational prove that X has only one element.
Let A C R™ be compact, z € A. Let (x,) be a sequence in A such that every
convergent subsequence of (z,,) converges to x.

(a) Prove that the sequence (x,) converges.

(b) Give an example to show if A is not compact, the result in (a) is not

necessarily true.

Assume that f : R — R is uniformly continuous. Prove that there are constants
A, B such that |f(z)| < A+ B|z| for all x € R.
Let h :[0,1) — R be a uniformly continuous function where [0, 1) is the half-
open interval. Prove that there is a unique continuous map ¢ : [0, 1] — R such
that g(z) = h(x) for all z € [0,1).



Functions of a Real Variable

1 Differentiation
The function f : (a,b) — R is differentiable at z if
0w

t—x t—x

(1)

exists. This means L is a real number and for each € > 0 there exists a § > 0 such
that if 0 < |t — z| < § then the differential quotient above differs from L by < e.
The limit L is the derivative of f at x, L = f/(z). In calculus language, Ax =t —x
is the change in the independent variable x while Af = f(¢) — f(x) is the resulting
change in the dependent variable y = f(z). Differentiability at = means that

@)= lim &

T Avso Az
We begin by reviewing the proofs of some standard calculus facts.
1 The Rules of Differentiation

(a) Differentiability implies continuity.
(b) If f and g are differentiable at x then so is f + g, the derivative being

(f +9)(z) = f'(z) + g'(2).

(c) If f and g are differentiable at x then so is their product f - g, the derivative
being given by the Leibniz Formula

(f-9) (@) = f'(z) - g(x) + f(z) - g'(2).
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(d) The derivative of a constant is zero, ¢’ = 0.
(e) If f and g are differentiable at x and g(x) # 0 then their ratio f/g is differen-
tiable at x, the derivative being

Iy f'(@)-g(@) = f(z)-¢'(x

(7)(:6): (z) - g(x) 2() (z)

9 9(x)

(f) If f is differentiable at x and g is differentiable at y = f(x) then their composite
go f is differentiable at x, the derivative being given as the Chain Rule

(go f)(z)=4d(y) - f'(x).

Proof (a) Continuity in the calculus notation amounts to the assertion that Af — 0
as Az — 0. This is obvious: If the fraction Af/Az tends to a finite limit while its
denominator tends to zero, then its numerator must also tend to zero.

(b) Since A(f + g) = Af 4+ Ag, we have

as Az — 0.

(c) Since A(f-g) = Af-g(x+ Az) + f(x) - Ag, continuity of g at = implies that

29 D o aw) 4 5@) 52— Fg@) + 1019 @),

as Ax — 0.
(d) If ¢ is a constant then Ac =0 and ¢ = 0.

(e) Since
_g@)Af - f(x)Ag
AU = o3 Aa)g()

the formula follows when we divide by Az and take the limit.

(f) The shortest proof of the chain rule for y = f(x) is by cancellation:

A9 _ AgAay

Ar TyAa: — ' () f'(x).

A slight flaw is present: Ay may be zero when Az is not. This is not a big problem.
Differentiability of g at y implies that

Ag_,
Iy_g(y)+g
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where 0 = 0(Ay) — 0 as Ay — 0. Define 0(0) = 0. The formula

Ag=(d'(y) +0)Ay

holds for all small Ay, including Ay = 0. Continuity of f at x (which is true by (a))
implies that Af — 0 as Ax — 0. Thus

& () + o (AR = W) @)

as Az — 0. O

2 Corollary The derivative of a polynomial ag + a1x + - + ap,x™ exists at every

z € R and equals a1 + 2asx + - - - + napz™ ',

Proof Immediate from the differentiation rules. O

A function f : (a,b) — R that is differentiable at each = € (a, b) is differentiable.

3 Mean Value Theorem A continuous function f : [a,b] — R that is differentiable
on the interval (a,b) has the mean value property: There exists a point 6 € (a,b)
such that

f®) = fa) = £ (0)(b— a).

4 Lemma If f : (a,b) — R is differentiable and achieves a minimum or mazximum

at some 0 € (a,b) then f'(0) = 0.

Proof Assume that f has a minimum at 6. The derivative f’(6) is the limit of the
differential quotient (f(t) — f(0))/(t—0) ast — 6. Since f(t) > f(@) for all ¢t € (a,b),
the differential quotient is nonnegative for ¢ > 6 and nonpositive for t < 6. Thus
/'(6) is a limit of both nonnegative and nonpositive quantities, so f’(6) = 0. Similarly
f/(0) =0 when f has a maximum at 6. O

Proof of the Mean Value Theorem See Figure59, where

o S0)~ f(@)

b—a
is the slope of the secant of the graph of f. The function ¢(z) = f(x) — S(x — a) is
continuous on [a, b] and differentiable on (a,b). It has the same value, namely f(a),
at * = a and x = b. Since [a,b] is compact ¢ takes on maximum and minimum
values, and since it has the same value at both endpoints, ¢ has a maximum or a
minimum that occurs at an interior point 6 € (a,b). See Figure 60. By Lemma4 we

have ¢/(0) =0 and f(b) — f(a) = f'(0)(b— a). O



152 Functions of a Real Variable Chapter 3

> 'y

Figure 59 The secant line for the graph of f

Figure 60 ¢'(0) = 0.

5 Corollary If f is differentiable and |f'(x)] < M for all x € (a,b) then f satisfies
the global Lipschitz condition — for all t,z € (a,b) we have

£ (&) = f(x)] < M|t — z.
In particular, if f'(z) =0 for all x € (a,b) then f(x) is constant.
Proof |f(t) — f(x)| = |f(0)(t — x)| for some 6 between x and t. O

Remark The Mean Value Theorem and this corollary are the most important tools
in calculus for making estimates.

It is often convenient to deal with two functions simultaneously, and for that we
have the following result.

6 Ratio Mean Value Theorem Suppose that the functions f and g are continuous
on an interval [a,b] and differentiable on the interval (a,b). Then there is a 6 € (a,b)
such that

Af-4'(0) = Ag-f'(0)
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where Af = f(b) — f(a) and Ag = g(b) — g(a). (If g(x) = x, the Ratio Mean Value

Theorem becomes the ordinary Mean Value Theorem.)

Proof If Ag # 0 then the theorem states that for some 6 € (a,b) we have

Af _ f(9)

Ag  g'(0)

This ratio expression is how to remember the theorem. The whole point here is that

f' and ¢’ are evaluated at the same 6. The function

O(z) = Af-(9(z) — g(a)) = Ag- (f(z) = f(a))

is differentiable and its value at both endpoints a,b is 0. Since ® is continuous it
takes on a maximum and a minimum somewhere in the interval [a,b]. Since ® has
equal values at the endpoints of the interval, it must take on a maximum or minimum
at some point 0 € (a,b); i.e., 0 # a,b. Then ®'(0) =0 and Af - ¢'(0) = Ag- f'(0) as
claimed. O

7 L’Hopital’s Rule If f and g are differentiable functions defined on an interval
(a,b), both of which tend to 0 at b, and if the ratio of their derivatives f'(x)/g (x)
tends to a finite limit L at b then f(x)/g(x) also tends to L at b. (We assume that

9(x), g (z) #0.)

Rough Proof Let € (a,b) tend to b. Imagine a point ¢ € (a,b) tending to b
much faster than = does. It is a kind of “advance guard” for z. Then f(¢)/f(z) and
g(t)/g(x) are as small as we wish, and by the Ratio Mean Value Theorem there is a
0 € (x,t) such that

flx) _ fl@)—0 . flx)—f(t) _ f'(0)
gz)  g(x)=0 g(x)—gt) gO)

The latter tends to L because 6 is sandwiched between z and ¢ as they tend to b.

The symbol = means approximately equal. See Figure 61. 0
<«—— | lightyear I mile — <—1 inch—>
a x 6 b

Figure 61 x and t escort 6 toward b.
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Complete Proof Given ¢ > 0 we must find 6 > 0 such that if |z — b] < § then
|f(z)/g(x) — L| < e. Since f'(x)/¢'(x) tends to L as x tends to b there does exist
0 > 0 such that if z € (b— 6, b) then

f'(x)
g ()

For each z € (b — 6, b) determine a point t € (b — 4, b) which is so near to b that

~1]<

NN e

g(x)%e
A([f ()| + |g(z)])

l9(0)|
2

@I+ 19 <

@) <

Since f(t) and g(t) tend to 0 as ¢ tends to b, and since g(z) # 0 such a ¢ exists. It
depends on z, of course. By this choice of ¢t and the Ratio Mean Value Theorem we

have
fl@) o ) f@)—-f@)  fl@) - fE)
504 = |5 e e Y
g@)f@) — f@)g@®)| _[f(0) .
< e |+ 5w~ <
which completes the proof that f(z)/g(x) — L as x — b. O

It is clear that L’Hopital’s Rule holds equally well as x tends to b or to a. It
is also true that it holds when z tends to oo or when f and g tend to £oo. See
Exercises 6 and 7.

From now on feel free to use L’Hopital’s Rule!

8 Theorem If f is differentiable on (a,b) then its derivative function f'(x) has the
intermediate value property.

Differentiability of f implies continuity of f, and so the Intermediate Value The-
orem from Chapter 2 applies to f and states that f takes on all intermediate values,
but this is not what Theorem8 is about. Not at all. Theorem 8 concerns f’ not
f. The function f’ can well be discontinuous, but nevertheless it too takes on all
intermediate values. In a clear abuse of language, functions like f’ possessing the
intermediate value property are called Darboux continuous, even when they are
discontinuous! Darboux was the first to realize how badly discontinuous a derivative
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function can be. Despite the fact that f’ has the intermediate value property, it can
be discontinuous at almost every point of [a, b]. Strangely enough, however, f’ can-
not be discontinuous at every point. If f is differentiable, f’ must be continuous at
a dense, thick set of points. See Exercise 25 and the next section for the definitions.

Proof of Theorem 8 Suppose that a < r1 < x2 < b and
a=f'(z1) <7< fl(22) =B
We must find 0 € (z1,x2) such that f/(0) = 7.

Choose a small h, 0 < h < z3 — 1, and draw the secant segment o(z) between
the points (z, f(x)) and (z+h, f(z+h)) on the graph of f. Slide x from z; to 2 —h
continuously. This is the sliding secant method. See Figure 62.

¢--

¢---

[ B

'

| I
@ -

Xy x| +h x x+h x-h X

Figure 62 The sliding secant

When h is small enough, slope o(x;) = f'(x1) and slope o (23 —h) = f'(22). Thus

slope o(z1) < 7 < slope o(x2 — h).

Continuity of f implies that the slope of o(x) depends continuously on x, so by the
Intermediate Value Theorem for continuous functions there is an = € (z1,22 — h)
with slope o(x) = 7. The Mean Value Theorem then gives a 6 € (z,z + h) such that
7o) =". =

9 Corollary The derivative of a differentiable function never has a jump disconti-
nusty.

Proof Near a jump, a function omits intermediate values. O
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Pathological Examples
Nonjump discontinuities of f’ may very well occur. The function
1
xz?sin— if 2 >0
x

0 if <0

fz) =

is differentiable everywhere, even at x = 0, where f’(0) = 0. Its derivative function
for x > 0 is

y .1 1

fi(z) = 2xsin— — cos —,

x x

which oscillates more and more rapidly with amplitude approximately 1 as x — 0.
Since f'(z) 4 0 as z — 0, f’ is discontinuous at x = 0. Figure 63 shows why f is
differentiable at = 0 and has f/(0) = 0. Although the graph oscillates wildly at 0,
it does so between the envelopes y = +22, and any curve between these envelopes is
tangent to the x-axis at the origin. Study this example, Figure 63.

0.01
| |
0.005 05
0 0 .
-0.005 0 U
. |
-0.01
0 0.05 0.1 0 0.05 0.1

Figure 63 The graphs of the function y = x?sin(1/z) and its envelopes
y = £22; and the graph of its derivative

A similar but worse example is illustrated in Figure 64, where

x3/2$inl ifz>0
g(@) = x
0 ifx <0
Its derivative at = = 0 is ¢/(0) = 0, while at = # 0 its derivative is
3 1 1 1
Jd(z) = 5\/5811&; — ﬁcos =

which oscillates with increasing frequency and unbounded amplitude as * — 0 be-
cause 1/y/z blows up at = = 0.
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0.04 Y 15
10

0.02
5
0 0
-5

-0.02
-10
-0.04 -15

0 0.05 0.1 0 0.05 0.1

Figure 64 The function y = 2%/%sin(1/z), its envelopes y = +2%/2, and its

derivative.

Higher Derivatives

The derivative of f’, if it exists, is the second derivative of f,

(f/),(:L‘) _ f”(:L‘) — lim fl(t) — f/(.%')

t—x t—x

Higher derivatives are defined inductively and written f( = (f0=D) 1f f()(z)
exists then f is r*P-order differentiable at z. If f(")(z) exists for each z € (a,b)
then f is r*P-order differentiable. If f(")(x) exists for all 7 and all = then f
is infinitely differentiable or smooth. The zeroth derivative of f is f itself,

FO(z) = f(z).

10 Theorem If f is r'"-order differentiable and r > 1 then f0=V(z) is a continuous
function of x € (a,b).

Proof Differentiability implies continuity and f (T_l)(a:) is differentiable. O

11 Corollary A smooth function is continuous. Fach derivative of a smooth func-
tion is smooth and hence continuous.

Proof Obvious from the definition of smoothness and Theorem 10. O

Smoothness Classes

If f is differentiable and its derivative function f’(z) is a continuous function of z
then f is continuously differentiable and we say that f is of class C1. If f is rI-
order differentiable and f() (z) is a continuous function of z then f is continuously
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rtP_order differentiable and we say that f is of class C”. If f is smooth then by
the preceding corollary it is of class C" for all finite r and we say that f is of class
C*. To round out the notation we say that a continuous function is of class C©.

Thinking of C" as the set of functions of class C", we have the regularity hier-

archy
c'>cl>...oncor=c>.
reN
Each inclusion C” D C"*! is proper. There exist continuous functions that are not
of class C'!, C! functions that are not of class C?, and so on. For example,

f(z) = |z| is of class C° but not of class C*,
f(z) = z]z| is of class C' but not of class C?,
f(z) = |z[* is of class C? but not of class C2,

Analytic Functions

A function that can be expressed locally as a convergent power series is analytic.
More precisely, the function f : (a,b) — R is analytic if for each x € (a,b), there exist

Z a-h"

and a 0 > 0 such that if |h| < § then the series converges and

a power series

flet+h) =) ah"
r=0

The concept of series convergence will be discussed further in Section 3 and Chapter 4.
Among other things we show in Section2 of Chapter4 that analytic functions are
smooth, and if f(z + h) =" a,h” then

f(r) (x) =rla,.

This gives uniqueness of the power series expression of a function: if two power
series express the same function f at z then they have identical coefficients, namely
f0)(x)/r!. See Exercise4.38 for a stronger type of uniqueness, namely the identity
theorem for analytic functions.

We write C* for the class of analytic functions.
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A Nonanalytic Smooth Function

The fact that smooth functions need not be analytic is somewhat surprising; i.e.,
C% is a proper subset of C*°. A standard example is

—1/z
G(x):{e ifx>0

0 if x <0.

Its smoothness is left as an exercise in the use of L’Hopital’s Rule and induction,
Exercise 17. At x = 0 the graph of e(x) is infinitely tangent to the x-axis. Every
derivative ¢(")(0) = 0. See Figure 65.

0.4

035 f

037t

025 ¢

02 r

0.15

0.1F

005

0 0.2 0.4 0.6 0.8 1

Figure 65 The graph of ¢(z) = e~ 1/*

It follows that ¢(z) is not analytic. For if it were then it could be expressed near
x = 0 as a convergent series ¢(h) = 3 a,h", and a, = ¢ (0)/r!. Thus a, = 0 for each
r, and the series converges to zero, whereas ¢(h) is different from zero when h > 0.
Although not analytic at = = 0, ¢(z) is analytic elsewhere. See also Exercise4.37.

Taylor Approximation

The r"-order Taylor polynomial of an r*"-order differentiable function f at x
is

rl

P = f@)+ £+ L p s @y kzo (G



160 Functions of a Real Variable Chapter 3

The coefficients f*)(x)/k! are constants, the variable is h. Differentiation of P with
respect to h at h = 0 gives

PO) = J(@)
POy = 7

PO©0) = f(w).

12 Taylor Approximation Theorem Assume that f : (a,b) — R is r'" order
differentiable at x. Then

(a) P approximates f to order r at x in the sense that the Taylor remainder
R(h) = f(z +h) — P(h)

is v order flat at h = 0; i.e., R(h)/h" — 0 as h — 0.

(b) The Taylor polynomial is the only polynomial of degree < r with this approxi-
mation property.

(¢c) If, in addition, f is (r+1)%-order differentiable on (a,b) then for some 0 between

x and x + h we have

f(r+1)(9)

R
(r+1)!

R(h) =
Remark (c) is the Lagrange form of the remainder. If ‘f“*”(&)‘ < M for all

6 € (a,b) then
M hr—l—l
Rh) < ——,
(h) < (r+1)!
an estimate that is valid uniformly with respect to  and z+h in (a,b), whereas (a) is
only an infinitesimal pointwise estimate. Of course (c¢) requires stronger hypotheses

than (a).

Proof (a) The first r derivatives of R(h) exist and equal 0 at h = 0. If A > 0 then
repeated applications of the Mean Value Theorem give

R(h) = R(h)—0 = R'(01)h = (R'(61) —0)h = R"(6:)0:h
= RU""Y(0,_1)0,_5...01h

where 0 < 0,_1 < --- <6y < h. Thus

R(Tfl)(er_l)er_g ...01h
hr

R(rfl) (07«_1) -0
_)
07"71

<

-
:
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as h — 0. If h < 0 the same is true with h < 01 < --- < 0,1 <0.

(b) If Q(h) is a polynomial of degree < r, Q # P, then Q — P is not r*"-order
flat at h = 0, so f(z + h) — Q(h) cannot be r*h-order flat either.

(c) Fix h > 0 and define

r+1
o(t) = flo 1)~ P(t) — 041 — Rty — Rb) L

for 0 <t < h. Note that since P(t) is a polynomial of degree , PU 1 (t) = 0 for all
t, and

g @) = fU (@ 1) — (r+ 1)!5&3.
Also, g(0) = ¢’(0) = --- = ¢g")(0) = 0, and g(h) = R(h) — R(h) = 0. Since g =0

at 0 and h, the Mean Value Theorem gives a t; € (0,h) such that ¢'(t;) = 0. Since
¢'(0) and ¢'(t1) = 0, the Mean Value Theorem gives a ts € (0,¢1) such that ¢'(¢2) = 0.
Continuing, we get a sequence t; > ty > --- > t,;.1 > 0 such that ¢(*)(¢;) = 0. The
(r + 1) equation, ¢tV (¢,,,) = 0, implies that

. R(h
0= fUD(z+ty41) — (r+ 1) m(ﬂ)‘

Thus, 6§ = z + t,41 makes the equation in (c) true. If A < 0 the argument is
symmetric. L]

13 Corollary For each r € N the smooth nonanalytic function e(x) satisfies fllin% e(h)/h"
—
=0.

Proof Obvious from the theorem and the fact that ¢(")(0) = 0 for all r. O

The Taylor series at x of a smooth function f is the infinite Taylor polynomial

r

(1) (g
T(h)zzf !()h”.
r=0

In calculus, you compute the Taylor series of functions such as sinz, arctanz, e,
etc. These functions are analytic: Their Taylor series converge and express them as
power series. In general, however, the Taylor series of a smooth function need not
converge to the function, and in fact it may fail to converge at all. The function
e(z) is an example of the first phenomenon. Its Taylor series at = = 0 converges, but
gives the wrong answer. Examples of divergent and totally divergent Taylor series
are indicated in Exercise 4.37.
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th Jerivative

The convergence of a Taylor series is related to how quickly the r
grows (in magnitude) as r — oco. In Section6 of Chapter4 you will find necessary
and sufficient conditions on the growth rate that determine whether a smooth function

is analytic.

Inverse Functions

A strictly monotone continuous function f : (a,b) — R bijects (a,b) onto some
interval (c,d) where ¢ = lim;_,, f(t) and d = lim;_,; in the increasing case. (We
permit ¢ or d to be infinite.) It is a homeomorphism (a,b) — (c¢,d) and its inverse
function f~!: (c,d) — (a,b) is also a homeomorphism. These facts were proved in
Chapter 2.

Does differentiability of f imply differentiability of f=1? If f’ # 0 the answer is

yes.” Keep in mind, however, the function f :  — 2. It shows that differentiability
1/3

[

of f~1 fails when f/(x) = 0. For the inverse function is y + y'/3, which is not

differentiable at y = 0.

14 Inverse Function Theorem in dimension 1 If f : (a,b) — (c,d) is a differ-
entiable surjection and f'(x) is never zero then f is a homeomorphism. Its inverse
is differentiable and its derivative at y € (c,d) is

1

—1\/ _
(f ) (y) - f/ o ffl(y)

Proof If f’ is never zero then by the intermediate value property of derivatives, it
is either always positive or always negative. We assume for all z that f/'(z) > 0. If
a < s <t < b then by the Mean Value Theorem there exists 6§ € (s,t) such that
f(@) = f(s) = f(0)(t —s) > 0. Thus f is strictly monotone. Differentiability implies
continuity, so f is a homeomorphism (a,b) — (c,d). To check differentiability of f~1
at y € (c,d), define

r=f"1y) and Az=f"l(y+ Ay) -z
Then y = f(x) and Ay = f(z + Az) — fx = Af. Thus

AfY Tyt Ay - y) Az 1 1

Ay Ay T Ay Ay/Az Af/Az

Since f is a homeomorphism, Az — 0 if and only if Ay — 0, so the limit of Af~!/Ay
exists as Ay — 0 and equals 1/f'(x) = 1/f" o f~1(y). O
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A longer but more geometric proof of the one-dimensional inverse function theo-
rem can be done in two steps.

(i) A function is differentiable if and only if its graph is differentiable.
(ii) The graph of f~! is the reflection of the graph of f across the diagonal, and is
thus differentiable.

See Figure 66.

Figure 66 A picture proof of the inverse function theorem in R

If a homeomorphism f and its inverse are both of class C", r > 1, then f is a C"
diffeomorphism.

15 Corollary If f : (a,b) — (¢, d) is a homeomorphism of class C", 1 <r < 0o, and
for all x € (a,b) we have f'(x) # 0 then f is a C" diffeomorphism.

Proof If r = 1, the formula (f~!)'(y) = 1/f' o f~'(y) implies that (f~1)(y) is
continuous, so f is a C! diffeomorphism. The Rules of Differentiation and induction
on r > 2 complete the proof. O
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The corollary remains true for analytic functions — the inverse of an analytic
function with nonvanishing derivative is analytic. The generalization of the inverse
function theorem to higher dimensions is a principal goal of Chapter 5.

2 Riemann Integration

Let f : [a,b] — R be given. Intuitively, the integral of f is the area under its graph;
i.e., for f > 0 we have

b
/ f(x)dx = areal
where U is the undergraph of f,

U={(z,y):a<xz<band 0<y< f(x)}.

The precise definition involves approximation. A partition pair consists of two finite
sets of points P, T C [a,b] where P = {xq,...,z,} and T = {t1,...,t,} are interlaced
as

a=x0 <t <z1 <ty <y < - <ty STy =0

We assume the points zg, ..., z, are distinct. The Riemann sum corresponding to
f, P, T is

R(f,P,T) Zf JAz; = f(t1)Axy + f(t2)Aze + ... + f(tn)Azy,

where Ax; = x; — x;_1. The Riemann sum R is the area of rectangles which approxi-
mate the area under the graph of f. See Figure67. Think of the points t; as sample
points. We sample the value of the function f at ¢;.

The mesh of the partition P is the length of the largest subinterval [x;_1, z;]. A
partition with large mesh is coarse; one with small mesh is fine. In general, the finer
the better. A real number I is the Riemann integral of f over [a,]] if it satisfies
the following approximation condition:

Ve > 0 46 > 0 such that if P,T is any partition pair then
meshP < = |R—-1I|<e

where R = R(f, P,T). If such an I exists it is unique, we denote it as

mesh P—0

/bf(x)dx:I: lim R(f,P,T),

and we say that f is Riemann integrable with Riemann integral I.



Section 2 Riemann Integration 165
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Figure 67 The area of the strip is f(t;)Ax;.

16 Theorem If f is Riemann integrable then it is bounded.

Proof Suppose not. Let [ = f; f(x)dx. There is some § > 0 such that for all
partition pairs with mesh P < §, we have |R — I| < 1. Fix such a partition pair
P ={xg,...,zn}, T = {t1,...,ty}. If f is unbounded on [a,b] then there is also a
subinterval [x;,—1, z;,] on which it is unbounded. Choose a new set 7' = {t}, ..., .}
with ¢; = t; for all i # ig and choose t;  such that

f(th,) — f(tio)|Aziy > 2.

This is possible since the supremum of {|f(¢)| : wi;—1 < t < x;,} is co. Let R =
R(f,P,T"). Then |R — R/| > 2, contrary to the fact that both R and R’ differ from
I by <1. O

Let R denote the set of all functions that are Riemann integrable over [a, b].

17 Theorem (Linearity of the Integral)

(a) R is a vector space and f f; f(x)dx is a linear map R — R.
(b) The constant function h(z) = k is integrable and its integral is k(b — a).
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Proof (a) Riemann sums behave naturally under linear combination:
R(f +cg, P,T) = R(f, P,T) + cR(g, P, T),

and it follows that their limits, as mesh P — 0, give the expected formula

/abf(:c)Jrcg(x)da::/abf(x)d;v+c/abg(m)dx.

(b) Every Riemann sum for the constant function h(z) = k is k(b — a), so its integral
equals this number too. O

18 Theorem (Monotonicity of the Integral) If f,g € R and f < g then

[ rwae < [ g

Proof For each partition pair P, T, we have R(f, P,T) < R(g, P,T). O
19 Corollary If f € R and |f| < M then ]f:f(x)dx] < M(b—a).

Proof By Theorem 17, the constant functions =M are integrable. By Theorem 18,
—M < f(x) < M implies that

b
~M(b—a) < / fz)de < M(b— a).

Darboux Integrability

The lower sum and upper sum of a function f : [a,b] — [—M, M| with respect
to a partition P of [a,b] are

L(f, P ZmlA:m and U(f,P ZMAZQ

=1

where
m; = inf{f(t):xi_1 <t <uz;} M; = sup{f(t) : zj—1 <t < ux;}.
We assume f is bounded in order to be sure that m; and M; are real numbers. Clearly

L(f,P) < R(f,P,T) < U(f,P)
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upper sum

MZAZE,L B

Riemann sum

lower sum

a Ti—1 ZT; b
Figure 68 The upper sum, a Riemann sum, and the lower sum

for all partition pairs P,T. See Figure 68.

The lower integral and upper integral of f over [a,b] are

I = supL(f,P) and I = i%fU(f,P).
P

P ranges over all partitions of [a, b] when we take the supremum and infimum. If the
lower and upper integrals of f are equal, I = I, then f is Darboux integrable and
their common value is its Darboux integral.

20 Theorem Riemann integrability is equivalent to Darboux integrability, and when
a function is integrable, its three integrals — lower, upper, and Riemann — are equal.
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To prove Theorem 20 it is convenient to refine a partition P by adding more
partition points. The partition P’ refines P if P’ O P.

Suppose first that P = P U {w} where w € (24,-1,%,). The lower sums for
P and P’ are the same except that m;,Az;, in L(f, P) splits into two terms in
L(f,P’). The sum of the two terms is at least as large as m;,Ax;,. For the infimum
of f over the intervals [x;,—1,w| and [w,z;,| is at least as large as mjp. Similarly,
U(f,P") <U(f,P). See Figure 69.

Repetition continues the pattern and we formalize it as the

Refinement Principle Refining a partition causes the lower sum to increase and

the upper sum to decrease.

femmm . e — e
: MfﬂAxl-"
mi A W WU LRI GOCRR - - - -1 (... ... ...
X1 w X, Xig-1 w iy
lower refined lower refined upper < upper
summand summand summand = summand

Figure 69 Refinement increases L and decreases U.

The common refinement P* of two partitions P, P’ of [a, b] is
P*=puPr.
According to the Refinement Principle we have
L(f,P) < L(f, P < U(f,P") < U(f,P).

We conclude that each lower sum is less than or equal to each upper sum, the lower
integral is less than or equal to the upper, and thus

(2) A bounded function f : [a,b] — R is Darboux integrable
if and only if Ve > 0 3P such that U(f, P) — L(f, P) < e.
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Proof of Theorem 19 Let f : [a,b] — R. We assert that f is Riemann integrable
if and only if it is Darboux integrable. One direction is easy: Riemann = Darboux.
Riemann integrability implies that f is bounded and that for each € > 0 there exists
a & > 0 such that if P is any partition with mesh P < § then

€
—Jl < =
|R \<4

where R = R(f, P,T) and I is the Riemann integral of f. Fix such a partition P and
choose a set of sample points T' = {t;} such that f(¢;) is so near m; that

R(f,P.T) = L(f,P) < §.

(It is enough to choose t; € [x;_1,x;] such that f(t;) — m; < €¢/4(b — a).) Choose a
second set of sample points 77 = {t;} so that

U(f,P) _R(f7P7T/) < i

Both R = R(f,P,T) and R’ = R(f, P,T") differ from I by < ¢/4. Thus
U-L = U-R)Y+(RR-I)+(I-R)+(R-L) < ¢

from which (2) gives Darboux integrability. Since I, I, I are fixed numbers that
belong to the interval [L,U] of length €, and € is arbitrary, the e-principle implies
that

I=1=1,

which completes the proof that f is Darboux integrable and that the lower, upper,
and Riemann integrals are equal.

Next, we assume Darboux integrability and prove Riemann integrability. (The
proof is messier because checking Riemann integrability requires that we look at all
fine partitions P, not just at those for which U — L is small.) Darboux integrability
implies that f is bounded, say f : [a,b] — [-M, M]. By (2) we know that for each
€ > 0 there is a partition P; such that

€
U1—L1<§

where Ly = L(f, P1) and Uy = U(f, P1). Fix

€
o=
6n1M

where n, is the number of Pj-intervals, and consider a partition P with mesh P < §.
Fix a set T of sample points for P. We claim that the Riemann sum R(f, P,T) for



170 Functions of a Real Variable Chapter 3

every such partition pair P,T differs from the Darboux integral I by less than e.
Then, by the e-principle, f is Riemann integrable and its Riemann integral is I.

According to the Refinement Principle, the common refinement P* = P; U P has
Li<L*<U*<Uy

where L* = L(f, P*) and U* = U(f, P*). Hence U* — L* < ¢/3.

Write P = {z;} and P*= {x;‘} for 0 <i<nand0<j<n* Since P* refines P
by adjoining P; to P, we have

n < n* < n+n.

There are only n1+1 points of P;, two of which are the endpoints a and b, which leaves
only n1 — 1 points of P that might “contaminate” P-intervals. See Figure 70. Except

*
M; :MjJrl T

* o __
My = M,

x ..

Mj
“ Bl I
* * * * *
Tp—1=Ty_q Tp =Ty  Ti-1 = Tj_q ZL; Ti=Tjq

Figure 70 [z;_1, 7] is both a P- and a P*-interval. The point x;k belongs
to P*\ P and “contaminates” the P-interval [x;_1, z;], splitting it into
[zi—1,27] and [z}, x;]. Only a few P-intervals get contaminated.

for these contaminated P-intervals, each of length < ¢, the sums U = Y~ M;Axz; and
Uu* =73 M;"Ax;‘ are identical. Their difference is the sum over the contaminated
P-intervals, of which there are fewer than n;. The contaminated differences M; — M ]’-k
and M; — M ;"H are at worst 2M in magnitude. Thus

U-U* < 2Mms = g
Similarly, L™ — L < ¢/3. Thus

U-L=U-UN4+U"-L"+(L*-1L)<e
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Since I and R = R(f, P,T) both belong to [L,U], an interval of length < €, we get
|R — I| < e. Therefore f is Riemann integrable and its Riemann integral equals the
Darboux integral 1. O

According to Theorem 20 and (2) we get

21 Riemann’s Integrability Criterion

A bounded function is Riemann integrable if and only if

Ve > 0 3P such that U(f,P) — L(f,P) < e

Example Every continuous function f : [a,b] — R is Riemann integrable. (See
also Corollary 24 to the Riemann-Lebesgue Theorem, below.) Since [a, b] is compact
and f is continuous, f is uniformly continuous. See Theorem42 in Chapter2. Let
€ > 0 be given. Uniform continuity provides a ¢ > 0 such that if [t — s| < § then
|f(t)—f(s)] < €/2(b—a). Choose any partition P with mesh P < §. On each partition
interval [x;_1,z;], we have M; —m; < ¢/(b— a). Thus
n
U—-L= Z(MZ — mz)Aa:Z <
i=1

; — €.

By Riemann’s Integrability Criterion f is Riemann integrable.

Example The characteristic function (or indicator function) of a set £ C
R, Xg, takes value 1 at points of E and value 0 at points of E°. See Figure71.

Some characteristic functions are Riemann integrable, while others aren’t. Riemann’s

'i

Figure 71 The region below the graph of a characteristic function

Integrability Criterion implies that the characteristic function of an interval (including
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the degenerate case that the interval is a point) is Riemann integrable. The integral
of X[qp 18 b —a. A step function is a finite sum of constants times characteristic
functions of intervals and is therefore Riemann integrable. A step function is a special
type of piecewise continuous function, i.e., a function that is continuous except
at finitely many points. See Figure 72. Bounded piecewise continuous functions are
Riemann integrable. See Corollary 25 below.

&Y

Figure 72 The graphs of a piecewise continuous function and a step
function.

Example The characteristic function of Q is not integrable on [a, b]. It is defined as
Xo(x) =1 when z € Q and Xg(z) = 0 when x ¢ Q. See Figure 73. Every lower sum

a b a b
Figure 73 The graph of Xg and the region below its graph

L(Xq, P) is 0 and every upper sum is b — a. By Riemann’s Integrability Criterion,
Xq is not integrable. Note that Xg is discontinuous at every point, not merely at

rational points.
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The fact that Xg fails to be Riemann integrable is actually a failing of Riemann
integration theory, for the function Xgq is fairly tame. Its integral ought to exist and
it ought to be 0, because the undergraph is just countably many line segments of
height 1, and their area ought to be 0.

A handy consequence of Riemann’s Integrability Criterion is the

22 Sandwich Principle f : [a,b] — R is Riemann integrable if, given € > 0, there
are functions g,h € R such that g < f < h and f; h(z) — g(z)dx <e.

Proof For any partition P it is clear that
L(g,P) < L(f.P) < U(f,P) < U(h,P).

Let € > 0 be given. Since g and h are Riemann integrable, there is a § > 0 such
that if mesh P < ¢ then their Darboux sums differ from their integrals by < €/3, and
fab h(z) — g(z)dx < €/3. Thus

b
g and U(h,P)/ h(:c)d:n<§,

b
/ g(x)dr — L(g, P) <

from which it follows that

/bg(m)dx—§<L(g,P) < L(f,P) <U(f,P) < U(h,P) </bh(m)d:c+§.

Then fab h(x)dx — fabg(x) dr = f; h(z) — g(z)dx < ¢€/3 gives U(f,P) — L(f,P) < €
and Riemann’s Integrability Criterion implies that f is Riemann integrable. See
Figure 74.

Figure 74 The graphs of g and h sandwich the graph of f.

Example Let f :[0,1] — Q be defined as f(p/q) = 1/q when p/q € Q is written in
lowest terms, and f(z) = 0 when z is irrational. This is the rational ruler function.
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bl el

0. 1.5 9 1.

Figure 75 The graph of the rational ruler function and the region below
its graph

Note that f is discontinuous at every x € Q and is continuous at every x € Q°. See
Figure 75. It is Riemann integrable and its integral is zero. For, given € > 0, we can
consider the degenerate step function

s(x) = {1/q fp/gcQnlo.1and 1/g > ¢

0 otherwise.
Then f is sandwiched between the Riemann integrable functions g = 0 and
h(z) = eXjo,1(®) + s(z).
The integral of h — g is €, so the Sandwich Principle implies that f € R.

Example Zeno’s staircase function Z(x) = 1/2 on the first half of [0,1], Z(z) =
3/4 on the next quarter of [0, 1], and so on. See Figure 76. It is Riemann integrable
and its integral is 2/3. The function has infinitely many discontinuity points, one at
each point (2% —1)/2F. In fact, every monotone function is Riemann integrable.” See
Corollary 26 below.

tTo prove this directly is not hard. The key observation to make is that a monotone function is not
much different from a continuous function. It has only jump discontinuities, and only countably many
of them; given any e > 0, there are only finitely many at which the jump is > e. See Exercise 1.31.
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Figure 76 Zeno’s staircase

These examples raise a natural question:
Ezactly which functions are Riemann integrable?

To give an answer to the question, and for many other applications, the following
concept is very useful. A set Z C R is a zero set if for each € > 0 there is a
countable covering of Z by open intervals (a;, b;) such that

00
Zbi—ai SE
i=1

The sum of the series is the total length of the covering. Think of zero sets as
negligible. If a property holds for all points except those in a zero set then one says
that the property holds almost everywhere, abbreviated “a.e.”

23 Riemann-Lebesgue Theorem A function f : [a,b] — R is Riemann integrable
if and only if it is bounded and its set of discontinuity points is a zero set.

The set D of discontinuity points is exactly what its name implies,
D = {x € [a,b] : f is discontinuous at the point x}.

A function whose set of discontinuity points is a zero set is continuous almost every-
where. The Riemann-Lebesgue Theorem states that a function is Riemann integrable
if and only if it is bounded and continuous almost everywhere.
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Examples of zero sets are

(a
(b

) Every subset of a zero set.
)
¢) Every countable union of zero sets.
Yy
)
)

Every finite set.

(d) Every countable set.
(e) The middle-thirds Cantor set.

(a) is clear. For if Zy C Z where Z is a zero set, and if € > 0 is given, then
there is some open covering of Z by intervals whose total length is < ¢; but the same
collection of intervals covers Z;, which shows that Zj is also a zero set.

(b) Let Z = {z1, ..., z,} be a finite set and let € > 0 be given. The intervals
(zi —€/2n, zi+¢€/2n), for i =1, ..., n, cover Z and have total length e. Therefore
Z is a zero set. In particular, the empty set and any single point are zero sets.

(c) This is a typical “e/2™-argument.” Let Z, Zs, ... be a sequence of zero sets
and Z = JZ;. We claim that Z is a zero set. Let € > 0 be given. The set Z; can be
covered by countably many intervals (a;1,b;1) with total length > (b1 — ai1) < €/2.
The set Zs can be covered by countably many intervals (a;o,bi2) with total length
> (big—ai2) < €/4. In general, the set Z; can be covered by countably many intervals
(aij, bij) with total length

o0

€
> (bij — aij) < -
(bij — aij) i

i=1
Since the countable union of countable sets is countable, the collection of all the
intervals (aij;, bi;) is a countable covering of Z by open intervals, and the total length
of all these intervals is

o o0 [e.9] €
Z(Zbij_aij> SZE *-I- +8+
7=1 \:=1 J=1
Thus Z is a zero set and (c) is proved.

(d) This is implied by (b) and (c).

(e) Let € > 0 be given and choose n € N such that 2" /3™ < e. The middle-thirds
Cantor set C' is contained inside 2" closed intervals of length 1/3", say I1,..., Ion.
Enlarge each closed interval I; to an open interval (a;, b;) D I; such that b;—a; = €/2".
(Since 1/3"™ < €/2", and I; has length 1/3", this is possible.) The total length of these
2" intervals (a4, b;) is €. Thus C' is a zero set.

It is nontrivial to prove that intervals are not zero sets. See Exercise 29.
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In the proof of the Riemann-Lebesgue Theorem, it is useful to focus on the “size”
of a discontinuity. A simple expression for this size is the oscillation of f at x,

oscz(f) = limsup f(t) — ligig?ff(t).

t—x

Equivalently,
oscy(f) = lim diam f(lx—r, z+7]).
r—

(Of course, r > 0.) It is clear that f is continuous at z if and only if osc,(f) = 0. It
is also clear that if I is any interval containing x in its interior then

Mp—my > osci(f)

where M; and m; are the supremum and infimum of f(¢) as ¢ varies in I. See
Figure 77.

Figure 77 The oscillation of f at x

Proof of the Riemann-Lebesgue Theorem The set D of discontinuity points of
f:]a,b] = [-M, M] naturally filters itself as the countable union

o0
D= | Dy
k=1

where
Dy, = {z € [a,b] : oscz(f) > 1/k}.

According to (a), (c) above, D is a zero set if and only if each Dy is a zero set.

Assume that f is Riemann integrable and let ¢ > 0 and k € N be given. By
Theorem 20 there is a partition P such that

U-L= Z(MZ — ml)Aacl < E/k}
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We say that a P-interval I; is “bad” if it contains a point of Dy in its interior.
A bad interval has a fairly big f-variation, namely M; — m; > 1/k. Since U — L =
> (M; —m;)Az; < €/k is small, there cannot be too many bad intervals. (This is the
key insight in the estimates.) More precisely,

%>U L= ZM mlez>ZM m;)Ax; > — ZA:UZ
bad bad

implies (by canceling the factor 1/k from both sides of the inequality) the sum of
the lengths of the bad intervals is < e. Thus, except for the finite set Dy N P, Dy is
contained in finitely many open intervals whose total length is < e. Since finite sets
are zero sets and e is arbitrary, each Dy is a zero set. Therefore D = |J Dy, is a zero
set.

Conversely, assume that the discontinuity set D of f : [a,b] — [ M, M] is a zero
set. Let € > 0 be given. By Riemann’s Integrability Criterion, to prove that f is
Riemann integrable it suffices to find P with U(f, P) — L(f, P) < e. Choose k € N

so that
1 €

E S 2—a)

Since D is a zero set, so is Dy and hence there is a countable covering § of Dy by
open intervals J; = (aj,b;) with total length

ij—a] <

These J; are “bad” intervals: The f-variation on each J; is > 1/k. On the other
hand, for each z € [a,b] \ Dy, there is an open interval I, containing = such that

sup{f(t):te I} —inf{f(t):tel,} < 1/k.

These intervals I, are a covering 9 of the good set [a,b] \ Dj. The union V = 9U ¢
is an open covering of [a,b]. Compactness of [a,b] implies that V has a Lebesgue
number A > 0.

Let P = {xo,...,zn} be any partition of [a, b] having mesh P < A. We claim that
U(f,P)— L(f,P) < e. Each P-interval I; is contained wholly in some I, or wholly
in some J;. (This is what Lebesgue numbers are good for.) Set

J={ie{l,...,n}: I; is contained in some bad interval J;}.

See Figure78. For some finite m, J; U---U J,, contains those P-intervals I; with



Section 2 Riemann Integration 179

small oscillation on Ax, 1

| T I B Y

,{0 =a {\‘ RJ' (\} bj Xgg= b

Ax;withier Ax; withielJ

Figure 78 The P-intervals I; with large oscillation have ¢ € J and are
potentially “bad.”

i € J. Then
U-L = Z(MZ — m@)Al‘l

i=1

= Z(MZ — mi)Aafi + Z(MZ — mi)Aazi
i€J i2J

< Z2MA£Z +ZA$Z/1€
i€ i2J

< 2MY bj—a;  +(b-a)lk

j=1

< E+E = €

2 2

For the total length of the P-intervals I; contained in the bad intervals Ji,..., Jp,
is no greater than ) b; — a;. As remarked at the outset, Riemann’s Integrability
Criterion then implies that f is integrable. O

The Riemann-Lebesgue Theorem has many consequences, ten of which we list as
corollaries.

24 Corollary FEvery continuous function is Riemann integrable, and so is every
bounded piecewise continuous function.
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Proof The discontinuity set of a continuous function is empty, and is therefore a
zero set. The discontinuity set of a piecewise continuous function is finite, and is
therefore also a zero set. A continuous function defined on a compact interval [a, b]
is bounded. The piecewise continuous function was assumed to be bounded. By the
Riemann-Lebesgue Theorem, both these functions are Riemann integrable. O

25 Corollary The characteristic function of S C [a,b] is Riemann integrable if and
only if the boundary of S is a zero set.

Proof 0S is the discontinuity set of Xg. See also Exercise 5.44 O
26 Corollary FEvery monotone function is Riemann integrable.

Proof The set of discontinuities of a monotone function f : [a,b] — R is countable
and therefore is a zero set. (See Exercise1.31.) Since f is monotone, its values lie
in the interval between f(a) and f(b), so f is bounded. By the Riemann-Lebesgue
Theorem, f is Riemann integrable. O

27 Corollary The product of Riemann integrable functions is Riemann integrable.

Proof Let f,g € R be given. They are bounded and their product is bounded. By
the Riemann-Lebesgue Theorem their discontinuity sets, D(f) and D(g), are zero
sets, and D(f) U D(g) contains the discontinuity set of the product f - g. Since the
union of two zero sets is a zero set, the Riemann-Lebesgue Theorem implies that f-g
is Riemann integrable. O

28 Corollary If f : [a,b] — [c,d] is Riemann integrable and ¢ : [c,d] — R is
continuous, then the composite ¢ o f is Riemann integrable.

Proof The discontinuity set of ¢ o f is contained in the discontinuity set of f, and
therefore is a zero set. Since ¢ is continuous and [c, d] is compact, ¢ o f is bounded.
By the Riemann-Lebesgue Theorem, ¢ o f is Riemann integrable. O

29 Corollary If f € R then |f] € R.

Proof The function ¢ : y — |y| is continuous, so = +— |f(z)| is Riemann integrable
according to Corollary 28. O

30 Corollary Ifa <c<b and f : [a,b] — R is Riemann integrable then its restric-
tions to |a,c| and [c,b] are Riemann integrable and

/abf(:c)da;: ch(x)dx+/cbf(x)dx.



Section 2 Riemann Integration 181

Conversely, Riemann integrability on [a, c| and [c,b] implies Riemann integrability on

[a, b].

Proof See Figure79. The union of the discontinuity sets for the restrictions of f to

f

a c b
Figure 79 Additivity of the integral is equivalent to additivity of area.

the subintervals [a, ¢], [c, b] is the discontinuity set of f. The latter is a zero set if and
only if the former two are, and so by the Riemann-Lebesgue Theorem, f is Riemann
integrable if and only if its restrictions to [a, c| and [c, b] are.

Let X[4,q and X[y be the characteristic functions of [a,c] and [¢,b]. By Corol-
lary 24 they are integrable, and by Corollary 27, so are the products X[, - f and
Xjep) - f- Since

J =X [+ Xy f

the addition formula follows from linearity of the integral, Theorem 17. O

31 Corollary If f: [a,b] — [0, M] is Riemann integrable and has integral zero then
f(z) =0 at every continuity point x of f. Thus f(x) =0 almost everywhere.

Proof Suppose not: Let xg be a continuity point of f and assume that f(xo) > 0.
Then for some 6 > 0 and each x € (xg — 0,29 + 0) we have f(x) > f(x0)/2. The
function

f(;”O) if 7 € (zo — 6, 0+ 0)
g(z) =
0 otherwise

satisfies 0 < g(z) < f(z) everywhere. See Figure 80. By monotonicity of the integral,
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Figure 80 The shaded rectangle prevents the integral of f being zero.

Theorem 18, we have

f(w0)8 = / () da < / " faydr =0

a contradiction. Hence f(z) = 0 at every continuity point. O

Corollary 28 and Exercises 33, 35, 47, 49 deal with the way that Riemann inte-
grability behaves under composition. If f € R and ¢ is continuous then ¢ o f € R,
although the composition in the other order, f o ¢, may fail to be integrable. Con-
tinuity is too weak a hypothesis for such a “change of variable.” See Exercise 35. In
particular, the composite of Riemann integrable functions may fail to be Riemann
integrable. See Exercise 33. However, we have the following result.

32 Corollary If f is Riemann integrable and v is a homeomorphism whose inverse
satisfies a Lipschitz condition then f o) is Riemann integrable.

Proof More precisely, we assume that f : [a,b] — R is Riemann integrable, ¥ bijects
[c,d] onto [a,b], ¥(c) = a, ¥(d) = b, and for some constant K and all s,t € [a,b] we
have

W7 s) 97N < Kls—t].
We then assert that f o is a Riemann integrable function [c, d] — R.

Let D be the set of discontinuity points of f. Then D’ = ¢~(D) is the set of
discontinuity points of f o). Let ¢ > 0 be given. There is an open covering of
D by intervals (a;,b;) whose total length is < ¢/K. The homeomorphic intervals
(al,b}) = ~1(a;,b;) cover D' and have total length

dbi—a; < Y Kbi—a) < e

Therefore D' is a zero set and by the Riemann-Lebesgue Theorem, fo1) is integrable.[]
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33 Corollary If f € R and ¥ : [¢,d] — [a,b] is a C* diffeomorphism then f o1 is

Riemann integrable.

Proof The hypothesis that 9 is a C'! diffeomorphism means that it is a continuously
differentiable homeomorphism whose inverse is also continuously differentiable. By
the Mean Value Theorem, for all s,t € [a,b] we have

(W7l (s) w7 ()| S K |s — ¢

where K = m[a>l<;} !(1/71)’(:5)}. By Corollary 32, f o) is Riemann integrable. O
z€la,

Versions of the preceding theorem and corollary remain true without the hy-
potheses that 1) bijects. The proofs are harder because v can fold infinitely often.
See Exercises 42 and 44.

In calculus you learn that the derivative of the integral is the integrand. This we

Nnow prove.

34 Fundamental Theorem of Calculus If f : [a,b] — R is Riemann integrable

then its indefinite integral
Fz) = / (1) dt

is a continuous function of x. The derivative of F(x) exists and equals f(x) at every
point x at which f is continuous.

Proof #1 Obvious from Figure 81. O

AF(x)

a T x+h b

Figure 81 Why does this picture give a proof of the Fundamental Theorem
of Calculus?
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Proof #2 Since f is Riemann integrable, it is bounded; say |f(z)| < M for all x.
By Corollary 30 we have

[F(y) — F(z)| =

/ym) dt‘ < Mly— 1|,

Therefore F' is continuous. Given € > 0, choose § < ¢/M, and observe that
ly — x| < ¢ implies that |F(y) — F(z)| < MJ < e. In exactly the same way, if f is
continuous at = then

. B " z+h
F( +hi)L F( ):]11/96 fdt — f(x)

as h — 0. For if
m(z,h) = inf{f(s):|s—a| < |h[}  M(z,h) = sup{f(s):|s —z| < |n[}

then

IN

1 x+h 1 z+h
m(z,h) = h/ m(z, h)dt h/ f(t)dt
< o / Mz, h)dt = M, h).

When f is continuous at x, m(x,h) and M (x,h) converge to f(z) as h — 0, and so
must the integral sandwiched between them,

1 x+h
[ s .
(If h < 0 then %f;”h f(t) dt is interpreted as — o ft)dt.) O

35 Corollary The derivative of an indefinite Riemann integral exists almost every-
where and equals the integrand almost everywhere.

Proof Assume that f : [a,b] — R is Riemann integrable and F(z) is its indefinite
integral. By the Riemann-Lebesgue Theorem, f is continuous almost everywhere,
and by the Fundamental Theorem of Calculus, F'(z) exists and equals f(x) wherever
f is continuous. O

A second version of the Fundamental Theorem of Calculus concerns antideriva-
tives. If one function is the derivative of another, the second function is an an-
tiderivative of the first.
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Note When G is an antiderivative of ¢ : [a,b] — R, we have

for every x € [a, b], not merely for almost every = € [a, b].
36 Corollary Fvery continuous function has an antiderivative.

Proof Assume that f : [a,b] — R is continuous. By the Fundamental Theorem of
Calculus, the indefinite integral F'(x) has a derivative everywhere, and F'(z) = f(x)
everywhere. O

Some discontinuous functions have an antiderivative and others don’t. Surpris-

ingly, the wildly oscillating function

flz) = sinz ifxz>0

{0 if <0
X

has an antiderivative, but the jump function

(z) = 0 ifz<0
NEI=Y 1 ife>0

does not. See Exercise 40.

37 Antiderivative Theorem An antiderivative of a Riemann integrable function,
if it exists, differs from the indefinite integral by a constant.

Proof We assume that f : [a,b] — R is Riemann integrable, that G is an antideriva-
tive of f, and we assert that for all x € [a, b] we have

Gz) = /xf(t) dt+C,
a
where C' is a constant. (In fact, C' = G(a).) Partition [a, 2] as
a=x0<11<...<Tp=u1,
and choose ti € [z_1, 2] such that

G(ar) — G(rg—1) = G'(t) Axy.
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Such a tj exists by the Mean Value Theorem applied to the differentiable function
G. Telescoping gives
Gx)—Gla) = Y Glap)—Glap1) = D flte)Axy,
= k=1

1

which is a Riemann sum for f on the interval [a,z]. Since f is Riemann integrable,
the Riemann sum converges to F'(x) as the mesh of the partition tends to zero. This
gives G(z) — G(a) = F(x) as claimed. O

38 Corollary Standard integral formulas, such as

b 3 3
b3 —

/1:2d$: a,
a 3

Proof Every integral formula is actually a derivative formula, and the Antiderivative

are valid.

Theorem converts derivative formulas to integral formulas. O

Example The logarithm function is defined as the integral,

1
logac:/ —dt.
1t

Since the integrand 1/t is well defined and continuous when ¢ > 0, logz is well
defined and differentiable for = > 0. Its derivative is 1/z. By the way, as is standard
in post-calculus vocabulary, log x refers to the natural logarithm, not to the base-10
logarithm. See also Exercise 16.

An antiderivative of f has G'(z) = f(z) everywhere, and differs from the indefinite
integral F'(x) by a constant. But what if we assume instead that H'(z) = f(z)
almost everywhere? Should this not also imply H (z) differs from F'(x) by a constant?
Surprisingly, the answer is “no.”

37 Theorem There exists a continuous function H : [0,1] — R whose derivative
exists and equals zero almost everywhere, but which is not constant.

Proof The counterexample is the Devil’s staircase function, also called the Can-
tor function. Its graph is shown in Figure 82 and it is defined as follows.

Each x € [0, 1] has a base-3 expansion (.wjwaws ...)s where

o)
wi
3
i=1
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.
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Figure 82 The Devil’s staircase

Each w; is 0, 1, or 2. If x € C, the standard Cantor set constructed in Chapter 2,
then x has a unique expansion in which each w; equals 0 or 2. The function H sends
x e C to

(e 9]

H(z) = Z“’;{Q.
=1

H has equal values at the endpoints of the discarded gap intervals and so we extend
H to them by letting it be constant on each. This accounts for the steps in its graph.

There are two things to check — the definition of H makes sense and H has the
properties asserted. Continuity of the map H : C' — [0,1] is simple. As we showed
in Chapter 2, C is the nested intersection [} C"™ where C" is the disjoint union of 2"
intervals of length 1/3", the endpoints of which are fractions with denominator 3".
Between the intervals C,, in C™ there are open discarded intervals of length > 1/3".
Let € > 0 be given, choose n with 1/2" < ¢, and take § = 1/3". If z,2’ € C have
|z — 2’| <0 = 1/3" then they lie in a common interval C,, in C". For the distance
between different intervals C,, Cg in C™ is at least 1/3". Therefore the base-3
expansion of x and z’ agree for the first n terms, which implies |H(x) — H(2)| <

Z?o:n a1/ 2J < € and gives continuity on C.
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At stage n in the Cantor set construction we discard the open middle third of an
interval C, = [lq, ¢o + 1/3"], where the left endpoint is

n o
Za = Z* = (.Oél ag ... an)g.

3Z
=1

and each «; is 0 or 2. Thus the discarded interval is

(bo +1/3™F, 0y +2/3"1) = ((al)s, (@2)3) = ((@02)3, (.@2)3)

since 1/3"+! = Z] = nt2 2/ 37. This expresses both endpoints base-3 using only the
numerals 0 and 2. Evaluating H on them gives equal value:

_ " ;)2 0
Hita+1/3) = H((a0D) = 2. %2 0y 5~ L
i=1 j= o 2
. "L /2 1
H(ta+2/3) = H((a2)s) = 3924 L,
=1

This verifies that the definition of H being constant on the discarded intervals makes
sense and completes the proof that H is continuous on [0, 1].

It is clear that H(0) = 0 and

>.2/2
2i

i=1
Thus H is surjective. If 2,2’ € C and z < 2/ then it is also clear that H(z) <

H(z"), which implies that H is nondecreasing on [0, 1]. Since H is constant on the
complement of the Cantor set, its derivative exists and is zero almost everywhere. []

A yet more pathological example is a strictly monotone, continuous function J
whose derivative is almost everywhere zero. Its graph is a sort of Devil’s ski slope,
almost everywhere level but also everywhere downhill. To construct J, start with H
and extend it to a function H : R — R by setting H(z +n) = H(z) +n for all n € Z
and all « € [0,1]. Then set

i H (3

k=0

The values of H(3%z) for € [0,1] are < 3%, which is much smaller than the de-
nominator 4*. Thus the series converges and J(z) is well defined. According to

the Weierstrass M-test, proved in the next chapter, J is continuous. Since H (3Fz)
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strictly increases for any pair of points at distance > 1/3% apart, and this fact is
preserved when we take sums, J strictly increases. The proof that J'(z) = 0 almost
everywhere requires deeper theory. See Exercise 48 on page 456.

Next, we justify two common methods of integration.

38 Integration by Substitution If f € R and g : [¢,d] — [a,b] is a continuously
differentiable bijection with ¢’ > 0 (g is a C* diffeomorphism) then

b d
/ fly)dy = / f(a(2)g (z) dz

Proof The first integral exists by assumption. By Corollary 33 the composite fog is
Riemann integrable. Since ¢ is continuous, the second integral exists by Corollary 27.
To show that the two integrals are equal we resort again to Riemann sums. Let P
partition the interval [c, d] as

c=xp <1 < <xp=d
and choose ti € [z_1, 2] such that
9(xx) — glar—1) = ¢ (tx)Azy.

The Mean Value Theorem ensures that such a tj exists. Since g is a diffeomorphism
we have a partition @ of the interval [a, b]

a=yYy<y1 <...<yp=>=

where y; = g(x1), and mesh P — 0 implies that mesh @ — 0. Set sx = g(tx). This

gives two equal Riemann sums
n
> fse)Ayr = Zf (tx)g'(tr) Ay,
k=1

which converge to the integrals f; f(y) dy and fcd f(g(t)g'(t) dt as mesh P — 0. Since
the limits of equals are equal, the integrals are equal. O

Actually, it is sufficient to assume that ¢’ € R.

39 Integration by Parts If f, g : [a,b] — R are differentiable and f',g" € R then

b b
/ fla)g(x) dz = f(b)g(b)—f(a)g(a)—/ fl(@)g(x) da
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Proof Differentiability implies continuity implies integrability, so f,g € R. Since
the product of Riemann integrable functions is Riemann integrable, f’g and f¢’
are Riemann integrable. By the Leibniz Rule, (fg) () = f(x)d'(x) + f'(x)g(z)
everywhere. That is, fg is an antiderivative of f'g+ fg¢’. The Antiderivative Theorem
states that fg differs from the indefinite integral of f’g + f¢’ by a constant. That is,
for all ¢ € [a, b] we have

F(Hg(t) - fla)gla) = /f + f(@)d (@) de

==lf%) M+/f

Setting t = b gives the result. O

Improper Integrals

Assume that f : [a,b) — R is Riemann integrable when restricted to any closed
subinterval [a,c] C [a,b). You may imagine that f(x) has some unpleasant behavior
as x — b, such as limsup,_,; | f(x)| = co and/or b = co. See Figure 83.

b=oo

a

Figure 83 The improper integral converges if and only if the total
undergraph area is finite.
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If the limit of [ f(z) dx exists (and is a real number) as ¢ — b then it is natural
to define it as the improper Riemann integral

/abf(a:) o = lim/acf(x) da.

c—b

In order that the two-sided improper integral exists for a function f : (a,b) — R
it is natural to fix some point m € (a,b) and require that both improper integrals
[ f(x)dz and f:tf(x) dr exist. Their sum is the improper integral f;f(x) dx.
With some ingenuity you can devise a function f : R — R whose improper integral
ffeoo f(x) dx exists despite the fact that f is unbounded at both +o00. See Exercise 55.

3 Series

A series is a formal sum ) | aj, where the terms aj are real numbers. The nth partial
sum of the series is
Ap=ao+ai+az+- -+ an.

The series converges to A if A, — A as n — 0o, and we write

A = iak.
k=0

A series that does not converge diverges. The basic question to ask about a series
is: Does it converge or diverge?

For example, if A is a constant and |A| < 1 then the geometric series
oo
DA = T A AT
k=0

converges to 1/(1 — X). For its partial sums are

1— At

Ny

and A"t — 0 as n — co. On the other hand, if [A\| > 1 then the series > A\¥ diverges.

Ap = THA+ X4 A" =

Let > ay, be a series. The Cauchy Convergence Criterion from Chapter 1 applied
to its sequence of partial sums yields the CCC for series

Z aj, converges if and only if

Ve > 0 9N such that m,n > N = < €.

n
D a

k=m
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One immediate consequence of the CCC is that no finite number of terms affects
convergence of a series. Rather, it is the tail of the series, the terms a; with k large,
that determines convergence or divergence. Likewise, whether the series leads off
with a term of index kK =0 or k = 1, etc. is irrelevant.

A second consequence of the CCC is that if ax does not converge to zero as
k — oo then ) aj does not converge. For Cauchyness of the partial sum sequence
(A,) implies that a, = A, — A,—1 becomes small when n — oo. If |A\| > 1 then
the geometric series S AF diverges since its terms do not converge to zero. The
harmonic series

gives an example that a series can diverge even though its terms do tend to zero. See
below.

Series theory has a large number of convergence tests. All boil down to the
following result.

40 Comparison Test If a series Y by, dominates a series Y ay in the sense that
for all sufficiently large k we have |ay| < by then convergence of > by, implies conver-

gence of > ay.

Proof Given € > 0, convergence of ) by implies there is a large N such that for all
m,n > N we have >} by < e. Thus

n n n
Z ap| < Z |ak| < Z b <€
k=m k=m k=m

and convergence of > ay follows from the CCC. O

Example The series S sin(k)/2* converges since it is dominated by the geometric
series > 1/2%.

A series > aj converges absolutely if > |ax| converges. The comparison test
shows that absolute convergence implies convergence. A series that converges but not
absolutely converges conditionally. That is, > a; converges and ) |ag| diverges.
See below.

Series and integrals are both infinite sums. You can imagine a series as an im-
proper integral in which the integration variable is an integer,

Zak:/akdk.
k=0 N
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More precisely, given a series Y ag, define f : [0,00) — R by setting
flz)=ar if E—1<a2<k.

See Figure 84.

0 1 2 4 5 k k+1 k+2

Figure 84 The pictorial proof of the integral test

Then -
ay = f(z)dx
e

The series converges if and only if the improper integral does. The natural interpre-
tation of this picture is the

41 Integral Test Suppose that fo x)dx is a given improper integral and > ay, is
a given series.

(a) If |ag| < f(x) for all sufficiently large k and all x € (k — 1, k] then convergence
of the improper integral implies convergence of the series.

(b) If | f(x)| < ag for all sufficiently large k and all x € [k, k + 1) then divergence
of the improper integral implies divergence of the series .

Proof (a) For some large Ny and all N > Ny we have

Jax) / fayde < /0 " fw) da,

N

k= No-‘r].
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which is a finite real number. An increasing, bounded sequence converges to a limit, so
the tail of the series ) |ax| converges and the whole series > |ag| converges. Absolute
convergence implies convergence.

The proof of (b) is left as Exercise 58. O

Example The p-series > 1/kP converges when p > 1 and diverges when p < 1.

Case 1. p > 1. By the Fundamental Theorem of Calculus and differentiation,

/b1 pl-r—1 1
—dx = —
1 P 1—0p p—1

as b — oo. The improper integral converges and dominates the p-series, which implies

convergence of the series by the integral test.
Case 2. p < 1. The p-series dominates the improper integral
b log b if p=1

—dxr = pl-p _ 1

1 P -~ if p<l.
1-p

As b — oo, these quantities blow up, and the integral test implies divergence of the
series. When p = 1 we have the harmonic series, which we have just shown to diverge.

The exponential growth rate of the series > ay is

a = limsup /|ag|.

k—o00

Example > o has exponential growth rate a.

42 Root Test Let « be the exponential growth rate of a series Y ag. If a <1 then
the series converges, if a > 1 then the series diverges, and if o = 1 then the root test

is inconclusive.
Proof If o < 1 then we fix a constant § with
a<f<l.

Then for all large k we have |a;|'/* < B; i.e., |agx| < ¥, which gives convergence of
>~ ay by comparison to the geometric series > 8.

If o > 1, choose 3 with 1 < 3 < a. Then |ag| > B* for infinitely many k. Since
the terms aj do not converge to 0, the series diverges.
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To show that the root test is inconclusive when o = 1, we must find two series,
one convergent and the other divergent, both having exponential growth rate a = 1.
The examples are p-series. We have

1/k _ . .
log ( 1 ) _ —plog(k)  —plog(z) —p/z

kp k T 1

by L’Hopital’s Rule as k = 2 — oo. Therefore o = limy_,00(1/kP)Y/* = 1 for all
p-series. Since the square series Y 1/k? converges and the harmonic series Y. 1/k
diverges the root test is inconclusive when o = 1. O

43 Ratio Test Let the ratio between successive terms of the series > ap be v =
|ag+1/ax], and set

limsupry = p liminf r, = A.
k—o0 k—o0

If p < 1 then the series converges, if A > 1 then the series diverges, and otherwise
the ratio test is inconclusive.

Proof If p < 1, choose g with p < f < 1. For all k > some K, |ag+1/ar| < B; i.e.,
jax| < B Flax| = OB

where C' = 37K |af| is a constant. Convergence of 3 ay, follows from comparison with
the geometric series Y. CB*. If A > 1, choose 8 with 1 < 8 < A. Then |az| > g*/C
for all large k, and ) aj diverges because its terms do not converge to 0. Again the
p-series all have ratio limit p = A = 1 and demonstrate the inconclusiveness of the
ratio test when p =1 or A = 1. O

Although it is usually easier to apply the ratio test than the root test, the latter
has a strictly wider scope. See Exercises 61 and 65.
Conditional Convergence

If (ag) is a decreasing sequence in R that converges to 0 then its alternating
series

Z(—l)k+1ak =a;—az+az—...

converges. For

Agp, = (a1 - CLZ) + (a3 - G4) + ... (Qanl - azn)
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A2np—1 — Q2n a3z — a4 a;p — az

Pe o P ry Pe o

0 A2 a2n—1 aq as as ai

Figure 85 The pictorial proof of alternating convergence

and ag_1 — ag is the length of the the interval I = (ak,ar—1). The intervals I are
disjoint, so the sum of their lengths is at most the length of (0, a;), namely a;. See
Figure 85.

The sequence (As,) is increasing and bounded, so lim,,_,~, A2, exists. The partial
sum Aoy, 11 differs from Aoy, by a9,41, & quantity that converges to 0 as n — 0o, so

lim Ay, = lim Agyiq
n—o0 n—o0

and the alternating series converges.

When a; = 1/k we have the alternating harmonic series,

i(_1>k+1_1_1+1_1+
— ok N 2 3 4 7

which we have just shown is convergent.

Series of Functions

A series of functions is of the form

o0
> ful@),
k=0
where each term fy : (a,b) — R is a function. For example, in a power series

>t

the functions are monomials cjz". (The coefficients ¢j are constants and x is a real
variable.) If you think of A = x as a variable then the geometric series is a power
series whose coefficients are 1, namely > z*. Another example of a series of functions
is a Fourier series

Z ay, sin(kx) + by cos(kx).
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44 Radius of Convergence Theorem If > ciz* is a power series then there is
a unique R with 0 < R < oo, its radius of convergence, such that the series
converges whenever |z| < R, and diverges whenever |x| > R. Moreover R is given by

the formula
1

R=— .
lim sup {/|ck|

k—o0

Proof Apply the root test to the series 3 cx2*. Then

lim sup W = || lim sup &/|ex| = m
k—oo R

k—o00

If |z| < R the root test gives convergence. If |x| > R it gives divergence. O

There are power series with any given radius of convergence, 0 < R < oco. The
series Y k*z* has R = 0. The series Y. 2%/0* has R = o for 0 < 0 < co. The series
S a%/k! has R = co. Eventually, we show that a function defined by a power series is
analytic: It has all derivatives at all points and it can be expanded as a Taylor series
at each point inside its radius of convergence, not merely at x = 0. See Section 6 in
Chapter 4.
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Exercises

1.

Assume that f : R — R satisfies | f(t) — f(z)| < |t — z|? for all ¢, z. Prove that
f is constant.

A function f : (a,b) — R satisfies a Holder condition of order e if o > 0,
and for some constant H and all u,z € (a,b) we have

[f(u) = f(2)| < H|u — x|

The function is said to be a-Holder, with a-Holder constant H. (The terms
“Lipschitz function of order o’ and “a-Lipschitz function” are sometimes used
with the same meaning.)
(a) Prove that an a-Hoélder function defined on (a, b) is uniformly continuous
and infer that it extends uniquely to a continuous function defined on
[a, b]. Is the extended function a-Hélder?
(b) What does a-Holder continuity mean when o = 17
(c) Prove that a-Holder continuity when o > 1 implies that f is constant.
Assume that f: (a,b) — R is differentiable.
(a) If f'(x) > 0 for all x, prove that f is strictly monotone increasing.
(b) If f’(z) > 0 for all z, what can you prove?
Prove that v/n +1—+/n — 0 as n — oco.
Assume that f : R — R is continuous, and for all x # 0, f/'(z) exists. If
iiil% f'(x) = L exists, does it follow that f’(0) exists? Prove or disprove.

In L’Hopital’s Rule, replace the interval (a,b) with the half-line (a,00) and
interpret “x tends to b” as “z — o0.” Show that if f/g tends to 0/0 and f'/¢’
tends to L then f/g tends to L also. Prove that this continues to hold when
L = oo in the sense that if f'/¢’ — oo then f/g — co.
In L’Hoépital’s Rule, replace the assumption that f/g tends to 0/0 with the
assumption that it tends to oo/oo. If f’/¢’ tends to L, prove that f/g tends
to L also. [Hint: Think of a rear guard instead of an advance guard.] [Query:
Is there a way to deduce the oo/oco case from the 0/0 case? Naively taking
reciprocals does not work.]
(a) Draw the graph of a continuous function defined on [0, 1] that is differen-
tiable on the interval (0, 1) but not at the endpoints.
(b) Can you find a formula for such a function?
(¢) Does the Mean Value Theorem apply to such a function?
Assume that f: R — R is differentiable.
(a) If there is an L < 1 such that for each x € R we have f'(z) < L, prove
that there exists a unique point = such that f(z) = z. [z is a fixed point
for f.]
(b) Show by example that (a) fails if L = 1.
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10.

*11.

*12.

13.

14.
15.

16.

Concoct a function f: R — R with a discontinuity of the second kind at x =0
such that f does not have the intermediate value property there. Infer that it
is incorrect to assert that functions without jumps are Darboux continuous.
Let f: (a,b) — R be given.

(a) If f”(x) exists, prove that

e —h) =2f@) + flz+h) _
W n? =fl@).

(b) Find an example that this limit can exist even when f”(z) fails to exist.
Assume that f:(—1,1) — R and f’(0) exists. If ay,, B, — 0 as n — oo, define
the difference quotient
f(Bn) = f(an)

D. —
" Bn_an

(a) Prove that ILm D,, = f'(0) under each of the following conditions.

(i) an <0< By
Bn
n — Qn
(i) f’(z) exists and is continuous for all z € (—1,1).

(b) Set f(x) = x?sin(1/x) for x # 0 and £(0) = 0. Observe that f is differen-
tiable everywhere in (—1,1) and f/(0) = 0. Find ay, 3, that tend to 0 in
such a way that D,, converges to a limit unequal to f’(0).

Assume that f and g are 7" order differentiable functions (a,b) — R, 7 > 1.
Prove the Higher-Order Leibniz Product Rule for the function f - g,

(i) 0 < ay < By, and <M.

(9P =3 (Z) F® () gD ().

k=0

where (;) = rl/(k!(r — k)!) is the binomial coefficient, r choose k. [Hint:

Induction.
For each r > 1, find a function that is C” but not C"*1.
Define f(x) = 2% if z < 0 and f(z) = = + 22 if z > 0. Differentiation gives
f"(x) = 2. This is bogus. Why?
log z is defined to be [ f 1/t dt for x > 0. Using only the mathematics explained
in this chapter,

(a) Prove that log is a smooth function.

(b) Prove that log(zy) = logz + logy for all z,y > 0. [Hint: Fix y and define

f(z) =log(zy) — logx — logy. Show that f(z)=0.]
(c¢) Prove that log is strictly monotone increasing and its range is all of R.
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17. Define ¢ : R — R by
o) = { e /T if x>0
0 if <0
(a) Prove that e is smooth; that is, e has derivatives of all orders at all points
x. [Hint: L’Hopital and induction. Feel free to use the standard differen-
tiation formulas about e” from calculus.]
(b) Is ¢ analytic?
(c) Show that the bump function

B(x) = e*e(1 — ) - ez + 1)

is smooth, identically zero outside the interval (—1, 1), positive inside the
interval (—1,1), and takes value 1 at = 0.1 (e? is the square of the base of
the natural logarithms, while ¢(z) is the function just defined. Apologies
to the abused notation.)
(d) For |z| < 1 show that
5(@ _ 6_212/@2_1).

Bump functions have wide use in smooth function theory and differential
topology. The graph of 3 looks like a bump. See Figure 86.

T T T

-1 0.5 0 0.5 1

Figure 86 The graph of the bump function g

**#18. Let L be any closed set in R. Prove that there is a smooth function f : R — [0, 1]
such that f(x) =0 if and only if z € L. To put it another way, every closed set
in R is the zero locus of some smooth function. [Hint: Use Exercise 17(c).]

"The support of a function is the closure of the set of points at which the function is nonzero.
The support of 8 is [—1,1].
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19.

*20.

21.

**22.

**23.

Recall that the oscillation of an arbitrary function f : [a,b] — R at x is

osc, f = limsup f(t) — 11?1 inf f(t)
—x

t—x

In the proof of the Riemann-Lebesgue Theorem Dy refers to the set of points
with oscillation > 1/k.

(a) Prove that Dy is closed.

(b) Infer that the discontinuity set of f is a countable union of closed sets.

(This is called an Fy-set.)
(c) Infer from (b) that the set of continuity points is a countable intersection
of open sets. (This is called a Gs-set).)

Baire’s Theorem (page 256) asserts that if a complete metric space is the count-
able union of closed subsets then at least one of them has nonempty interior.
Use Baire’s Theorem to show that the set of irrational numbers is not the
countable union of closed subsets of R.
Use Exercises 19 and 20 to show there is no function f : R — R which is discon-
tinuous at every irrational number and continuous at every rational number.
Show that there exists a subset S of the middle-thirds Cantor set which is never
the discontinuity set of a function f : R — R. Infer that some zero sets are
never discontinuity sets of Riemann integrable functions. [Hint: How many
subsets of C' are there? How many can be countable unions of closed sets?]
Suppose that f, : [a,b] — R is a sequence of continuous functions that converges
pointwise to a limit function f : [a,b] — R. Such an f is said to be of Baire
class 1. (Pointwise convergence is discussed in the next chapter. It means
what it says: For each z, f,(x) converges to f(z) as n — oo. Continuous
functions are considered to be of Baire class 0, and in general a Baire class
r function is the pointwise limit of a sequence of Baire class r — 1 functions.
Strictly speaking, it should not be of Baire class » — 1 itself, but for simplicity I
include continuous functions among Baire class 1 functions. It is an interesting
fact that for every r there are Baire class r functions not of Baire class r — 1.
You might consult A Primer of Real Functions by Ralph Boas.)
Prove that the set Dy, of discontinuity points with oscillation > 1/k is nowhere
dense, as follows. To arrive at a contradiction, suppose that Dj is dense in
some interval (o, 8) C [a,b]. By Exercise 19, Dy, is closed, so it contains («, /).
Cover R by countably many intervals (ag, by) of length < 1/k and set

Hy = fP*(ay,by).

(a) Why does U, Hy = [a, b]?
(b) Show that no Hy contains a subinterval of (a, 3).
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(c) Why are
Fomn = {z€lab]:a+ < fula) < bo— —}
Imn — 5 - Uy m n >~ Uy m
EZmN = n Flmn
n>N
closed?

(d) Show that
Hy = U Eunn-
m,NeN
(e) Use (a) and Baire’s Theorem (page 243) to deduce that some Ejp,,ny con-
tains a subinterval of («, ).
(f) Why does (e) contradict (b) and complete the proof that Dy is nowhere
dense?
24. Combine Exercises 19, 23, and Baire’s Theorem to show that a Baire class 1
function has a dense set of continuity points.
25. Suppose that ¢ : [a,b] — R is differentiable.
(a) Prove that ¢’ is of Baire class 1. [Hint: Extend g to a differentiable function
defined on a larger interval and consider

_ gz +1/n) —g(z)

for z € [a,b]. Is f,(z) continuous? Does f,(x) converge pointwise to ¢'(x)
as n — 0o?]

(b) Infer from Exercise 24 that a derivative cannot be everywhere discontinu-
ous. It must be continuous on a dense subset of its domain of definition.

26. Redefine Riemann and Darboux integrability using dyadic partitions.

(a) Prove that the integrals are unaffected.

(b) Infer that Riemann’s integrability criterion can be restated in terms of
dyadic partitions.

(c) Repeat the analysis using only partitions of [a, b] into subintervals of length
(b—a)/n.

27. In many calculus books, the definition of the integral is given as

b . " * b_a
[ fade= tim S pia) "
@ k=1

where z} is the midpoint of the k' interval of [a,b] having length (b — a)/n,
namely
[0+ (k= 1)(b—a)/n, a+ k(b —a)/n].

See Stewart’s Calculus with Early Transcendentals, for example.
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(a) If f is continuous, show that the calculus-style limit exists and equals the
Riemann integral of f. [Hint: This is a one-liner.]
(b) Show by example that the calculus-style limit can exist for functions which
are not Riemann integrable.
(¢) Infer that the calculus-style definition of the integral is inadequate for real
analysis.
28. Suppose that Z C R. Prove that the following are equivalent.
(i) Z is a zero set.
(ii) For each € > 0 there is a countable covering of Z by closed intervals [a;, b;]
with total length > b; — a; < e.
(iii) For each € > 0 there is a countable covering of Z by sets S; with total
diameter ) diam S; < e.
*29. Prove that the interval [a,b] is not a zero set.
(a) Explain why the following observation is not a solution to the problem:
“Every open interval that contains [a, b] has length > b — a.”
(b) Instead, suppose there is a “bad” covering of [a,b] by open intervals {I;}
whose total length is < b — a, and justify the following steps.
(i) It is enough to deal with finite bad coverings.
(ii) Let B = {I1,...,I,} be a bad covering such that n is minimal among
all bad coverings.
(iii) Show that no bad covering has n = 1 so we have n > 2.
(iv) Show that it is no loss of generality to assume a € I; and I; N Iy # .
v) Show that I = I; U I, is an open interval and |I| < |I1| + |I2].
) Show that B" = {I,Is,...,I,} is a bad covering of [a,b] with fewer
intervals, a contradiction to minimality of n.

—

—~

(vi

30. The standard middle-quarters Cantor set () is formed by removing the
middle quarter from [0, 1], then removing the middle quarter from each of the
remaining two intervals, then removing the middle quarter from each of the
remaining four intervals, and so on.

(a) Prove that @ is a zero set.
(b) Formulate the natural definition of the middle 5-Cantor set.
(c) Is it also a zero set? Prove or disprove.

*31. Define a Cantor set by removing from [0, 1] the middle interval of length 1/4.
From the remaining two intervals F' remove the middle intervals of length
1/16. From the remaining four intervals F? remove the middle intervals of
length 1/64, and so on. At the n'® step in the construction F™ consists of 2"
subintervals of F"~1,

(a) Prove that F' = ) F" is a Cantor set but not a zero set. It is referred to
as a fat Cantor set.
(b) Infer that being a zero set is not a topological property: If two sets are
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homeomorphic and one is a zero set then the other need not be a zero set.
[Hint: To get a sense of this fat Cantor set, calculate the total length of the
intervals which comprise its complement. See Figure 52 and Exercise 35.]
32. Consider the characteristic function of the dyadic rational numbers, f(z) =1
if x = k/2" for some k € Z and n € N, and f(z) = 0 otherwise.
(a) What is its set of discontinuities?
(b) At which points is its oscillation > €?
(c) Is it integrable? Explain, both by the Riemann-Lebesgue Theorem and
directly from the definition.
(d) Consider the dyadic ruler function g(z) =1/2" if v = k/2" and g(x) =
0 otherwise. Graph it and answer the questions posed in (a), (b), (c).

33. (a) Prove that the characteristic function f of the middle-thirds Cantor set C
is Riemann integrable but the characteristic function g of the fat Cantor
set F' (Exercise 31) is not.

(b) Why is there a homeomorphism A : [0, 1] — [0, 1] sending C' onto F?

(c) Infer that the composite of Riemann integrable functions need not be Rie-
mann integrable. How is this example related to Corollaries 28 and 32 of
the Riemann-Lebesgue Theorem? See also Exercise 35.

*34. Assume that v : [a,b] — R is continuously differentiable. A critical point of
1 is an x such that ¢)'(z) = 0. A critical value is a number y such that for at
least one critical point x we have y = 1(z).

(a) Prove that the set of critical values is a zero set. (This is the Morse-Sard
Theorem in dimension one.)
(b) Generalize this to continuously differentiable functions R — R.
*35. Let F' C [0,1] be the fat Cantor set from Exercise 31, and define

b(z) = /0 " dist(t, F) dt

where dist(t, F') refers to the minimum distance from ¢ to F'.
(a) Why is ¥ a continuously differentiable homeomorphism from [0, 1] onto
[0, L] where L = (1)?
(b) What is the set of critical points of ¥7 (See Exercise 34.)
(¢c) Why is ¢(F) a Cantor set of zero measure?
(d) Let f be the characteristic function of ¢)(F'). Why is f Riemann integrable
but f o1 not?
(e) What is the relation of (d) to Exercise 337
See also Exercise 6.77.
36. Generalizing Exercise 1.31, we say that f : (a,b) — R has a jump discontinu-
ity (or a discontinuity of the first kind) at ¢ € (a,b) if

fe) = lim f@) and f(c*) = lm f(z)
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*37.

*#38.

39.

40.

41.

42.

exist, but are either unequal or are unequal to f(c). (The three quantities exist
and are equal if and only if f is continuous at ¢.) An oscillating discontinuity
(or a discontinuity of the second kind is any nonjump discontinuity.
(a) Show that f: R — R has at most countably many jump discontinuities.
(b) What about the function

flz) = { siné if >0

0 if z <07

(c) What about the characteristic function of the rationals?

Suppose that f : R — R has no jump discontinuities. Does f have the interme-
diate value property? (Proof or counterexample.)

Recall that P(S) = 2° is the power set of S, the collection of all subsets of S,
and R is the set of Riemann integrable functions f : [a,b] — R.

(a) Prove that the cardinality of R is the same as the cardinality of P(R),
which is greater than the cardinality of R.

(b) Call two functions in R integrally equivalent if they differ only on a
zero set. Prove that the collection of integral equivalence classes of R has
the same cardinality as R, namely 2V,

(c) Is it better to count Riemann integrable functions or integral equivalence
classes of Riemann integrable functions?

(d) Show that f,g € R are integrally equivalent if and only if the integral of
|f — g is zero.

Consider the characteristic functions f(z) and g(z) of the intervals [1,4] and
[2,5]. The derivatives f’ and ¢ exist almost everywhere. The integration-by-
parts formula says that

3
/0 @) () dz = F(3)g(3) - / e

But both integrals are zero, while f(3)g(3) — f(0)g(0) = 1. Where is the error?

Set
0 if 2 <0 0 ifz<0
f@”):{sin7T if o >0 o0 g(x):{1 it &> 0.

T
Prove that f has an antiderivative but g does not.
Show that any two antiderivatives of a function differ by a constant. [Hint:
This is a one-liner.|
Suppose that 1 : [¢,d] — [a,b] is continuous and for every zero set Z C [a, b,
YP*(Z) is a zero set in [c, d].

(a) If f is Riemann integrable, prove that f o is Riemann integrable.

(b) Derive Corollary 32 from (a).
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43. Let ¢(z) = xsinl/z for 0 <2 <1 and ¥ (0) = 0.

(a) If f : [-1,1] — R is Riemann integrable, prove that f o is Riemann
integrable.

(b) What happens for ¢(x) = /xsinl/x?

*44. Assume that v : [¢,d] — [a,b] is continuously differentiable.

(a) If the critical points of ¥ form a zero set in [¢,d] and f is Riemann inte-
grable on [a, b] prove that f o is Riemann integrable on [c, d].

(b) Conversely, prove that if f o1 is Riemann integrable for each Riemann
integrable f on [a,b], then the critical points of ¢ form a zero set. [Hint:
Think in terms of Exercise 34.]

(c) Prove (a) and (b) under the weaker assumption that 1 is continuously
differentiable except at finitely many points of [c, d].

(d) Derive part (a) of Exercise 35 from (c).

(e) Weaken the assumption further to 1 being continuously differentiable on
an open subset of [c, d] whose complement is a zero set.

Remark The following assertion, to be proved in Chapter 6, is related to the
preceding exercises. If f : [a,b] — R satisfies a Lipschitz condition or is
monotone then the set of points at which f/(z) fails to exist is a zero set.
Thus: “A Lipschitz function is differentiable almost everywhere,” which is
Rademacher’s Theorem in dimension 1, and a “monotone function is al-
most everywhere differentiable,” which is the last theorem in Lebesgue’s book,
Legons sur l'intégration. See Theorem 6.57 and Corollary 6.59.

45. (a) Define the oscillation for a function from one metric space to another,
f:M — N.
(b) Is it true that f is continuous at a point if and only if its oscillation is zero
there? Prove or disprove.
(c) Is the set of points at which the oscillation of f is > 1/k closed in M?
Prove or disprove.
46. (a) Prove that the integral of the Zeno’s staircase function described on page 174
is 2/3.
(b) What about the Devil’s staircase?

47. In the proof of Corollary 28 of the Riemann-Lebesgue Theorem, it is asserted
that when ¢ is continuous the discontinuity set of ¢ o f is contained in the
discontinuity set of f.

(a) Prove this.

(b) Give an example where the inclusion is not an equality.

(¢) Find a sufficient condition on ¢ so that ¢o f and f have equal discontinuity
sets for all f € R

(d) Is your condition necessary too?
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48.

49.

*%50.

51.

52.

93.

54.

55.

56.

Assume that f € R and for some m > 0 we have |f(z)| > m for all z € [a,]].
Prove that the reciprocal of f, 1/f(x), also belongs to R. If f € R, |f(z)| > 0,
but no m > 0 is an underbound for |f|, prove that the reciprocal of f is not
Riemann integrable.
Corollary 28 to the Riemann-Lebesgue Theorem asserts that if f € R and ¢
is continuous, then ¢ o f € R. Show that piecewise continuity cannot replace
continuity. [Hint: Take f to be a ruler function and ¢ to be a characteristic
function.]
Assume that f : [a,b] — [c,d] is a Riemann integrable bijection. Is the inverse
bijection also Riemann integrable? Prove or disprove.
If f, g are Riemann integrable on [a,b], and f(x) < g(x) for all z € [a, b], prove
that fff(m) dr < ffg(a}) dx. (Note the strict inequality.)
Let f : [a,b] — R be given. Prove or give counterexamples to the following
assertions.
(a) feR=|fleR
(b) |[fleR=feR.
(¢c) feRand |f(x)]>c>0forallz=1/f e R.
(d) feER=f2eR
(e) fPeR=feR
f) fPeR=ferR
(g) f2€Rand f(z)>0foralz= fcR
[Here f? and f3 refer to the functions f(z) - f(z) and f(z) - f(x). f(z),
not the iterates.]
Given f,g € R, prove that max(f,g) and min(f,g) are Riemann integrable,
where max(f, g)(z) = max(f(z),g(x)) and min(f, g)(x) = min(f(z), g(x)).
Assume that f, g : [0,1] — R are Riemann integrable and f(z) = g(x) except
on the middle-thirds Cantor set C.
(a) Prove that f and g have the same integral.
(b) Is the same true if f(z) = g(x) except for z € Q7
(c) How is this related to the fact that the characteristic function of Q is not
Riemann integrable?
Invent a continuous function f : R — R whose improper integral is zero, but
which is unbounded as © — —oo and & — oo. [Hint: f is far from monotone.]
Assume that f: R — R and that the restriction of f to each closed interval is
Riemann integrable.
(a) Formulate the concepts of conditional and absolute convergence of the
improper Riemann integral of f.
(b) Find an example that distinguishes them.
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o7.

o8.

59.
60.

61.

62.

63.

64.
65.

66.

Construct a function f : [—1,1] — R such that

lim( _lrf(x) dx—i—/rl £(2) dx)

r—0

exists (and is a finite real number) but the improper integral fil f(x) dz does
not exist. Do the same for a function g : R — R such that

R
lim / f(z)dx
R—oo J_p
exists but the improper integral ffooo g(x) dx fails to exist. [Hint: The functions
are not symmetric across 0.]
Let f : [0,00) — [0,00) and ) aj be given. Assume that for all sufficiently
large k and all x € [k, k + 1) we have f(z) < ai. Prove that divergence of the
improper integral fooo f(x) dx implies divergence of ) a.
Prove that if a, > 0 and }_ a,, converges then ) (/a,)/n converges.

(a) If > a, converges and (b,) is monotonic and bounded, prove that > a,by,

converges.

(b) If the monotonicity condition is dropped, or replaced by the assumption
that lim,_,c b, = 0, find a counterexample to convergence of > a,by,.
Find an example of a series of positive terms that converges despite the fact
that limsup,,_, o, |@n+1/an| = co. Infer that p cannot replace A in the divergence

half of the ratio test.

Prove that if the terms of a sequence decrease monotonically, a; > as > ...,
and converge to 0 then the series > a; converges if and only if the associated
dyadic series

a1+2a2+4a4+8a8+---ZZQkGQk

converges. (I call this the block test because it groups the terms of the series
in blocks of length 2F~1.)
Prove that ) 1/k(log(k))P converges when p > 1 and diverges when p < 1.
Here k = 2,3, .... [Hint: Integral test or block test.]
Concoct a series > ay such that (—1)¥a;, > 0, a, — 0, but the series diverges.
Compare the root and ratio tests.
(a) Show that if a series has exponential growth rate p then it has ratio lim sup
p. Infer that the ratio test is subordinate to the root test.
(b) Concoct a series such that the root test is conclusive but the ratio test is
not. Infer that the root test has strictly wider scope than the ratio test.
Show that there is no simple comparison test for conditionally convergent series:
(a) Find two series Y ay and > by such that ) by converges conditionally,
ap/br — 1 as k — oo, and ) ai diverges.
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(b) Why is this impossible if the series ) b, is absolutely convergent?

67. An infinite product is an expression [[¢; where ¢ > 0. The n'® partial
product is C), = ¢ ---¢,. If Cp converges to a limit C' # 0 then the product
converges to C. Write ¢ = 1 + ag. If each a; > 0 or each a; < 0 prove that
> ay converges if and only if [] ¢x converges. [Hint: Take logarithms.]

68. Show that conditional convergence of the series » | a; and the product [[(1+4ay)
can be unrelated to each other:

(a) Set ar = (—1)F/v/k. The series > ay converges but the corresponding
product [[(1 4 ag) diverges. [Hint: Group the terms in the product two
at a time.]

(b) Let e, = 0 when k is odd and e, = 1 when k is even. Set by =
er/k+(=1)%/VE. The series 3 by, diverges while the corresponding prod-
uct [[,>o(1 + by) converges.

69. Consider a series > aj and rearrange its terms by some bijection 5: N — N,
forming a new series » ag(k)- The rearranged series converges if and only if the
partial sums ag() + ...+ age) converge to a limit as n — oo.

(a) Prove that every rearrangement of a convergent series of nonnegative terms
converges — and converges to the same sum as the original series.

(b) Do the same for absolutely convergent series.

*70. Let > ax be given.

(a) If > ax converges conditionally, prove that rearrangement totally alters its
convergence in the sense that some rearrangements by, of > ay, diverge to
400, others diverge to —oo, and others converge to any given real number.

(b) Infer that a series is absolutely convergent if and only if every rearrange-
ment converges. (The fact that rearrangement radically alters conditional
convergence shows that although finite addition is commutative, infinite
addition (i.e., summing a series) is not.)

**71. Suppose that > aj converges conditionally. If > by is a rearrangement of > a,
let Y be the set of subsequential limits of (B,,) where B, is the n'" partial sum
of > b. That is, y € Y if and only if some B,,, = y as { — oc.

(a) Prove that Y is closed and connected.

(b) If Y is compact and nonempty, prove that > by converges to Y in the
sense that di(Yy,,Y) — 0 as n — oo, where dy is the Hausdorff metric on
the space of compact subsets of R and Y, is the closure of {B,, : m > n}.
See Exercise 2.147.

(c) Prove that each closed and connected subset of R is the set of subsequential
limits of some rearrangement of » ay.

The article, “The Remarkable Theorem of Lévy and Steinitz” by Peter
Rosenthal in the American Math Monthly of April 1987 deals with some
of these issues, including the higher dimensional situation.
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**72. Absolutely convergent series can be multiplied in a natural way, the result being
their Cauchy product,

(o) (0] -2a
i—0 §=0 k=0

where ¢ = agbg + a1bi_1 + - - - + apbp.

(a) Prove that ) ¢j converges absolutely.

(b) Formulate some algebraic laws for such products (commutativity, distribu-
tivity, and so on). Prove two of them.

[Hint for (a): Write the products a;b; in an oo x co matrix array M, and
let A, By, Cy be the n'" partial sums of 3" a;, 3 bj, > ck. You are asked
to prove that (lim A4,)(lim B,,) = lim C),. The product of the limits is the
limit of the products. The product A, B, is the sum of all the a;b; in
the n x n corner submatrix of M and ¢, is the sum of its antidiagonal.
Now estimate A,B, — C,. Alternately, assume that a,,b, > 0 and draw
a rectangle R with edges A, B. Observe that R is the union of rectangles
R;; with edges a;, b;.]

**73. With reference to Exercise 72,

(a) Reduce the hypothesis that both series ) a; and ) b; are absolutely con-
vergent to merely one being absolutely convergent and the other conver-
gent. (Exercises 72 and 73(a) are known as Mertens’ Theorem.)

(b) Find an example to show that the Cauchy product of two conditionally
convergent series may diverge.

*#74. The Riemann ¢-function is defined to be ((s) = > .2, n~° where s > 1. It
is the sum of the p-series when p = s. Establish Euler’s product formula,

where py, is the k™ prime number. Thus, p; = 2, po = 3, and so on. Prove that

the infinite product converges. [Hint: Each factor in the infinite product is the
sum of a geometric series 1+p,° + (10/,;8)2 +.... Replace each factor by its geo-
metric series and write out the n'" partial product. Apply Mertens’ Theorem,
collect terms, and recall that every integer has a unique prime factorization.]



Function Spaces

1 Uniform Convergence and C°[a, b]

Points converge to a limit if they get physically closer and closer to it. What about
a sequence of functions? When do functions converge to a limit function? What
should it mean that they get closer and closer to a limit function? The simplest idea
is that a sequence of functions f, converges to a limit function f if for each x, the
values f,(z) converge to f(z) as n — oo. This is called pointwise convergence:
A sequence of functions f, : [a,b] — R converges pointwise to a limit function
f :[a,b] = R if for each = € [a, b] we have

Jim fu(z) = f(2).
The function f is the pointwise limit of the sequence (f,) and we write
fn—f or nh_{r;o fn="F

Note that the limit refers to n — oo, not to x — co. The same definition applies to
functions from one metric space to another.

The requirement of uniform convergence is stronger. The sequence of functions
fn : |a,b] = R converges uniformly to the limit function f : [a,b] — R if for each
€ > 0 there is an N such that for all n > N and all = € [a, b],

(1) |fn(z) = f(2)] <e

(©) Springer International Publishing Switzerland 2015 211
C.C. Pugh, Real Mathematical Analysis, Undergraduate Texts
in Mathematics, DOI 10.1007/978-3-319-17771-7_4
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The function f is the uniform limit of the sequence (f,,) and we write
fn=2 f or uniflim f,, = f.
n—oo

Your intuition about uniform convergence is crucial. Draw a tube V of vertical
radius € around the graph of f. For n large, the graph of f, must lie wholly in V.
See Figure 87. Absorb this picture!

Figure 87 The graph of f,, is contained in the e-tube around the graph of
f

It is clear that uniform convergence implies pointwise convergence. The difference
between the two definitions is apparent in the following standard example.

Example Define f,, : (0,1) — R by f,(z) = 2™. For each x € (0,1) it is clear that
fn(z) — 0. The functions converge pointwise to the zero function as n — oco. They
do not converge uniformly. For if € = 1/10 then the point z,, = W is sent by fi,
to 1/2 and thus not all points = satisfy (1) when n is large. The graph of f,, fails to
lie in the e-tube V. See Figure 88.

The lesson to draw is that pointwise convergence of a sequence of functions is
frequently too weak a concept. Gravitating toward uniform convergence we ask the
natural question:

Which properties of functions are

preserved under uniform convergence?
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The answers are found in Theorem 1, Exercise 4, Theorem 6, and Theorem 9. Uniform
limits preserve continuity, uniform continuity, integrability, and — with an additional
hypothesis — differentiability.

Figure 88 Non-uniform, pointwise convergence

1 Theorem If f, = f and each f, is continuous at xg then f is continuous at xg.

In other words,

The uniform limit of continuous functions is continuous.

Proof For simplicity, assume that the functions have domain [a,b] and target R.
(See also Section 8 and Exercise 2.) Let € > 0 and z¢ € [a,b] be given. There is an
N such that for all n > N and all = € [a,b] we have

[fal@) = F(@)] < 5.

The function fy is continuous at zp and so there is a § > 0 such that |z — xzg| < 0
implies

(@) = falao)l < .

Thus, if |2 — x| < ¢ then

[f(@) = fxo)| < [f(x) = fn(@)] + [fn(2) = fn(zo)| + [fn(20) — f(zo)]

< e+e+e
a4t
-3 3 3 ’

which completes the proof that f is continuous at xg. O
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Without uniform convergence the theorem fails. For example, we can define
fn :[0,1] — R as before, f,(z) = 2™ Then f,(x) converges pointwise to the function

fz) =

0 ifo<z<l1
1 ifz=1.

The function f is not continuous and the convergence is not uniform. What about the
converse? If the limit and the functions are continuous, does pointwise convergence
imply uniform convergence? The answer is “no,” as is shown by z” on (0,1). But
what if the functions have a compact domain of definition, [a,b]? The answer is still

“no‘??

Example John Kelley refers to this as the growing steeple,

1
n’x if 0<ze<—
n
) 1 2
fa(z) =14 2n —n’x if —<zxr<-—
n n
.2
0 if —<zx<1.
n
See Figure 89.
Then lim f,(x) = 0 for each z, and f, converges pointwise to the function
n—oo

f = 0. Even if the functions have compact domain of definition, and are uniformly
bounded and uniformly continuous, pointwise convergence does not imply uniform
convergence. For an example, just multiply the growing steeple functions by 1/n.

The natural way to view uniform convergence is in a function space. Let Cj =
Cy([a, b],R) denote the set of all bounded functions [a,b] — R. The elements of Cj,
are functions f, g, etc. Each is bounded. Define the sup norm on C} as

Il = sup{|f(z)|: x € [a,0]}.
The sup norm satisfies the norm axioms discussed in Chapter 1, page 28.

|||l > 0 and || f|| = 0 if and only if f =0

lef 1l = lelll £
1F+gll < [171 + llgll-

As we observed in Chapter 2, any norm defines a metric. In the case at hand,

d(f,9) = sup{|f(z) —g(2)|: z € [a,b]}
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Figure 89 The sequence of functions converges pointwise to the zero

grbﬁbf

function, but not uniformly.

\/\

Figure 90 The sup norm of f and the sup distance between f and g

Al
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is the corresponding metric on Cj. See Figure90. To distinguish the norm | f|| =
sup | f(x)| from other norms on Cj, we sometimes write || f||sup for the sup norm.

The thing to remember is that C is a metric space whose elements are functions.
Ponder this.

2 Theorem Convergence with respect to the sup metric d is equivalent to uniform
convergence.

Proof If d(f,,f) — 0 then sup{|fnx — fz| : * € [a,b]} — 0, so f, = f, and

conversely. O
3 Theorem C} is a complete metric space.

Proof Let (f,) be a Cauchy sequence in Cjy. For each individual 2 € [a, b] the values
fn(zo) form a Cauchy sequence in R since

|[fn(@0) = fm(wo)| < sup{|fu(2) = fm(@)| - @ € [a,0]} = d(fn, fm)-

Thus, for each z € [a, b],
lim f(2)

n—oo

exists. Define this limit to be f(x). It is clear that f,, converges pointwise to f. In
fact, the convergence is uniform. For let ¢ > 0 be given. Since (f,) is a Cauchy
sequence with respect to d, there exists IV such that m,n > N imply

€
d(frw fm) < 5

Also, since f,, converges pointwise to f, for each x € [a, b] there exists an m = m(z) >
N such that

Fnl@) = f(@)] < 5.

If n> N and z € [a,b] then

[fu(z) = F@)] < [fa(@) = fin) (@) + [fin@) (2) = F(2)|

€
_|_

< 5 = €.

€
2
Hence f, = f. The function f is bounded. For fy is bounded and for all = we
have |fn(z) — f(x)| < e. Thus f € Cy. By Theorem 2, uniform convergence implies
d-convergence, d(fy,, f) — 0, and the Cauchy sequence (f,) converges to a limit in
the metric space Cp. O
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The preceding proof is subtle. The uniform inequality d(f,, f) < € is derived by
nonuniform means — for each x we make a separate estimate using an m(z) depending
nonuniformly on x. It is a case of the ends justifying the means.

Let C% = C%[a,b],R) denote the set of continuous functions [a,b] — R. Each
f € C° belongs to Cj, since a continuous function defined on a compact domain is
bounded. That is, C° C Cp.

4 Corollary C° is a closed subset of Cy. It is a complete metric space.

Proof Theorem 1 implies that a limit in Cj, of a sequence of functions in C° lies in
CP. That is, CY is closed in Cy. A closed subset of a complete space is complete. [J

Just as it is reasonable to discuss the convergence of a sequence of functions we
can also discuss the convergence of a series of functions ) fx. Merely consider the
nt partial sum

It is a function. If the sequence of functions (F) converges to a limit function F'
then the series converges, and we write

Fla) = 3 fula).
k=0

If the sequence of partial sums converges uniformly then we say the series converges
uniformly. If the series of absolute values Y | fx(x)| converges then the series > fi
converges absolutely.

5 Weierstrass M-test If > My is a convergent series of constants and if fr € Cj
satisfies || fr|| < My for all k then > fi converges uniformly and absolutely.

Proof If n > m then the partial sums of the series of absolute values telescope as
d(anFm) S d(ananl) + - +d(Fm+17Fm)

= D Akl Y M

k=m+1 k=m+1

Since | M), converges, the last sum is < e when m,n are large. Thus (F},) is Cauchy
in Cp, and by Theorem 3 it converges uniformly. O
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Next we ask how integrals and derivatives behave with respect to uniform con-
vergence. Integrals behave better than derivatives.

6 Theorem The uniform limit of Riemann integrable functions is Riemann inte-
grable, and the limit of the integrals is the integral of the limit,

b b
lim fn(x)de = / unif lim f,, (x) dz.

n—00 a n—oo

In other words, R, the set of Riemann integrable functions defined on [a, b], is a
closed subset of Cp and the integral functional f — f; f(z)dz is a continuous map
from R to R. This extends the regularity hierarchy to

C,ORO>CO> oo o C® o Cv.

Theorem 6 gives the simplest condition under which the operations of taking limits
and integrals commute.

Proof Let f, € R be given and assume that f,, = f as n — oco. By the Riemann-
Lebesgue Theorem, f,, is bounded and there is a zero set Z,, such that f,, is continuous
at each x € [a,b]\Z,. Theorem 1 implies that f is continuous at each z € [a,b]\U Z,,
while Theorem 3 implies that f is bounded. Since |J Z,, is a zero set, the Riemann-
Lebesgue Theorem implies that f € R. Finally

/abf(m)da: - /abfn(m)dx

b
< [ 17@) = ful@ldo < A £2)(6 =) 0

[ 1)~ toyas

as n — oo. Hence the integral of the limit is the limit of the integrals. O

7 Corollary If f, € R and f, = f then the indefinite integrals converge uniformly,

/j fat)dt = /jf(t) dt.

Proof As above,

[ s [ mfn<t>dt] < d(fu )z —a) < d(fu f)(b—a) =0

when n — oo. O
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8 Term by Term Integration Theorem A uniformly convergent series of inte-
grable functions Y fr can be integrated term-by-term in the sense that

o

b o b
/ fr(x)de = > [ fule)de.
¢ k=0

k=09
Proof The sequence of partial sums F,, converges uniformly to >  fx. Each F,

belongs to R since it is the finite sum of members of R. According to Theorem 6,

n b b b
Z fr(x)de = F,(z)dx — Z fr(z)dx
k=0"¢9 @ ¢ k=0
This shows that the series > f: fr(x) dz converges to ff S fr() d. O

9 Theorem The uniform limit of a sequence of differentiable functions is differen-
tiable provided that the sequence of derivatives also converges uniformly.

Proof We suppose that f, : [a,b] — R is differentiable for each n and that f, = f
as n — o0o. Also we assume that f) = g for some function g. Then we show that f
is differentiable and in fact f' = g.

We first prove the theorem with a major loss of generality — we assume that each
f} is continuous. Then f/,g € R and we can apply the Fundamental Theorem of
Calculus and Corollary 7 to write

fa@) = fala) + / “rwda = fa)+ / " o) dt.

Since f, =% f we see that f(z) = f(a) + [ g(t)dt and, again by the Fundamental
Theorem of Calculus, f' = g.

In the general case the proof is harder. Fix some z € [a,b] and define

fu(t) = fu(2)

bnlt) = P ift#ux
Il (x) ift=u
f(t) = f(z) ,

g(x) if t = a.
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Each function ¢, is continuous since ¢, (t) converges to f/(z) as t — z. Also it
is clear that ¢, converges pointwise to ¢ as n — co. We claim the convergence is
uniform. For any m,n the Mean Value Theorem applied to the function f,, — f, gives

(fm(t) = fu(t)) = (fm(x) = ful2)) _

t—x

¢m(t) - ¢n(t) -

for some 6 between t and z. Since f], = g the difference f] — f! tends uniformly to 0 as
m,n — oo. Thus (¢,) is Cauchy in C°. Since C” is complete, ¢,, converges uniformly
to a limit function ¢, and v is continuous. As already remarked, the pointwise limit
of ¢, is ¢, and so ¢ = ¢. Continuity of ¢ = ¢ implies that g(z) = f/(z). O

10 Theorem A uniformly convergent series of differentiable functions can be differ-
entiated term-by-term, provided that the derivative series converges uniformly,

o0 ! [0.9]
() - X
k=0 k=0
Proof Apply Theorem9 to the sequence of partial sums. O

Note that Theorem9 fails if we forget to assume the derivatives converge. For

example, consider the sequence of functions f, : [-1,1] — R defined by
fule) = fa2 +
n - n'
See Figure91. The functions converge uniformly to f(xz) = |z|, a nondifferentiable

function. The derivatives converge pointwise but not uniformly. Worse examples
are easy to imagine. In fact, a sequence of everywhere differentiable functions can
converge uniformly to a nowhere differentiable function. See Sections4 and 7. It is one
of the miracles of the complex numbers that a uniform limit of complex differentiable
functions is complex differentiable, and automatically the sequence of derivatives
converges uniformly to a limit. Real and complex analysis diverge radically on this
point.

2 Power Series

As another application of the Weierstrass M-test we say a little more about the power
series Y. ¢z, A power series is a special type of series of functions, the functions
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Figure 91 The uniform limit of differentiable functions need not be
differentiable.

being constant multiples of powers of x. As explained in Section 3 of Chapter 3, its

radius of convergence is
1

R=—
lim sup {/|ck|

k—o00

Its interval of convergence is (—R, R). If z € (—R, R), the series converges and defines
a function f(z) = 3 cpa®, while if x ¢ [~ R, R] the series diverges. More is true on
compact subintervals of (—R, R).

11 Theorem Ifr < R then the power series converges uniformly and absolutely on
the interval [—r,r].

Proof Choose  with r < § < R. For all large k, {/|cx| < 1/f since < R. Thus,

if |z| <7 then
k
r
lepa®| < <,8> .

These are terms in a convergent geometric series and according to the M-test > ¢z*
converges uniformly when x € [—r, r]. O

12 Theorem A power series can be integrated and differentiated term-by-term on
its interval of convergence.
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For f(x) =Y cpa® and |z| < R this means

/ f(t)dt = Z kck 1xk+1 and f'(z) = Z kepaht,
0 im0 k=1

Proof The radius of convergence of the integral series is determined by the expo-

nential growth rate of its coefficients,

1/k
lim sup k/‘@ = lim sup (|Ck_1|1/(k—1))(k—1)/k (1) )

Since (k—1)/k — 1 and k~'/F — 1 as k — oo, we see that the integral series has the
same radius of convergence R as the original series. According to Theorem 8, term-
by-term integration is valid when the series converges uniformly, and by Theorem 11,
the integral series does converge uniformly on every closed interval [—r,r| contained
in (—R, R).

A similar calculation for the derivative series shows that its radius of convergence
too is R. Term-by-term differentiation is valid provided the series and the derivative
series converge uniformly. Since the radius of convergence of the derivative series is
R, the derivative series does converge uniformly on every [—r,r] C (—R, R). O

13 Theorem Analytic functions are smooth, i.e., C¥ C C°.

Proof An analytic function f is defined by a convergent power series. According to
Theorem 12, the derivative of f is given by a convergent power series with the same
radius of convergence, so repeated differentiation is valid, and we see that f is indeed
smooth. O

The general smooth function is not analytic, as is shown by the example

(@) ez if g >0
€ =
0 ifz <0

on page 149. Near x = 0, ¢(x) cannot be expressed as a convergent power series.

Power series provide a clean and unambiguous way to define functions, especially
trigonometric functions. The usual definitions of sine, cosine, etc. involve angles
and circular arc length, and these concepts seem less fundamental than the functions
being defined. To avoid circular reasoning, as it were, we declare that by definition

o (_1)kx2k+1 o0 (—l)kx%

OO k
X .
eXpr = Zﬁ sImr = ZW COSTx = ZW
k=0

k=0 k=0
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We then must prove that these functions have the properties we know and love from
calculus. All three series are easily seen to have radius of convergence R = oc.
Theorem 12 justifies term-by-term differentiation, yielding the usual formulas,

exp/ () =expr sin'(z) =cosx cos'(z) = —sinw.

The logarithm has already been defined as the indefinite integral flx 1/tdt. We claim
that if |x| < 1 then log(1 + ) is given as the power series

(o)
log(1 + x) Z

k=1

k+1

To check this, we merely note that its derivative is the sum of a geometric series,

(log(1 +2))" = wil =1 = > (—2)f = > (kP
k=0 k=0

The last is a power series with radius of convergence 1. Since term by term integration
of a power series inside its radius of convergence is legal, we integrate both sides of
the equation and get the series expression for log(1 + x) as claimed.

The functions e® and 1/(1+2?) both have perfectly smooth graphs, but the power
series for e has radius of convergence oo while that of 1/(1 4 2?) is 1. Why is this?
What goes “wrong” at radius 1? The function 1/(1+2?) doesn’t blow up or have bad
behavior at x = +1 like log(1 4+ ) does. It’s because of C. The denominator 1 + z2
equals 0 when z = ++/—1. The bad behavior in C wipes out the good behavior in R.

3 Compactness and Equicontinuity in C°

The Heine-Borel theorem states that a closed and bounded set in R™ is compact.
On the other hand, closed and bounded sets in C* are rarely compact. Consider, for
example, the closed unit ball

B={feC0,1,R): | fll <1}.

To see that B is not compact we look again at the sequence f,(z) = z". It lies in

B. Does it have a subsequence that converges (with respect to the metric d of C?)

to a limit in C%? No. For if f,, converges to f in CY then f(z) = klim frg(z). Thus
—00

f(z) =0ifz < 1and f(1) = 1, but this function f does not belong to C°. The cause

of the problem is the fact that C? is infinite-dimensional. In fact it can be shown
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that if V' is a vector space with a norm then its closed unit ball is compact if and
only if the space is finite-dimensional. The proof is not especially hard.

Nevertheless, we want to have theorems that guarantee certain closed and bounded
subsets of C are compact. For we want to extract a convergent subsequence of func-
tions from a given sequence of functions. The simple condition that lets us go ahead
is equicontinuity. A sequence of functions (f,,) in C° is equicontinuous if

Ve >0 30 > 0 such that
|s—t|<dandneN = |fu(s)— fu(t)] <e.

The functions f, are equally continuous. The d depends on € but it does not depend
on n. Roughly speaking, the graphs of all the f,, are similar. For total clarity, the
concept might better be labeled uniform equicontinuity, in contrast to pointwise
equicontinuity, which requires

Ve >0 and Vz € [a,b] 36 > 0 such that
|t —t|<dandneN = |fu(z)— fu(t)] <e.

The definitions work equally well for sets of functions, not only sequences of functions.
The set & C CY is equicontinuous if

Ve >0 46 > 0 such that
|s—t|<dand fe& = |f(s)—f(t)|<e

The crucial point is that § does not depend on the particular f € €. It is valid for all
f € & simultaneously. To picture equicontinuity of a family €, imagine the graphs.
Their shapes are uniformly controlled. Note that any finite number of continuous
functions [a,b] — R forms an equicontinuous family so Figures 92 and 93 are only
suggestive.

The basic theorem about equicontinuity is the

14 Arzela-Ascoli Theorem Fvery bounded equicontinuous sequence of functions
in C°([a,b],R) has a uniformly convergent subsequence.

Think of this as a compactness result. If (f,) is the sequence of equicontinuous
functions, the theorem amounts to asserting that the closure of the set {f, : n € N}
is compact. Any compact metric space serves just as well as [a,b], and the target

space R can also be more general. See Section 8.
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Figure 92 Equicontinuity

Figure 93 Nonequicontinuity
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15 Lemma If (f) is a subsequence of (gyn) then for each k we have fi, = g, for some

r>k.
Proof By definition of what a subsequence is, f, = gp, for some n; such that
1<ni<ng<---<ng. Hencer=n; >k. O

Proof of the Arzela-Ascoli Theorem [a,b] has a countable dense subset D =
{di1,da,...}. For instance we could take D = QN [a,b]. Boundedness of (f,) means
that for some constant M, all = € [a,b], and all n € N we have |f,(x)] < M. Thus
(fn(d1)) is a bounded sequence of real numbers. Bolzano-Weierstrass implies that
some subsequence of it converges to a limit in R, say

fir(di) = y1 as k — oo.

The subsequence (f1 ) evaluated at the point dy is also a bounded sequence in R,
and there exists a sub-subsequence (fs ) such that fs;(d2) converges to a limit in
R, say far(d2) = y2 as k — oo. The sub-subsequence evaluated at d; still converges
to y1. Continuing in this way gives a nested family of subsequences (fy, 1) such that

(fm,k) is a subsequence of (f,—1.x)

j<m = fomr(d;) =y as k— oc.

Now consider the diagonal subsequence (g,) = (fm.m). We claim that it converges
uniformly to a limit, which will complete the proof. First we show it converges
pointwise on D. Fix any j € N and look at m > j. Lemma 15 implies that f,,, =
fm—1, for some r1 > m. Applying the lemma again, we see that f,,—1, = fin—2
for some ry > r1 > m. Repetition gives

fm,m = fm—lﬂ’l = fm—2,7"2 - = fjﬂ"

for some r = r;,,—; > --- > 1y > 11 > m. Since r > m this gives

gm(dj) - fm,m(dj) = fj,?“(dj) — Y
as m — Q.

We claim that g, (x) converges also at the other points x € [a,b] and that the
convergence is uniform. It suffices to show that (g,,) is a Cauchy sequence in C°.

Let € > 0 be given. Equicontinuity gives a ¢ > 0 such that for all s,t € [a, b] we
have
€
st <8 = ()~ gmlt)] < &
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Choose J large enough that every x € [a,b] lies in the d-neighborhood of some d;
with j < J. Since D is dense and [a, b] is compact, this is possible. See Exercise 19.
Since {d1,...,d;} is a finite set and g¢,,(d;) converges for each d;, there is an N such
that for all /,m > N and all j < J,
€
om(d5) — gu(d)| < <.
If £,m > N and z € [a,b], choose d; with |d; — x| < 6 and j < J. Then
gm(2) = ge(@)| < gm(x) = gm(dj)| + |gm(dj) — ge(dj)] + 19e(ds) — ge()]
€ € €
< —4-4-=c¢
= 3 + 3 + 3 €

Hence (gy,) is Cauchy in C?, it converges in CY, and the proof is complete. O

Part of the preceding development can be isolated as the

16 Arzela-Ascoli Propagation Theorem Pointwise convergence of an equicon-
tinuous sequence of functions on a dense subset of the domain propagates to uniform
convergence on the whole domain.

Proof This is the €/3 part of the proof. O]

The example cited over and over again in the equicontinuity world is the following.

17 Corollary Assume that f, : [a,b] — R is a sequence of differentiable functions
whose derivatives are uniformly bounded. If for one point xq, the sequence (fn(xg)) is
bounded as n — oo then the sequence (f,) has a subsequence that converges uniformly
on the whole interval [a,b].

Proof Let M be a bound for the derivatives |f} (z)|, valid for all n € N and all
x € [a,b]. Equicontinuity of (f,) follows from the Mean Value Theorem:

s—tl<d = |fa(s) = fu(O)] = [fa(0)|Is —t| < M
for some 6 between s and ¢. Thus, given € > 0, the choice § = ¢/(M + 1) shows that

(fn) is equicontinuous.

Let C be a bound for |f,(x0)|, valid for all n € N. Then

[fa(@)] < [fa() = falzo)| + | fulzo)| < M|z — 20| +- C
< Mlb—al+C

shows that the sequence (f,) is bounded in C°. The Arzela-Ascoli theorem then
supplies the uniformly convergent subsequence. O
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Two other consequences of the same type are fundamental theorems in the fields
of ordinary differential equations and complex variables.

(a) A sequence of solutions to a continuous ordinary differential equation in R™
has a subsequence that converges to a limit, and that limit is also a solution of
the ODE.

(b) A sequence of complex analytic functions that converges pointwise, converges
uniformly (on compact subsets of the domain of definition) and the limit is
complex analytic.

Finally, we give a topological interpretation of the Arzela-Ascoli theorem.

18 Heine-Borel Theorem in a Function Space A subset & C C¥ is compact if
and only if it is closed, bounded, and equicontinuous.

Proof Assume that € is compact. By Theorem 2.65, it is closed and totally bounded.
This means that given € > 0 there is a finite covering of & by neighborhoods in C°
having radius €/3, say N/3(f), with & = 1,...,n. Each f. is uniformly continuous
so there is a 6 > 0 such that

€

3

If f € € then for some k we have f € N/3(fy), and |s —t[ < § implies

[f(s) = F@O < 1f(8) = fu(9)] + [frls) = fel®)] + [ fu(t) = f(?)]

- e+e+e
S 4D —¢
3 3 3

ls—tl<d = [fu(s) = fr(®)] <

Thus € is equicontinuous.

Conversely, assume that € is closed, bounded, and equicontinuous. If (f,,) is a
sequence in € then by the Arzela-Ascoli theorem, some subsequence (fy,) converges
uniformly to a limit. The limit lies in € since € is closed. Thus € is compact. O

4 Uniform Approximation in C°

Given a continuous but nondifferentiable function f, we often want to make it
smoother by a small perturbation. We want to approximate f in C° by a smooth
function g. The ultimately smooth function is a polynomial, and the first thing we
prove is a polynomial approximation result.

19 Weierstrass Approximation Theorem The set of polynomials is dense in
C°([a, ], R).
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Density means that for each f € C° and each € > 0 there is a polynomial function
p(z) such that for all z € [a, ],

[f(z) = p(x)] <e

There are several proofs of this theorem, and although they appear quite different
from each other, they share a common thread: The approximating function is built
from f by sampling the values of f and recombining them in some clever way. It is
no loss of generality to assume that the interval [a, b] is [0, 1]. We do so.

Proof #1 For each n € N, consider the sum

n

pale) =3 () enat(1 =,

k=0

where ¢, = f(k/n) and (}) is the binomial coefficient n!/k!(n — k)!. Clearly py is a
polynomial. It is called a Bernstein polynomial. We claim that the n'" Bernstein
polynomial converges uniformly to f as n — oco. The proof relies on two formulas
about how the functions

(o) = ()t -yt

whose graphs are shown in Figure 94 behave. They are

n

(2) Zrk(x) =1
k=0

(3) > (k—nz)’re(x) = na(l— ).

k=0

In terms of the functions r; we write

n

pa(@) =) ar(z)  fl@) =) f(@)ru(z).
k=0

k=0

Then we divide the sum p, — f = > (¢x — f)rg into the terms where k/n is near x,
and other terms where k/n is far from 2. More precisely, given € > 0 we use uniform
continuity of f on [0, 1] to find § > 0 such that |t — s| < § implies |f(¢) — f(s)] < €/2.
Then we set

k
Klz{kE{O,...,n}:'n—x <4} and Ko ={0,...,n}\ K.
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Figure 94 The seven basic Bernstein polynomials of degree 6,
()ak(1—2)57k k=0,...,6

This gives

pn(@) = f(2)] < ZICk— z)|ri(x)
= Z lex = f(@) (@) + Y ler = f(@)lre(x).

keK, keKo

The factors |cx — f(x)| in the first sum are less than €/2 since ¢, = f(k/n) and k/n
differs from = by less than §. Since the sum of all the terms r is 1 and the terms are
nonnegative, the first sum is less than ¢/2. To estimate the second sum, use (3) to
write

n

nx(l—z) = Z(kz — nx)’ry(z) > Z (k —nz)?ry(x)

k=0 ke Ko

> Y (n0)ri(a),

keKo
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since k € Ky implies that (k — nz)? > (nd)?. This implies that

nr(l —z 1
Z ri(z) < ((nc5)2 ) S 152

ke Ko

since maxz(1 — x) = 1/4 as x varies in [0, 1]. The factors |cx — f(z)| in the second
sum are at most 2M where M = || f||. Thus the second sum is

E ‘Ck— |7’k M <
~ 2né?
ke Ko

N

when 7 is large, completing the proof that |p,(z) — f(z)| < € when n is large.

It remains to check the identities (2) and (3). The binomial coefficients satisfy

n

(@) o =3 (1)t

which becomes (2) if we set y = 1 —z. On the other hand, if we fix y and differentiate
(4) with respect to x once, and then again, we get

n

) aar o = 3 ()R,

k=0

(6) nin—1)(z+y)"? = Z (Z)k(k — D)ah=2yn=F,

k=0

Note that the bottom term in (5) and the bottom two terms in (6) are 0. Multiplying
(5) by z and (6) by 2% and then setting y = 1 — 2 in both equations gives

(7) nr = i(;‘)kx 1— )" Zm

k=0

(8) n(n —1)z? Z <Z> k(k—1)zF(1 —z)"F = k(k — 1)rg(x).

The last sum is > k?ry(z) — Y kry(z). Hence (7) and (8) become

(9) Zkzrk( n(n— 1)z +Zk7’k n(n —1)z% 4+ nx.
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Using (2), (7), and (9) we get

(k — na)*ry(z)

M=

k=0
= Z E*ry(z) — 2na Z kry(x) + (nx)? Z ri(x)
k=0 k=0 k=0
=n(n — 1)z + nz — 2(nz)? + (nz)?
= —nz? + nz =nz(l — z),
as claimed in (3). O

Proof #2 Let f € C°([0,1],R) be given and let g(z) = f(x) — (mx + b) where

_ f(1) - f(0) _
m= = and b= f(0).

Then g € CY and g(0) = 0 = g(1). If we can approximate g arbitrarily well by
polynomials, then the same is true of f since mx + b is a polynomial. In other words
it is no loss of generality to assume that f(0) = f(1) = 0 in the first place. We do
so. Also, we extend f to all of R by defining f(x) =0 for all z € R\ [0, 1]. Then we
consider a function

Bu(t) =by(1 -t —1<t<1,

where the constant b,, is chosen so that f_ll Bn(t)dt = 1. As shown in Figure 95, 3,
is a kind of polynomial bump function. For 0 < x < 1, set

1
Pu(a) = /1 F(@ +1)Ba(t) dt.

This is a weighted average of the values of f using the weight function 5,. We claim
that P, is a polynomial and P, (z) = f(z) as n — oo.

To check that P, is a polynomial we use a change of variables, ©w = x + t. Then,
for 0 < u <1 we have

z+1 1
Pua) = [ pwpu—aydu= [ @)=z du
e
since f = 0 outside [0, 1]. The function 3, (u—x) = b, (1—(u—z)?)" is a polynomial in
x whose coefficients are polynomials in u. The powers of x pull out past the integral
and we are left with these powers of x multiplied by numbers, namely, the integrals
of the polynomials in w times f(u). In other words, by merely inspecting the last
formula, it becomes clear that P,(z) is a polynomial in .
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Figure 95 The graph of the function £s(t) = 1.467(1 — t2)°

To check that P, = f as n — oo, we need to estimate (3,(t). We claim that if
0 > 0 then

(10) Bn(t) =0asn — oo and § < [t| < 1.

This is “clear” from Figure95. Proceeding more rigorously and using the definition
of B, as Bn(t) = by(1 — )", we have

1 /16()d /l/ﬁb(l Nt > by (1 — 1)
-1 -1/\/n Vn n

Since 1/e = lim (1 —1/n)", we see that for some constant ¢ and all n,
n—oo

by, < cv/n.
See also Exercise 31. Hence, if 6 < |t/ < 1 then
Bu(t) = bp(1 — )™ < ey/n(l — 6%)™ — 0 as n — oo,

due to the fact that \/n tends to co more slowly than (1 — §2)™" as n — co. This
proves (10).
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From (10) we deduce that P, =2 f as follows. Let ¢ > 0 be given. Uniform
continuity of f gives § > 0 such that |¢| < ¢ implies |f(x +t) — f(z)| < €/2. Since 3,
has integral 1 on [—1, 1] we have

umm—fmnzl/iuu+w—fm»mam4

1
s/\ﬂw+ﬂ—ﬂ@ﬁawﬁ

-1

— [ U@t - f@l0der [+t - )]0 d

It|<é It]>6

The first integral is less than €/2, while the second is at most 2M f| 11> Pn (t)dt. By
(10), the second integral is less than €/2 when n is large. Thus P,, = f as claimed.[J

Next we see how to extend this result to functions defined on a compact metric
space M instead of merely on an interval. A subset A of C°M = C°(M,R) is a
function algebra if it is closed under addition, scalar multiplication, and function
multiplication. That is, if f,¢g € A and c is a constant then f+ g, cf, and f-g belong
to A. For example, the set of polynomials is a function algebra. The function algebra
vanishes at a point p if f(p) = 0 for all f € A. For example, the function algebra
of all polynomials with zero constant term vanishes at = 0. The function algebra
separates points if for each pair of distinct points pi,ps € M there is a function
f € A such that f(p1) # f(p2). For example, the function algebra of all trigonometric
polynomials separates points of [0, 27) and vanishes nowhere.

20 Stone-Weierstrass Theorem If M is a compact metric space and A is a func-
tion algebra in COM that vanishes nowhere and separates points then A is dense in
COM.

Although the Weierstrass Approximation Theorem is a special case of the Stone-
Weierstrass Theorem, the proof of the latter does not stand on its own; it depends
crucially on the former. We also need two lemmas.

21 Lemma If A vanishes nowhere and separates points then there exists f € A with
specified values at any pair of distinct points.

Proof Given distinct points py, p2 € M, and given constants ¢y, ca, we seek a function
f € A such that f(p1) = ¢1 and f(p2) = co.
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Since A vanishes nowhere there exist gi, g2 € A such that ¢g1(p1) # 0 # g2(p2).
Then g = g2 + g2 belongs to A and vanishes at neither p; nor pe. Since A separates
points there exists h € A with different values at p; and ps. Consider the matrix

go| @ a | _| ) glp)hp)
¢ cd g(p2)  g(p2)h(p2)

By construction a,c # 0 and b # d. Hence det H = acd — abc = ac(d — b) # 0, H has
rank 2, and the linear equations

a+abn = ¢
cE+cdn = co

have a solution (£,n). Then f = &g+ ngh belongs to A and f(p1) = c1, f(p2) = c2.00
22 Lemma The closure of a function algebra in COM is a function algebra.
Proof Clear enough. O

Proof of the Stone-Weierstrass Theorem Let A be a function algebra in COM
that vanishes nowhere and separates points. We must show that A is dense in COM.
Given F € C°M and e > 0, we must find G € A such that for all z € M we have

(11) F(z)—e < G(z) < F(z)+e
First we observe that
(12) feA = |fleA

where A denotes the closure of A in COM. Let € > 0 be given. According to the
Weierstrass Approximation Theorem, there exists a polynomial p(y) such that

(13) sup{[p(y) — Iyl = [yl < lF1I} < %

After all, |y| is a continuous function defined on the interval [—|| f||, || f||]. The constant
term of p(y) is at most €/2 since |p(0) —|0|| < €¢/2. Let q(y) = p(y) — p(0). Then ¢(y)
is a polynomial with zero constant term and (13) becomes

(14) la(y) — [yl <€
for all y € [— |||, | fI]]. Write q(y) = a1y + asy?® + - - - + any™ and

g=aif +asf’+ - +anf"
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(Here, f™ denotes f - f---f.) Lemma?22 states that A is an algebra, so g € A.T
Besides, if x € M and y = f(z) then

l9(2) = [f(@)[| = lq(y) = lyl| <e

Hence |f| € A = A as claimed in (12).

Next we observe that if f, g belong to A, then max(f, g) and min(f, g) also belong
to A. For

min(f, g) f‘;‘g_’fgg‘.

Repetition shows that the maximum and minimum of any finite number of functions
in A also belongs to A.

Now we return to (11). Let ' € C°M and € > 0 be given. We are trying to find
G € A whose graph lies in the e-tube around the graph of F. Fix any distinct points
p,q € M. According to Lemma 21, we can find a function in A with specified values
at p, g, so there exists Hp, € A that satisfies

Hyg(p) = F(p) and  Hpe(q) = F(q).
Fix p and let ¢ vary. Each ¢ € M has a neighborhood U, such that
(15) relUy, = F(r)—e<Hpy(x).

For Hp,(x) — F(z) + € is a continuous function of z which is positive at x = g. See
Figure 96.

Compactness of M implies that finitely many of these neighborhoods U, cover
M, say Ug,,...,U,,. Define

Gp(x) = maX(HPQI (z),..., Hpqn (7))
Then G, € A and, as shown in Figure 97, for all z € M we have

(16) Go(p) = Fp) and F(z) — e < Gyla).
Continuity implies that each p has a neighborhood V,, such that

(17) reV, = Gplr)<F(zr)+e
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H,(p)=F(p)

Figure 96 For all z in a neighborhood of ¢ we have Hp,(x) > F(z) — €.

Figure 97 G is the maximum of Hyg,, 0 =1,...,n.
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Figure 98 G),(p) = F(p) and G, > F — € everywhere.

See Figure 98.

By compactness, finitely many of these neighborhoods cover M, say V,, ,...,V,
Set

m *

G(x) = min(Gpl ($)7 R Gpm ((L’))
We know that G € A and (16), (17) imply (11). See Figure 99. O

23 Corollary Any 2mw-periodic continuous function of x € R can be uniformly ap-
proximated by a trigonometric polynomial

n n
T(x) = ap+ Z ay, cos kx + Z by sin kx.
k=1 k=1

Proof Think of [0,27) parameterizing the circle S* by x — (cos z,sinz). The circle
is compact, and 2mw-periodic continuous functions on R become continuous functions
on S!. The trigonometric polynomials on S! form an algebra T € C°S! that vanishes
nowhere and separates points. The Stone-Weierstrass Theorem implies that T is dense
in 051, O

Since a function algebra need not contain constant functions, it was important that ¢ has no
constant term. One should not expect that g = ap +a1f + -+ + an f" belongs to A.
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-

~

Figure 99 The graph of G lies in the e-tube around the graph of F.

Here is a typical application of the Stone-Weierstrass Theorem: Consider a con-
tinuous vector field F' : A — R? where A is the closed unit disc in the plane, and
suppose that we want to approximate F' by a vector field that vanishes (equals zero)
at most finitely often. A simple way to do so is to approximate F' by a polynomial
vector field GG. Real polynomials in two variables are finite sums

n
P(z,y) = Y cya'y’

1,j=0

where the ¢;; are constants. They form a function algebra A in C°(A,R) that sep-
arates points and vanishes nowhere. By the Stone-Weierstrass Theorem, A is dense
in CY, so we can approximate the components of F' = (F}, F3) by polynomials

=P RQ.

(The symbol = indicates “almost equal.”) The vector field (P, Q) then approximates
F. Changing the coefficients of P by a small amount ensures that P and @) have no
common polynomial factor and F' vanishes at most finitely often.
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5 Contractions and ODEs

Fixed-point theorems are of great use in the applications of analysis, including the
basic theory of vector calculus such as the general implicit function theorem. If
f: M — M and for some p € M we have f(p) = p then p is a fixed-point of f.
When must f have a fixed-point? This question has many answers, and the two most

famous are given in the next two theorems.

Let M be a metric space. A contraction of M is a mapping f : M — M such
that for some constant k < 1 and all z,y € M we have

d(fz, fy) < kd(z,y).

24 Banach Contraction Principle Suppose that f : M — M is a contraction and
the metric space M is complete. Then f has a unique fixed-point p and for any
x € M, the iterate’ f"(z) = fo fo---o f(zx) converges to p as n — oco.

Brouwer Fixed-Point Theorem Suppose that f: B™ — B™ is continuous where
B™ is the closed unit ball in R™. Then f has a fixed-point p € B™.

The proof of the first result is fairly easy, the second not. See Figure 100 to picture
a contraction and Section 10 of Chapter 5 for a proof of the Brouwer theorem.

Proof #1 of the Banach Contraction Principle Beautiful, simple, and dynam-
icall See Figure 100. Choose any xg € M and define x,, = f™(zp). We claim that for
all n € N we have

(18) d(zp, pt1) < k"d(zo, z1).
This is easy:

d(xnaxn-I—l) = d(f(mn—l)vf(wn)) < kd(xn—lywn) < k2d($n—27xn—1)
S k’nd(l‘o, :131).

IN

From this and a geometric series type of estimate, it follows that the sequence (z,)
is Cauchy. For let € > 0 be given. Choose N large enough that
k‘N

(19) md(l’(},xl) < €.

"Note the abuse of notation. In the proof of the Stone-Weierstrass Theorem, f"(z) denotes the
n™ power of the real number f(x), while here f™ denotes the composition of f with itself n times.
Deal with it!
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Figure 100 f contracts M toward the fixed-point p.

Note that (19) needs the hypothesis £ < 1. If N < m < n then (18) gives

d(Tm,Tn) < d(@m, Tmi1) + d(Tmt1, Tma2) + -+ d(Tp—1, Tp)
< k"d(zg,z1) + karld(xo, x1)+ ...+ knfld(fco, x1)
= ]{m(l—i-k—l—...—i—kn_m_l)d(.%'o,xl)
< k:Nikgd(:co x1) = ﬂd(mo x1) < €.
< ) =& )

=0

Thus (x,) is Cauchy. Since M is complete, x,, converges to some p € M as n — oo.
Let € > 0 be given. For large n, the points z,, and z,41 lie in the e-neighborhood
of p. Since f(xz,) = zp4+1, the map f moves z, a distance < 2¢, and since € is
arbitrarily small, continuity of f implies f does not move p at all. It is a fixed-point
of f. Uniqueness of the fixed-point is immediate. After all, how can two points
simultaneously stay fixed and move closer together? O

Proof #2 of the Banach Contraction Principle Choose any point zg € M and
choose 7o so large that f(M,,(zo)) C My,(xo). Let By = M;,(z9) and B, =

f™(Bp—1). The diameter of B,, is at most k™ diam(By), and this tends to 0 as n — oo.
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The sets By, nest downward as n — oo and f sends B,, inside B, 4+1. Since M is com-
plete, this implies that [}B, is a single point, say p, and f(p) = p. O

Proof of Brouwer’s Theorem in Dimension One The closed unit 1-ball is the
interval [—1,1] in R. If f: [-1,1] — [—1, 1] is continuous then so is g(x) = = — f(x).
At the endpoints 1, we have g(—1) < 0 < g(1). By the Intermediate Value Theorem,
there is a point p € [—1, 1] such that g(p) = 0. That is, f(p) = p. O

The proof in higher dimensions is harder. One proof is a consequence of the
general Stokes’” Theorem, and is given in Chapter 5. Another depends on algebraic
topology, a third on differential topology.

Ordinary Differential Equations

The qualitative theory of ordinary differential equations (ODEs) begins with the
basic existence/uniqueness theorem, Picard’s Theorem. Throughout, U is an open
subset of m-dimensional Euclidean space R™.

A vector ODE on U is given as m simultaneous scalar equations

l'/l = fl(l'l,xg,. . .,xm)
l’lz = fg(l’l,l‘g, .. .,:L‘m)
= fom(T1, 22, Tm)

where each f; is a function from U to R. One seeks m real-valued functions x (), .. .,
Zm(t) such that

dxy(t
;t( ) _ @) 2a(0), . am(0)
dza(t
;t( )~ et aa(t), . am(0)
drm, (t
dt( ) = fm(z1(t), 22(%), ..., zm (1))
hold identically and simultaneously. The functions z1(t), ...,z (t) are said to solve

the ODE with initial condition

(21(0), 22(0), . . ., 2m(0)).
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The ODE can be expressed geometrically as follows. The m real-valued functions
fi can be combined into a vector function F(z) = (fi(z),..., fm(z)) where z =
(z1,...,2m). Thus F is a vector field on U, and we seek a trajectory of F', that
is, a curve 7 : (a,b) — U such that a < 0 < b and for all ¢t € (a,b) we have

(20) Y(t) = F(v(t)) and 7(0)=p.

The components of 7 are the functions z;(¢) that solve the ODE and p is their initial
condition. I contend that this geometric view of an ODE as a vector field is the best
way to get intuition about it. See Figure 101.

Figure 101 7 is always tangent to the vector field F'.

We think of the vector field F' defining at each x € U a vector F(z) whose foot
lies at = and to which 7 must be tangent. The vector V' (t) is (v} (¢),...,7,,(t)) where
Y1y--.,Ym are the components of 7. The trajectory 7(¢) describes how a particle
travels with prescribed velocity F'. At each time ¢, Y(t) is the position of the particle;
its velocity there is exactly the vector F' at that point. Intuitively, trajectories should
exist because particles do move.

The contraction principle gives a way to find trajectories of vector fields, or what
is the same thing, to solve ODEs. We will assume that F' satisfies a Lipschitz
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condition — there is a constant L such that for all points =,y € U we have
[F(x) — F(y)| < Llz —yl.

Here, | | refers to the Euclidean length of a vector. F,z,y are all vectors in R™. It
follows that F' is continuous. The Lipschitz condition is stronger than continuity, but
still fairly mild. Any differentiable vector field with a bounded derivative is Lipschitz.

25 Picard’s Theorem Given p € U there exists an F-trajectory Y(t) in U through
p. This means that v : (a,b) — U solves (20). Locally, 7 is unique.

To prove Picard’s Theorem it is convenient to reexpress (20) as an integral equa-
tion; to do this we make a brief digression about vector-valued integrals. Let’s recall
four key facts about integrals of real-valued functions of a real variable, y = f(x),
a<zx<h.

(a) f f(z) dx is approximated by Riemann sums R = > f(ty)Axy.
(b) Contlnuous functions are integrable.
(c) If f'(x) exists and is continuous then fb f(x)dx = f(b) — f(a).

)

(d ‘f fla dx’<M(b—a)whereM—sup|f(x)|

The Riemann sum R in (a) hasa =29 < -+ < apq <t <z <--- <z, = b and
all the Az, = xp, — )1 are small.

Given a continuous vector-valued function of a real variable

f(@) = (fr(@), . fm (),

a <z < b, we define its integral componentwise as the vector of integrals

/abf(x)dx:</abf1(x)dx, ?/abfm($)d$).

Corresponding to (a) - (d) are the following:

a') fab f(z) dz is approximated by R = (Ry, ..., Ry), with R; a Riemann sum for
fi-

(b’) Continuous vector-valued functions are integrable.

(¢) If f'(x) exists and is continuous, then ff f'(x)dx = f(b) — f(a).

(d") dx’ < M(b— a) where M = sup |f(z)].
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(a'), (b’), and (') are clear enough. To check (d’) we write

R = Y Rjej=>Y Y fi(te)Awye;
7 k
= 35 filtteda, =Y f(tr) Ay
k J k

where e, ..., ey, is the standard vector basis for R™. Thus,

IR <> [ f(te)| Az, <Y MAxy = M(b—a).
P k

By (a’), R approximates the integral, which implies (d’). (Note that a weaker inequal-
ity with M replaced by /mM follows immediately from (d). This weaker inequality
would suffice for most of what we do but it is inelegant.)

Now consider the following integral version of (20),

(21) Y(t) = p+/0tF(’Y(s))ds.

A solution of (21) is by definition any continuous curve 7 : (a,b) — U for which
(21) holds identically in ¢ € (a,b). By (b’) any solution of (21) is automatically
differentiable and its derivative is F'(7(¢)). That is, every solution of (21) solves (20).
The converse is also clear, so solving (20) is equivalent to solving (21) for a continuous
function Y(t).

Proof of Picard’s Theorem Since F' is continuous, there exist a compact neigh-
borhood N = N,(p) C U and a constant M such that |F(x)| < M for all z € N.
Choose 7 > 0 such that

(22) TM <r and 7TL<1.
Consider the set € of all continuous functions v,o : [—-7,7] — N. With respect to
the metric

d(7,0) = sup{[Y(t) —o(t)| : t € [=7,7]}
the set C is a complete metric space. Given ¥ € C, define a new curve ®(7) as
t
BN =p+ [ FO()ds
0

Solving (21) is the same as finding 7 such that ®(7) = 7. That is, we seek a fixed
point of ®.
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We just need to show that ® is a contraction of €. Does ® send C into itself?
Given 7 € C we see that ®(7)(¢) is a continuous (in fact differentiable) vector-valued
function of ¢ and that by (22),

<TtM <r.

B () — p| = /0 F(1(s)) ds

Therefore, ® does send C into itself. ® contracts € because
d(®(7), ®(0)) = sup

t
| [ FOw) -
< Tsup|F(3(s)) — F(

F(o(s))ds
a(s))]

< 7supL|v(s) —o(s)| < 7Ld(7,0)
and 7L < 1 by (22). Therefore ¢ has a fixed-point v, and ®(7) = 7 implies that Y(t)
solves (21), which implies that 7 is differentiable and solves (20).

Any other solution o(t) of (20) defined on the interval [—7, 7] also solves (21) and
is a fixed-point of ®, (o) = 0. Since a contraction mapping has a unique fixed-point,
¥ = o, which is what local uniqueness means. O

The F-trajectories define a flow in the following way: To avoid the possibility that
trajectories cross the boundary of U (they “escape from U”) or become unbounded in
finite time (they “escape to infinity”) we assume that U is all of R™. Then trajectories
can be defined for all time ¢ € R. Let (¢, p) denote the trajectory through p. Imagine
all points p € R™ moving in unison along their trajectories as t increases. They are
leaves on a river, motes in a breeze. The point p; = Y(¢1,p) at which p arrives after
time ¢; moves according to Y(t,p1). Before p arrives at p;, however, p; has already
gone elsewhere. This is expressed by the flow equation

ry(t)pl) = ’Y(t + tlvp)‘

See Figure 102.

The flow equation is true because as functions of ¢ both sides of the equation are
F-trajectories through p;, and the F-trajectory through a point is locally unique. It is
revealing to rewrite the flow equation with different notation. Setting ¢:(p) = (¢, p)
gives

Prts(p) = pi(ps(p)) for all ¢, s € R.

¢ is called the t-advance map. It specifies where each point moves after time t.
See Figure 103. The flow equation states that ¢ — ; is a group homomorphism from
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Figure 102 The time needed to flow from from p to ps is the sum of the

times needed to flow from p to p; and from p; to po.

Figure 103 The t-advance map shows how a set A flows to a set ¢ (A).
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R into the group of motions of R™. In fact each ¢; is a homeomorphism of R™ onto
itself and its inverse is ¢_;. For ¢_; o oy = g and ¢ is the time-zero map where
nothing moves at all, ¢y = identity map.

6* Analytic Functions

Recall from Chapter 3 that a function f : (a,b) — R is analytic if it can be expressed
locally as a power series. For each x € (a,b) there exists a convergent power series
3" cxh® such that for all z + h near z we have

o

flx+h)= Z crh®.
k=0
As we have shown previously, every analytic function is smooth but not every smooth
function is analytic. In this section we give a necessary and sufficient condition that
a smooth function be analytic. It involves the speed with which the 7" derivative
grows as r — oQ.

Let f: (a,b) — R be smooth. The Taylor series for f at = € (a,b) is

— f®(z)
3 k!”: hE.

k=0

Let I = [z — 0, = + o] be a subinterval of (a,b), o > 0, and denote by M, the
maximum of | f(")(t)| for t € I. The derivative growth rate of f on I is

r| M,
rl

o = limsup
r—00

Clearly, \/|f™)(x)]/r! < ¥/M,/r!, so the radius of convergence

1
R=
o)
imsup |/ ————
r—00 r.
of the Taylor series at x satisfies
Ler
a

In particular, if « is finite the radius of convergence of the Taylor series is positive.
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26 Theorem If ac < 1 then the Taylor series converges uniformly to f on the
interval I.

Proof Choose § > 0 such that (o + 6)o < 1. The Taylor remainder formula from
Chapter 3, applied to the (r — 1)%*-order remainder, gives

=1 k) (r)(p
f(x—i-h)—zf k‘@)hk _f r!( )hr

k=0

for some 6 between z and x + h. Thus, for r large we have

< ]\fl’"ar = (<J\§>wa>r§((a+5)0)”.

Since (v + d)o < 1, the Taylor series converges uniformly to f(z + h) on I. O

=1 )
floth) -3 L
k=0 ’

27 Theorem If f is expressed as a convergent power series f(x +h) = 3" cih* with
radius of convergence R > o then f has bounded derivative growth rate on I.

The proof of Theorem 27 uses two estimates about the growth rate of factorials.
If you know Stirling’s formula they are easy, but we prove them directly.

. rr"
(28] ARV
— (k
(24) 0<A<1 = limsupTZ<>)\k< 00.
r—00 ey r

Taking logarithms, applying the integral test, and ignoring terms that tend to
Z€ero as r — 0o gives
1 , 1
—(logr" —logr!) = logr — —(logr +log(r—1)+---+logl)
r r
T

1 /" 1
Nlogr—/ logzdr = logr— —(zlogx — x)
T J1 r

1
= 1--,
T

1

which tends to 1 as r — oo. This proves (23).
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To prove (24) we write A = e™# for ;1 > 0, and reason similarly:

i R\ b ik(k—l)(k—z)...(k—r—irl) _—
r 7!
k=r k=r
1 & . 1 [
- r —ku ~ - r_—uT
< 0 Zk e =y z'e dx
k=r
-1 2" o™t r(r—1)am 2 7! >
= e_lwf<_|_ + 4+ —
rl 1 112 e prtt .

1 1 7‘+1
< e+ 1)y [ ———— .
< e ()

According to (23) the 7" root of this quantity tends to e!=#/min(1, u1) as r — oo,
completing the proof of (24).

Proof of Theorem 27 By assumption the power series cxh® has radius of con-
vergence R and o < R. Since 1/R is the limsup of W as k — oo, there is a
number A < 1 such that for all large k we have |czo*| < A*. Differentiating the series
term by term with |h| < o gives

1f x4+ h) < ik(k —1)(k—2)...(k—7r+1)|cgh®"|
k=r

rl = (k v T e [k g
— < — E A
O-r k}:T’ <T> ‘Cka- ’ N O-T <T>

k=r

IN

for r large. Thus,

I < [k
M, = sup | (z+ h)| < s g <r>)\ :

|h‘§0 k=r

According to (24),

[ M 1 [k
a = limsup {/— < Zlimsup [ Z( )x\k < 00,
r—00 7! 0 r—oo r

k=r

and f has bounded derivative growth rate on I. O

From Theorems 26 and 27 we deduce the main result of this section.

28 Analyticity Theorem A smooth function is analytic if and only if it has locally
bounded derivative growth rate.
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Proof Assume that f : (a,b) — R is smooth and has locally bounded derivative
growth rate. Then = € (a,b) has a neighborhood N on which the derivative growth
rate « is finite. Choose o > 0 such that [ = [z — o,z 4+ 0] C N and ac < 1. We
infer from Theorem 26 that the Taylor series for f at x converges uniformly to f on
I. Hence f is analytic.

Conversely, assume that f is analytic and let « € (a, b) be given. There is a power
series Y ¢, h* that converges to f(x+h) for all h in some interval (—R, R) with R > 0.
Choose o with 0 < o < R. We infer from Theorem 27 that f has bounded derivative
growth rate on 1. O

29 Corollary A smooth function is analytic if its derivatives are uniformly bounded.

An example of such a function is f(z) = sinz.

Proof If |f(") ()| < M for all » and # then the derivative growth rate of f is bounded.
In fact, « = 0 and R = oc. O

30 Taylor’s Theorem If f(x) = > cxz" and the power series has radius of conver-
gence R then f is analytic on (—R, R).

Proof The function f is smooth, and by Theorem 27 it has bounded derivative
growth rate on each compact interval I C (—R, R). Hence it is analytic. O

Taylor’s Theorem states that not only can f be expanded as a convergent power
series at © = 0, but also at any other point xzy € (—R, R). Other proofs of Taylor’s
theorem rely more heavily on series manipulations and Mertens’ theorem (Exercise 73
in Chapter 3).

The concept of analyticity extends immediately to complex functions. A function
f D — C is complex analytic if D is an open subset of C and for each z € D

> ot

there is a power series

such that for all z + ( near z,
e+ =) ad"
k=0

The coefficients ¢ are complex and so is the variable (. Convergence occurs on a
disc of radius R. This lets us define €?, log z, sin z, cos z for the complex number z



252 Function Spaces Chapter 4

by setting
S k o0 k+1_k
—1
e = Z% log(1+z)—z()kzwhen\z\<1

k=0 k=1
(o] o0

] B (_1)k:22k+1 B (_1)kzz2kz

sinz = kz:o(Qk—Fl)' COSZ—kZO@k)!.

It is enlightening and reassuring to derive formulas such as

0

e =cosf +isinf
directly from these definitions. (Just plug in z = if and use the equations i =
—1,i3 = —i,i* = 1, etc.) A key formula to check is e*** = e%e™. One proof involves

a manipulation of product series; a second merely uses analyticity. Another formula
is log(e®) = z.

There are many natural results about real analytic functions that can be proved
by direct power series means; e.g., the sum, product, reciprocal, composite, and
inverse function of analytic functions are analytic. Direct proofs, like those for the
Analyticity Theorem above, involve major series manipulations. The use of complex
variables leads to greatly simplified proofs of these real variable theorems, thanks to
the following fact.

Real analyticity propagates to complex analyticity and

complex analyticity is equivalent to complex differentiability.’

For it is relatively easy to check that the composition, etc., of complex differentiable
functions is complex differentiable.

The analyticity concept extends even beyond C. You may already have seen such
an extension when you studied the vector linear ODE

= Az

in calculus. A is a given m X m matrix and the unknown solution x = z(t) is a
vector function of ¢, on which an initial condition z(0) = x¢ is usually imposed. A

tA function f: D — C is complex differentiable or holomorphic if D is an open subset of C
and for each z € D, the limit of
Af _ [+ 82— J(2)
Az Az
exists as Az — 0 in C. The limit, if it exists, is a complex number.
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vector ODE is equivalent to m coupled, scalar, linear ODEs. The solution z(¢) can
be expressed as

z(t) = ey

where
S
L AF

. 1 1 "
etA:hm(I—i—tA—i—a(tA)z_g_..._i_a(tA)): -

n—oo
k=0
I is the m x m identity matrix. View this series as a power series with k' coefficient
t#/k! and variable A. (A is a matrix variable!) The limit exists in the space of all
m X m matrices, and its product with the constant vector xy does indeed give a vector

function of ¢ that solves the original linear ODE.

The previous series defines the exponential of a matrix as e4 = 3 A*/Ekl. You
might ask yourself — is there such a thing as the logarithm of a matrix? A function that
assigns to a matrix its matrix logarithm? A power series that expresses the matrix
logarithm? What about other analytic functions? Is there such a thing as the sine
of a matrix? What about inverting a matrix? Is there a power series that expresses
matrix inversion? Are formulas such as log A2 = 2log A true? These questions are
explored in nonlinear functional analysis.

A terminological point on which to insist is that the word “analytic” be defined as
“locally power series expressible.” In the complex case, some mathematicians define
complex analyticity as complex differentiability, and although complex differentiabil-
ity turns out to be equivalent to local expressibility as a complex power series, this is
a very special feature of C. In fact it is responsible for every distinction between real
and complex analysis. For cross-theory consistency, then, one should use the word
“analytic” to mean local power series expressible, and use “differentiable” to mean
differentiable. Why confound the two ideas?

7* Nowhere Differentiable Continuous Functions

Although many continuous functions, such as |z|, /z, and zsin(1/x) fail to be dif-
ferentiable at a few points, it is quite surprising that there can exist a function which
is everywhere continuous but nowhere differentiable.

31 Theorem There exists a continuous function f : R — R that has a derivative at
no point whatsoever.
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Proof The construction is due to Weierstrass. The letters k, m,n denote integers.
Start with a sawtooth function o : R — R defined as

U()(CE) =

T —2n foan<x <2n+1
2n+2—x Hf2n+1<z<2n+2.

og is periodic with period 2; if ¢ = = + 2m then o((t) = oo(x). The compressed
sawtooth function

ox(z) = (i)kao(élkx)

has period 7, = 2/4%. If t = & + mmy, then o4 (t) = o1 (x). See Figure 104.

0 2 4 6
aylx)

0 1 2 3 4 5 6
T(x)
T5(x)

Figure 104 The graphs of the sawtooth function and two compressed

sawtooth functions
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According to the M-test, the series Y oy (x) converges uniformly to a limit f, and

o0
flw)=> o)
k=0
is continuous. We claim that f is nowhere differentiable. Fix an arbitrary point z,

and set 0, = 1/2-4". We will show that

Hif(xién)_f(a:)
Ax On

does not converge to a limit as d§,, — 0, and thus that f’(x) does not exist. The
quotient is

Af . > Uk($i(5n) — O'k(a})
Az 2 on ‘
k=0
There are three types of terms in the series, k > n, k =n, and k < n. If £ > n then
op(z £ 6,) — or(x) = 0. For §,, is an integer multiple of the period of oy,

1 _ 2 B
b= g = AN = gy

Thus the infinite series expression for A f/Ax reduces to a sum of n + 1 terms

n—1

Af  op(x£n) —on(z) N Zo—k(x:ték)—ak(:n).

Az on,

The function o, is monotone on either [z — d,,z] or [z, x + J,], since it is monotone
on intervals of length 4=™ and the contiguous interval [z — d,,z,x + 0,] at x is of
length 4=". The slope of o, is +3™. Thus, either

on(x + 0p) — opn(x)
on

on(x = 6p) — on(x)

= 3"
On

=3" or

The terms with k& < n are crudely estimated from the slope of o}, being +3*:

or(z £ 0) — ox(x) < gk
Ok -
Thus Af
3" -1 1
Il s agn _ n—1 —_qn _ — —(qn
Az >3" -3+ 4+1)=3 31 2(3 +1),

which tends to oo as &, — 0, so f'(x) does not exist. O
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By simply writing down a sawtooth series as above, Weierstrass showed that
there exists a nowhere differentiable continuous function. Yet more amazing is the
fact that most continuous functions (in a reasonable sense defined below) are nowhere
differentiable. If you could pick a continuous function at random, it would be nowhere
differentiable.

Recall that the set D C M is dense in M if D meets every nonempty open subset
W of M, DNW # (). The intersection of two dense sets need not be dense; it can be
empty, as is the case with Q and Q¢ in R. On the other hand if U, V' are open-dense
sets in M then U NV is open-dense in M. For if W is any nonempty open subset of
M then U NW is a nonempty open subset of M, and by denseness of V', we see that
V meets UNW;ie., UNV NW is nonempty and U NV meets W.

Moral Open dense sets do a good job of being dense.

The countable intersection G = ) G,, of open-dense sets is called a thick (or
residual’) subset of M, due to the following result, which we will apply in the
complete metric space C°([a,b],R). Extending our vocabulary in a natural way we
say that the complement of a thick set is thin (or meager). A subset H of M is thin
if and only if it is a countable union of nowhere dense closed sets, H = |J H,,. Clearly,
thickness and thinness are topological properties. A thin set is the topological analog
of a zero set (a set whose outer measure is zero).

32 Baire’s Theorem Fuvery thick subset of a complete metric space M is dense in
M. A nonempty, complete metric space is not thin. That is, if M is the union of
countably many closed sets then at least one has nonempty interior.

If all points in a thick subset of M satisfy some condition then the condition is
said to be generic. We also say that “most” points of M obey the condition. As a
consequence of Baire’s theorem and the Weierstrass Approximation Theorem we will

prove

33 Theorem The generic f € C° = C°([a, ], R) is differentiable at no point of [a, b],
nor does it even have a left or right derivative at any = € [a,b], nor is it monotone
on any subinterval of [a, b].

Using Lebesgue’s monotone differentiation theorem from Chapter 6 (monotonicity
implies differentiability almost everywhere), one can see that the second assertion
follows from the first, but below we give a direct proof.

t“Residual” is an unfortunate choice of words. It connotes smallness, when it should connote just
the opposite.
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Before getting into the proofs of Baire’s theorem and Theorem 33, we further
discuss thickness, thinness, and genericity. The empty set is always thin and the full
space M is always thick in itself. A single open-dense subset is thick and a single
closed nowhere dense subset is thin. R\Z is a thick subset of R and the Cantor set is
a thin subset of R. Likewise R is a thin subset of R?. The generic point of R does not
lie in the Cantor set. The generic point of R? does not lie on the z-axis. Although
R\ Z is a thick subset of R it is not a thick subset of R?. The set Q is a thin subset
of R. It is the countable union of its points, each of which is a closed nowhere dense
set. Q° is a thick subset of R. The generic real number is irrational. In the same

vein:

The generic square matrix has determinant # 0.
The generic linear transformation R™ — R is an isomorphism.

The generic linear transformation R™ — R™~* is onto.

The generic pair of lines in R? are skew (nonparallel and disjoint).

)
)
)
d) The generic linear transformation R™ — R™¥ is one-to-one.
)
) The generic plane in R? meets the three coordinate axes in three distinct points.
)

The generic n''-degree polynomial has n distinct roots.
In an incomplete metric space such as @, thickness and thinness have no bite —

every subset of Q, even the empty set, is thick in Q.

Proof of Baire’s Theorem If M = (), the proof is trivial, so we assume M # ().
Let G = ) Gy, be a thick subset of M, each G, being open-dense in M. Let pg € M
and € > 0 be given. Choose a sequence of points p, € M and radii r, > 0 such that
rn < 1/n and

May, (p1) C Me(po)
Moy, (p2) C My (p1) NGy

MQTn (pn) C Mrn_l(pn—l) NGiN---NGp_i.
See Figure 105. Then

M€<p0) D Mn (pl) D MTQ(])Q) Do,

The diameters of these closed sets tend to 0 as n — oo. Thus (p,) is a Cauchy
sequence and it converges to some p € M by completeness. The point p belongs to
each set M, (p,) and therefore it belongs to each G,,. Thus p € G N M(py) and G
is dense in M.
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Figure 105 The closed neighborhoods M, (p,) nest down to a point.

To check that M is not thin, we take complements. Suppose that M = |J K,, and
K, is closed. If each K, has empty interior then each G,, = K, is open-dense and

G=NGn= (UK, =0,
a contradiction to density of G. O
34 Corollary No subset of a complete nonempty metric space is both thick and thin.

Proof If S is both a thick and thin subset of M then M \ S is also both thick and
thin. The intersection of two thick subsets of M is thick, so ) =S N (M\S) is a
thick subset of M. By Baire’s Theorem, this empty set is dense in M, so M is empty,
contrary to the hypothesis. O

Proof of Theorem 33 For n € N define

R,={feC":Vxcla, b—1/n] Ih > 0 such that

Af

L,={fe€C":Vacla+1/n, b] Ih < 0 such that ‘Ahf‘ >n}

G, = {f € CY: f restricted to any interval of length 1/n is nonmonotone},
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where Af = f(z + h) — f(x). We claim that each of these sets is open-dense in C°.

To check denseness it is enough to prove that the closures of R,, L,, and G,
contain the set P of polynomials. For by the Weierstrass Approximation Theorem P
is dense in C°. (A set whose closure contains a dense set is dense itself.)

Fix n, fix a P € P, and let € > 0 be given. Consider a sawtooth function o which
has period < 1/n, size < ¢, and

min{|slope,(0)|} > n + max{|slope,(P)|}

Since the slopes of ¢ are far greater than those of P, the slopes of f = P+ ¢ alternate
in sign with period < 1/2n. At any x € [a, b—1/n], f has a rightward slope of either
n or —n. Thus f € R,,. Likewise f € L,, and f € G,, so the three sets are dense in
CO.

Next we prove R, is open. Let f € R,, be given. For each x € [a, b — 1/n] there
is an h = h(x) > 0 such that

‘f(@”rh) AC))
h

> n.

Since f is continuous, there is a neighborhood T, of z in [a,b] and a constant v =
v(x) > 0 such that this same h yields

ft+h) - ft)

>
h ‘ n-+v
for all t € T,,. Since [a, b— 1/n] is compact, finitely many of these neighborhoods T,
cover it, say Ty, , ..., Ty, . Continuity of f implies that for all ¢ € T,,, we have
t+h;)— f(t
(25) PR ZIO] > v,
i

where h; = h(z;) and v; = v(x;). These m inequalities for points ¢ in the m sets T,
remain nearly valid if f is replaced by a function g with d(f, g) small enough. Then
(25) becomes

g(t +h;) —g(t)
hi

(26) |

o

which means that g € R,, and R,, is open in C°. Similarly L,, is open in C°.

Checking that G, is open is easier. If (fy) is a sequence of functions in G¢, and
fr = f then we must show that f € Gf. Each fj is monotone on some interval I,
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of length 1/n. There is a subsequence of these intervals that converges to a limit
interval I. Its length is 1/n and by uniform convergence, f is monotone on I. Hence
G¢ is closed and G, is open, which completes the proof that each set R, L,,G,, is

open-dense in CV.

Finally, if f belongs to the thick set

o0
N R.NL,NGy,
n=1
then for each x € [a, b] there are sequences h;> # 0 such that h,, < 0 < h; and

flz+hy,) = fx) ‘fﬂchh+ — f(=)
Iy,

> n.

The numerator of these fractions is at most 2||f||, so hf — 0 as n — oo. Thus f is
not differentiable at x, nor does it even have a left or right derivative at x. Also, f
is nonmonotone on every interval of length 1/n. Since every interval J contains an
interval of length 1/n when n is large enough, f is nonmonotone on J. O

Further generic properties of continuous functions have been studied, and you
might read about them in the books A Primer of Real Functions by Ralph Boas,
Differentiation of Real Functions by Andrew Bruckner, or A Second Course in Real
Functions by van Rooij and Schikhof.

8* Spaces of Unbounded Functions

When we contemplate equicontinuity, how important is it that the functions we deal
with are bounded, or have domain [a, b] and target R? To some extent we can replace
[a,b] with a metric space X and R with a complete metric space Y. Let F denote
the set of all functions f : X — Y. Recall from Exercise 2.116 that the metric dy on
Y gives rise to a bounded metric

dy (y,y')
1L+dy(y,y')’

where y,y’ € Y. Note that p < 1. Convergence and Cauchyness with respect to p and

p(y,y') =

dy are equivalent. Thus completeness of Y with respect to dy implies completeness
with respect to p. In the same way we give F the metric

— oy r(fzg2)
4f.9) = vex 1+ dy (fx, gz)
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A function f € F is bounded with respect to dy if and only if for any constant
function ¢ we have sup,, dy (f(z), c) < oo; i.e., d(f,c) < 1. Unbounded functions have

d(f,c) =1.
35 Theorem In the space F equipped with the metric d,

(a) Uniform convergence of (fy) is equivalent to d-convergence.
(b) Completeness of Y implies completeness of F.

(c) The set Fy, of bounded functions is closed in F.

(d) The set C°(X,Y) of continuous functions is closed in F.

Proof (a) f = ugl_f)(l;m fn means that dy(f,(x), f(z)) = 0, which means that
d(fn, f) — 0.

(b) If (f,) is Cauchy in F and Y is complete then, just as in Section1, f(z) =
nh_}ngo fn(z) exists for each x € X. Cauchyness with respect to the metric d implies
uniform convergence and thus d(f,, f) — 0.

(c) If fr, € Fp and d(fn, f) — 0 then sup, dy(fn(x), f(z)) — 0. Since f, is
bounded, so is f.

(d) The proof that CV is closed in F is the same as in Section 1. O

The Arzela-Ascoli theorem is trickier. A family € C & is uniformly equicon-
tinuous if for each € > 0 there is a 6 > 0 such that f € £ and dx(x,t) < ¢ imply
dy(f(z), f(t)) < e. If the § depends on z but not on f € € then € is pointwise
equicontinuous.

36 Theorem Pointwise equicontinuity implies uniform equicontinuity if X is com-
pact.

Proof Suppose not. Then there exists € > 0 such that for each 6 = 1/n we have
points x,, t, € X and functions f,, € € with dx (z,,t,) < 1/nand dy (fn(zn), fu(tn)) >
€. By compactness of X we may assume that x,, — zg. Then ¢, — zo, which leads
to a contradiction of pointwise equicontinuity at xg. O

37 Theorem If the sequence of functions f, : X — Y is uniformly equicontinuous,
X is compact, and for each x € X, the sequence (fn(z)) lies in a compact subset of
Y, then (fn) has a uniformly convergent subsequence.

Proof Being compact, X has a countable dense subset D. Then the proof of the
Arzela Ascoli Theorem in Section 3 becomes a proof of Theorem 37. O
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The space X is o-compact if it is a countable union of compact sets, X = [J X;.
For example Z, Q, R and R™ are o-compact, while any uncountable set equipped with
the discrete metric is not o-compact.

38 Theorem If X is o-compact and if (f,) is a sequence of pointwise equicontinuous
functions such that for each x € X, the sequence (fn(x)) lies in a compact subset of
Y, then (fn) has a subsequence that converges uniformly to a limit on each compact
subset of X.

Proof Express X as JX; with X; compact. By Theorem 36 (f,|x,) is uniformly
equicontinuous. By Theorem 37 there is a subsequence fi, that converges uniformly
on X1, and it has a sub-subsequence fs, that converges uniformly on X5, and so
on. A diagonal subsequence (g,,) converges uniformly on each X;. Thus (g,,) con-
verges pointwise. If A C X is compact, then (g,,|4) is uniformly equicontinuous and
pointwise convergent. By the proof of the Arzela Ascoli propagation theorem, (g,]4)
converges uniformly. O

39 Corollary If (f,) is a sequence of pointwise equicontinuous functions R — R,
and for some xy € R, (fn(x0)) is bounded then (f,) has a subsequence that converges
uniformly on every compact subset of R.

Proof Let [a,b] be any interval containing xg. By Theorem 36, the restrictions of f;,
to [a,b] are uniformly equicontinuous, and there is a § > 0 such that if ¢,s € [a, b]
then |t —s| < ¢ implies that | f,,(t) — fn(s)| < 1. Each point = € [a, b] can be reached in
< N steps of length < ¢, starting at g, if N > (b—a)/d. Thus |fn(x)| < |fu(zo)|+ N,
and (f(z)) is bounded for each z € R. A bounded subset of R has compact closure
and Theorem 38 gives the corollary. O
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Exercises

In these exercises, C° = C([a,b],R) is the space of continuous real-valued func-
tions defined on the closed interval [a,b]. It is equipped with the sup norm, ||f|| =

sup{[f(z)| - x € [a, b]}.

1.

Let M, N be metric spaces.
(a) Formulate the concepts of pointwise convergence and uniform convergence
for sequences of functions f, : M — N.
(b) For which metric spaces are the concepts equivalent?

. Suppose that f, = f where f and f,, are functions from the metric space

M to the metric space N. (Assume nothing about the metric spaces such
as compactness, completeness, etc.) If each f, is continuous prove that f is
continuous. [Hint: Review the proof of Theorem 1.]

. Let f,, : [a,b] — R be a sequence of piecewise continuous functions, each of

which is continuous at the point zy € [a,b]. Assume that f, = f as n — oc.
(a) Prove that f is continuous at xg. [Hint: Review the proof of Theorem 1.]
(b) Prove or disprove that f is piecewise continuous.
(a) If f,, : R — R is uniformly continuous for each n € N and if f, = f as
n — oo, prove or disprove that f is uniformly continuous.

(b) What happens for functions from one metric space to another instead of
R to R?

. Suppose that f,, : [a,b] — R and f, = f as n — oco. Which of the following

discontinuity properties (see Exercise 3.36) of the functions f, carries over to
the limit function? (Prove or give a counterexample.)
) No discontinuities.
) At most ten discontinuities.
(c) At least ten discontinuities.
(d) Finitely many discontinuities.

) Countably many discontinuities, all of jump type.

) No jump discontinuities.

) No oscillating discontinuities.

) Prove that C° and R have equal cardinality. [Clearly there are at least
as many functions as there are real numbers, for C? includes the constant
functions. The issue is to show that there are no more continuous functions
than there are real numbers.]

(b) Is the same true if we replace [a,b] with R or a separable metric space?

(¢) In the same vein, prove that the collection T of open subsets of R and R
itself have equal cardinality.

(d) What about more general metric spaces in place of R?
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10.

11.

12.
13.

14.

15.

Consider a sequence of functions f,, in C%. The graph G,, of f, is a compact
subset of R2.
(a) Prove that (f,) converges uniformly as n — oo if and only if the sequence
(G) in K(R?) converges to the graph of a function f € C°. (The space
K was discussed in Exercise 2.147.)
(b) Formulate equicontinuity in terms of graphs.
Is the sequence of functions f,, : R — R defined by

fn(z) = cos(n + x) + log(1 + sin?(n"z))

1
Vn+2
equicontinuous? Prove or disprove.

If f: R — R is continuous and the sequence f,(x) = f(nx) is equicontinuous,
what can be said about f7
Give an example to show that a sequence of functions may be uniformly contin-
uous, pointwise equicontinuous, but not uniformly equicontinuous, when their
domain M is noncompact.
If every sequence of pointwise equicontinuous functions M — R is uniformly
equicontinuous, does this imply that M is compact?
Prove that if & C CP(M, N) is equicontinuous then so is its closure.
Suppose that (fy,) is a sequence of functions R — R and for each compact subset
K C R, the restricted sequence (f,|x) is pointwise bounded and pointwise
equicontinuous.

(a) Does it follow that there is a subsequence of (f,,) that converges pointwise

to a continuous limit function R — R?

(b) What about uniform convergence?
Recall from Exercise 2.78 that a metric space M is chain connected if for each
€ > 0 and each p,q € M there is a chain p = pg,...,p, = ¢ in M such that

d(pg—1,pr) <€ for 1<k<n.

A family F of functions f : M — Ris bounded at p € M if theset {f(p): f € F}
is bounded in R.
Show that M is chain connected if and only if pointwise boundedness of an
equicontinuous family at one point of M implies pointwise boundedness at
every point of M.
A continuous, strictly increasing function y : (0,00) — (0,00) is a modulus of
continuity if u(s) — 0 as s — 0. A function f : [a,b] — R has modulus of
continuity p if |f(s) — f(¢)| < u(|s —t|) for all s,t € [a, b].
(a) Prove that a function is uniformly continuous if and only if it has a modulus
of continuity.
(b) Prove that a family of functions is equicontinuous if and only if its members
have a common modulus of continuity.
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16. Consider the modulus of continuity u(s) = Ls where L is a positive constant.
(a) What is the relation between C* and the set of Lipschitz functions with
Lipschitz constant < L?
(b) Replace [a,b] with R and answer the same question.
(c) Replace [a,b] with N and answer the same question.
(d) Formulate and prove a generalization of (a).

17. Consider a modulus of continuity u(s) = Hs® where0 < a < land 0 < H < oc.
A function with this modulus of continuity is said to be a-Holder, with a-
Holder constant H. See also Exercise 3.2.

(a) Prove that the set C*(H) of all continuous functions defined on [a, b] which
are a-Holder and have a-Holder constant < H is equicontinuous.
(b) Replace [a,b] with (a,b). Is the same thing true?
(c) Replace [a,b] with R. Is it true?
(d) What about Q7
(e) What about N?
18. Suppose that (f,) is an equicontinuous sequence in C° and p € [a, b] is given.
(a) If (fn(p)) is a bounded sequence of real numbers, prove that (f,) is uni-
formly bounded.
(b) Reformulate the Arzela-Ascoli Theorem with the weaker boundedness hy-
pothesis in (a).
(c) Can [a,b] be replaced with (a,)?, Q7, R?, N?
(d) What is the correct generalization?

19. If M is compact and A is dense in M, prove that for each § > 0 there is a finite
subset {a1,...,ar} C A which is -dense in M in the sense that each z € M
lies within distance § of at least one of the points aq,...,ag.

*20. Given constants «, 8 > 0 define

fap(x) =2 Sin(xﬁ)

for z > 0.
(a) For which pairs «, 8 is f, g uniformly continuous?
(b) For which sets of (a, 8) in (0,00)? is the family equicontinuous?
[Hint: Draw picture of the graphs when o > 2 or § > 2. How about a > 1 or
B> 17]
21. Suppose that & C CY is equicontinuous and bounded.
(a) Prove that sup{f(x): f € €} is a continuous function of x.
(b) Show that (a) fails without equicontinuity.
(c) Show that this continuous-sup property does not imply equicontinuity.
(d) Assume that the continuous-sup property is true for each subset ¥ C €.
Is € equicontinuous? Give a proof or counterexample.
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22. Give an example of a sequence of smooth equicontinuous functions f, : [a,b] —
R whose derivatives are not uniformly bounded.
23. Let M be a compact metric space, and let (i,) be a sequence of isometries
in: M — M.
(a) Prove that there exists a subsequence i,, that converges to an isometry 4
as k — oo.
(b) Infer that the space of self-isometries of M is compact.
(c) Does the inverse isometry i;kl converge to i~ 1? (Proof or counterexample.)
(d) Infer that the group of orthogonal 3 x 3 matrices is compact. [Hint: Is
it true that each orthogonal 3 x 3 matrix defines an isometry of the unit
2-sphere to itself?]
(e) How about the group of m x m orthogonal matrices?

*24. Suppose that a sequence of continuous functions f, : [a,b] — R converges
monotonically down to a limit function f. (That is, for all = € [a,b] we have
fi(x) > fa(x) > f3(z) > ... and f,(z) — f(x) as n — o0.)

(a) Prove that the convergence is uniform and conclude that f is continuous.
(b) What if the sequence is increasing instead of decreasing?
(¢c) What if you replace [a, b] with R?
(d) What if you replace [a, b] with a compact metric space or R™?
25. Suppose that f: M — M is a contraction, but M is not necessarily complete.
(a) Prove that f is uniformly continuous.
(b) Why does ( ) imply that f extends uniquely to a continuous map f M —
M where M is the completion of M?
(c) Is ]?a contraction?
26. Give an example of a contraction of an incomplete metric space that has no
fixed-point.
27. Suppose that f : M — M and for all z,y € M, if x # y then d(fz, fy) < d(x,y).
Such an f is a weak contraction.
(a) Is a weak contraction a contraction? (Proof or counterexample.)
(b) If M is compact is a weak contraction a contraction? (Proof or counterex-
ample.)
(c) If M is compact, prove that a weak contraction has a unique fixed-point.
28. Suppose that f : R — R is differentiable and its derivative satisfies | f'(z)| < 1
for all x € R.
(a) Is f a contraction?
(b) A weak one?
(¢) Does it have a fixed-point?
29. Give an example to show that the fixed-point in Brouwer’s Theorem need not

be unique.
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30. Give an example of a continuous map of a compact, nonempty, path-connected
metric space into itself that has no fixed-point.

31. On page 233 it is shown that if b, f_ll(l —t%)" dt = 1 then for some constant c,
and for all n € N, b, < ¢y/n. What is the best (i.e., smallest) value of ¢ that
you can prove works? (A calculator might be useful here.)

32. Let M be a compact metric space, and let C™P be the set of continuous functions
f: M — R that obey a Lipschitz condition: For some L and all p,q € M we
have

\fp— fq| < Ld(p,q).

*(a) Prove that CP is dense in C°(M,R). [Hint: Stone-Weierstrass.]

*<¥(b) If M = [a,b] and R is replaced by some other complete, path-connected
metric space, is the result true or false?

*i¥(c) If M is a general compact metric space and Y is a complete metric space,
is CMP(M,Y) dense in C°(M,Y)? (Would M equal to the Cantor set
make a good test case?)

33. Consider the ODE 2/ = x on R. Show that its solution with initial condition
xg is t > efxg. Interpret ! = ele® in terms of the flow property.

34. Consider the ODE v’ = 21/]y| where y € R.

(a) Show that there are many solutions to this ODE, all with the same initial
condition y(0) = 0. Not only does y(t) = 0 solve the ODE, but also
y(t) = t? does for t > 0.

(b) Find and graph other solutions such as y(t) = 0 for ¢t < c and y(t) = (t—c)?
fort>e¢> 0.

(c) Does the existence of these nonunique solutions to the ODE contradict
Picard’s Theorem? Explain.

*(d) Find all solutions with initial condition y(0) = 0.

35. Consider the ODE 2’ = 22 on R. Find the solution of the ODE with initial
condition xy. Are the solutions to this ODE defined for all time or do they
escape to infinity in finite time?

36. Suppose that the ODE 2/ = f(z) on R is bounded, |f(z)] < M for all z.

(a) Prove that no solution of the ODE escapes to infinity in finite time.

(b) Prove the same thing if f satisfies a Lipschitz condition, or more generally,
if there are constants C, K such that |f(z)| < Clz| + K for all z.

(c) Repeat (a) and (b) with R™ in place of R.

(d) Prove that if f : R™ — R™ is uniformly continuous then the condition
stated in (b) is true. Infer that solutions of uniformly continuous ODEs
defined on R™ do not escape to infinity in finite time.

**37. (a) Prove Borel’s Lemma, which states that given any sequence whatsoever

of real numbers (a,), there is a smooth function f : R — R such that
f(0) = a,. [Hint: Try f = 3. Bp(x)ara”/k! where By is a well-chosen
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bump function.]
(b) Infer that there are many Taylor series with radius of convergence R = 0.
(¢) Construct a smooth function whose Taylor series at every z has radius of
convergence R = 0. [Hint: Try Y Sr(x)e(z + qx) where {q1,q2,...} = Q]
*38. Suppose that T' C (a, b) clusters at some point of (a,b) and that f,g: (a,b) = R
are analytic. Assume that for all ¢ € T" we havef(t) = g(t).
(a) Prove that f = g everywhere in (a,b).
(b) What if f and g are only C*°?
(c) What if 7" is an infinite set but its only cluster points are a and b7
**(d) Find a necessary and sufficient condition for a subset Z C (a,b) to be
the zero locus of an analytic function f defined on (a,b), Z = {z €
(a,b) : f(z) = 0}. [Hint: Think Taylor. The result in (a) is known as
the Identity Theorem. It states that if an equality between analytic
functions is known to hold for points of T' then it is an “identity,” an
equality that holds everywhere.]
39. Let M be any metric space with metric d. Fix a point p € M and for each
q € M define the function fy(z) = d(q,z) — d(p, x).
(a) Prove that f; is a bounded, continuous function of € M, and that the
map g — f, sends M isometrically onto a subset My of CY(M,R).
(b) Since CY(M,R) is complete, infer that an isometric copy of M is dense
in a complete metric space, namely the closure of My, and hence that we
have a second proof of the Completion Theorem 2.80.
40. As explained in Section 8, a metric space M is o-compact if it is the countable
union of compact subsets, M = |J M;.
(a) Why is it equivalent to require that M is the monotone union of compact

subsets,
M = (O,

ie, My C MyC...?

) Prove that a o-compact metric space is separable.

) Prove that Z,Q,R,R™ are o-compact

d) Prove that C° is not o-compact. [Hint: Think Baire.]

) fM = lTj int(M;) and each M; is compact, M is o™ compact. Prove that
M is o™ compact if and only if it is separable and locally compact. Infer
that Z,R, and R™ are o™compact but Q is not.

(f) Assume that M is o*compact, M = (J int(M;), with each M; compact.
Prove that this monotone union “engulfs” all compacts in M, in the sense
that if A C M is compact, then for some i, A C M;.

(g) M= lTJMl and each M; is compact show by example that this engulfing
property may fail, even when M itself is compact.

**(h) Prove or disprove that a complete o-compact metric space is o*-compact.
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41. (a) Give an example of a function f : [0,1] x [0,1] — R such that for each
fixed x, the function y — f(z,y) is a continuous function of y, and for
each fixed y, the function z — f(x,y) is a continuous function of z, but f
is not continuous.
(b) Suppose in addition that the set of functions

E={zw— f(z,y) 1y €[0,1]}

is equicontinuous. Prove that f is continuous.
42. Prove that R cannot be expressed as the countable union of Cantor sets.
43. What is the joke in the following picture?
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More Prelim Problems

1.

10.

Let f and f,, n € N, be functions from R to R. Assume that f,(x,) — f(z) as
n — oo and x, — x. Show that f is continuous. (Note: The functions f,, are
not assumed to be continuous.)

. Suppose that f, € C° and for each z € [a, b],

filz) > fo(z) > ...

and lim f,(z) = 0. Is the sequence equicontinuous? Give a proof or coun-
n—o0

terexample. [Hint: Does f,(z) converge uniformly to 0, or does it not?|

. Let E be the set of all functions « : [0, 1] — R such that «(0) = 0 and u satisfies

a Lipschitz condition with Lipschitz constant 1. Define ¢ : F — R according to
the formula

b(u) = /0 (u(@)? - u(z)) d.

Prove that there exists a function u € E at which ¢(u) attains an absolute
maximum.

Let (gn) be a sequence of twice-differentiable functions defined on [0, 1], and
assume that for all n,g,(0) = ¢/,(0). Suppose also that for all n € N and all
z € [0,1], g, (z)] < 1. Prove that there is a subsequence of (g,) converging
uniformly on [0, 1].

Let (ay,) be a sequence of nonzero real numbers. Prove that the sequence of
functions

fn(z) = ai sin(anx) + cos(z + ay)

has a subsequence converging to a continuous function.

Suppose that f : R — R is differentiable, f(0) = 0, and f'(z) > f(x) for all
xz € R. Prove that f(z) > 0 for all z > 0.

Suppose that f : [a,b] — R and the limits of f(z) from the left and the right
exist at all points of [a,b]. Prove that f is Riemann integrable.

Let h :[0,1) — R be a uniformly continuous function where [0, 1) is the half-
open interval. Prove that there is a unique continuous map g : [0, 1] — R such
that g(z) = h(z) for all z € [0, 1).

Assume that f : R — R is uniformly continuous. Prove that there are constants
A, B such that |f(z)] < A+ B|z| for all x € R.

Suppose that f(x) is defined on [—1, 1] and that its third derivative exists and
is continuous. (That is, f is of class C3.) Prove that the series

oo

> (n(f(1/n) = f(=1/n)) - 2f'(0))

n=0

converges.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

Let A C R™ be compact, x € A. Let (z,,) be a sequence in A such that every
convergent subsequence of (x,) converges to x.
(a) Prove that the sequence (z,) converges.
(b) Give an example to show if A is not compact, the result in (a) is not
necessarily true.
Let f:[0,1] — R be continuously differentiable, with f(0) = 0. Prove that

1
112 < /O (f'(x))%da

where |[f]| = sup{|f ()] : 0 < ¢ < 1}.
Let f, : R — R be differentiable functions, n = 1,2,..., with f,(0) = 0 and
|/} (z)| < 2 for all n,z. Suppose that

Jim fo(2) = ()
for all x. Prove that g is continuous.
Let X be a nonempty connected set of real numbers. If every element of X is
rational, prove that X has only one element.
Let k£ > 0 be an integer and define a sequence of maps f, : R — R as

k
T
Julz) = 2 4+n
n =1,2,.... For which values of k£ does the sequence converge uniformly on R?

On every bounded subset of R?
Let f : [0,1] — R be Riemann integrable over [b,1] for every b such that
0<b< 1.
(a) If f is bounded, prove that f is Riemann integrable over [0, 1].
(b) What if f is not bounded?
(a) Let S and T be connected subsets of the plane R? having a point in
common. Prove that SUT is connected.
(b) Let {Sa} be a family of connected subsets of R? all containing the origin.
Prove that |J S, is connected.

Let f: R — R be continuous. Suppose that R contains a countably infinite set
S such that

/qu(:r)d:v:0

if p and ¢ are not in .S. Prove that f is identically zero.
Let f: R — R satisfy f(z) < f(y) for 2 < y. Prove that the set where f is not
continuous is finite or countably infinite.
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20. Let (g,) be a sequence of Riemann integrable functions from [0,1] into R such
that |g,(z)| <1 for all n,z. Define
x
Gn(x) = / gn () dt.
0
Prove that a subsequence of (G,,) converges uniformly.
21. Prove that every compact metric space has a countable dense subset.
22. Show that for any continuous function f : [0, 1] — R and for any € > 0 there is
a function of the form .
x) = Z Crpa®
k=0
for some n € N, and |g(x) — f(x)| < € for all z in [0, 1].
23. Give an example of a function f : R — R having all three of the following
properties:
(a) f(z ):Oforallm<0andx>2.
(b) £(1) =
(¢) f has derlvatlves of all orders.
24. (a) Give an example of a differentiable function f : R — R whose derivative
is not continuous.
(b) Let f be as in (a). If f/(0) < 2 < f’(1) prove that f'(x) = 2 for some
z € [0,1].
25. Let U C R™ be an open set. Suppose that the map h : U — R™ is a homeo-
morphism from U onto R™ which is uniformly continuous. Prove that U = R™.
26. Let (f,) be a sequence of continuous maps [0, 1] — R such that
! 2
| awPay<s
0
for all n. Define g, : [0,1] — R by
1
= / VT +y fuly) dy
0
(a) Find a constant K > 0 such that |g,(x)| < K for all n.
(b) Prove that a subsequence of the sequence (g,) converges uniformly.
27. Consider the following properties of a map f: R™ — R.

(a) f is continuous.
(b) The graph of f is connected in R™ x R.
Prove or disprove the implications (a) = (b), (b) = (a).

28. Let (P,) be a sequence of real polynomials of degree < 10. Suppose that

lim P,(z) =0
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29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

for all = € [0,1]. Prove that P,(z) = 0, 0 < 2 < 1. What can you say about
P,(z) for 4 <z <57

Give an example of a subset of R having uncountably many connected compo-
nents. Can such a subset be open? Closed? Does your answer change if R?
replaces R?

For each (a,b,c) € R? consider the series

oo n

Z nb(logn)c’

n=3

Determine the values of a, b, and ¢ for which the series converges absolutely,
converges conditionally, diverges.

Let X be a compact metric space and f : X — X an isometry. (That is,
d(f(x), f(y)) = d(x,y) for all z,y € X.) Prove that f(X) = X.

Prove or disprove: Q is the countable intersection of open subsets of R.

Let f: R — R be continuous and

|1t < .

—00

Show that there is a sequence (x,) in R such that x,, — oo, x,, f(z,) — 0, and
Tnf(—2,) — 0 as n — oo.

Let f : [0,1] — R be a continuous function. Evaluate the following limits (with
proof):

1 1
(a) lim 2" f(x)dx (b)  lim n/ 2" f(x) du.

Let K be an uncountable subset of R™. Prove that there is a sequence of
distinct points in K which converges to some point of K.
Prove or give a counterexample: Every connected locally pathwise-connected
set in R™ is pathwise-connected.
Let (fn) be a sequence of continuous functions [0, 1] — R such that f,(z) — 0
for each x € [0, 1]. Suppose that

/01 fn(z)dz

for all n where K is a constant. Does fol fn(x)dx converge to 0 as n — oo?
Prove or give a counterexample.

Let E be a closed, bounded, and nonempty subset of R” and let f: E — E be
a function satisfying |f(z) — f(y)| < |x — y| for all z,y € E, = # y. Prove that
there is one and only one point xg € E such that f(zg) = zo.

<K
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39. Let f:]0,27] — R be a continuous function such that
2w
(z)sin(nx) dz =0
0
for all integers n > 1. Prove that f is identically constant.
40. Let fi, fo,... be continuous real-valued functions on [0, 1] such that for each
x €0,1], fi(z) > fa(x) > .... Assume that for each z, f,(x) converges to 0 as
n — 00. Does f, converge uniformly to 0?7 Give a proof or counterexample.
41. Let f :]0,00) — [0,00) be a monotonically decreasing function with
o0
/ f(z)dr < 0.
0
Prove that lim zf(z) = 0.
T—00
42. Suppose that F': R™ — R™ is continuous and satisfies
[F(x) = F(y)| = Alz =y
for all z,y € R™ and some constant A > 0. Prove that F' is one-to-one, is onto,
and has a continuous inverse.
43. Show that [0, 1] cannot be written as a countably infinite union of disjoint closed
subintervals.
44. Prove that a continuous function f : R — R which sends open sets to open sets
must be monotonic.
45. Let f :]0,00) — R be uniformly continuous and assume that
b
lim / f(z)dx
b—o0 0
exists (as a finite limit). Prove that lim f(z) =0.
T—00
46. Prove or supply a counterexample: If f and g are continuously differentiable
functions defined on the interval 0 < z < 1 which satisfy the conditions
lim f(z) =0= lim g(z) and lim @) =
z—0 z—0 z—0 g(x)
!/
and if ¢ and ¢ never vanish, then lim f/(x) = c¢. (This is a converse of
20 g'()
L’Hopital’s rule.)
47. Prove or provide a counterexample: If the function f from R to R has both a

left and a right limit at each point of R, then the set of discontinuities is at
most countable.
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48.

49.

50.

ol.

52.

53.

54.

95.

56.

Prove or supply a counterexample: If f is a nondecreasing real-valued function
on [0, 1] then there is a sequence f,,, n = 1,2,..., of continuous functions on
[0,1] such that for each z in [0,1], lim f,(z) = f(x).

n—00
Show that if f is a homeomorphism of [0, 1] onto itself then there is a sequence
of polynomials P,(x), n = 1,2,..., such that P, — f uniformly on [0, 1] and
each P, is a homeomorphism of [0, 1] onto itself. [Hint: First assume that f is
Ct]
Let f be a C? function on the real line. Assume that f is bounded with bounded
second derivative. Let A = sup, |f(z)| and B = sup, | f”(x)|. Prove that

sup|f'(z)] < 2VAB.

Let f be continuous on R and let

—1
1 n
=i ().
k=0
Prove that f,(z) converges uniformly to a limit on every finite interval [a, b].

Let f be a real-valued continuous function on the compact interval [a, b]. Given
€ > 0, show that there is a polynomial p such that

pla) = f(a),  p'(a)=0, and |p(z) - f(z)| <e

for all z € [a, b].

A function f : [0,1] — R is said to be upper semicontinuous if, given x €
[0,1] and ¢ > 0, there exists a ¢ > 0 such that |y — x| < ¢ implies that
f(y) < f(x) + €. Prove that an upper semicontinuous function on [0,1] is
bounded above and attains its maximum value at some point p € [0, 1].

Let f(z), 0 < x <1, be a continuous real function with continuous derivative
f'(x). Let M be the supremum of |f/(z)|, 0 <2 < 1. Prove the following: For

n=1,2,..., 1 < ) /f

Let K be a compact subset of R and let (B;) be a sequence of open balls
which cover K. Prove that there is an € > 0 such that each e-ball centered at
a point of K is contained in at least one of the balls B;

_2n

Let f be a continuous real-valued function on [0, c0) such that

a,«h_fgo <f(a:)+/: f(t) dt)

exists (and is finite). Prove that lim, . f(x) = 0.
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o7.

98.

99.

60.

61.

62.

63.

64.

65.

66.

A standard theorem asserts that a continuous real-valued function on a com-
pact set is bounded. Prove the converse: If K is a subset of R™ and if every
continuous real-valued function defined on K is bounded, then K is compact.
Let F be a uniformly bounded equicontinuous family of real-valued functions
defined on the metric space X. Prove that the function

g(z) =sup{f(z): f € T}

is continuous.

Suppose that (f,,) is a sequence of nondecreasing functions which map the unit
interval into itself. Suppose that nh—>Holo fn(z) = f(x) pointwise and that f is a
continuous function. Prove that f,(x) — f(z) uniformly as n — oo. Note that
the functions f,, are not necessarily continuous.

Does there exist a continuous real-valued function f(x), 0 < x < 1, such that

1 1
/ zf(z)dx =1 and / 2" f(x)de =0
0 0

for allm =0,2,3,4,5,...7 Give a proof or counterexample.
Let f be a continuous, strictly increasing function from [0, c0) onto [0, c0) and
let g = f~! (the inverse, not the reciprocal). Prove that
a b
t/ﬂ@M+/dw@2w
0 0
for all positive numbers a, b, and determine the condition for equality.
Let f be a function [0,1] — R whose graph {(z, f(x)) : € [0,1]} is a closed
subset of the unit square. Prove that f is continuous.
Let (a,) be a sequence of positive numbers such that > a,, converges. Prove
that there exists a sequence of numbers ¢, — 0o as n — oo such that > cpan,
converges.
Let f(x,y) be a continuous real-valued function defined on the unit square
[0,1] x [0,1]. Prove that g(z) = max{f(z,y) : y € [0,1]} is continuous.
Let the function f from [0,1] to [0,1] have the following properties. It is of
class C', f(0) = 0 = f(1), and f’ is nonincreasing (i.e., f is concave). Prove
that the arclength of the graph of f does not exceed 3.

Let A be the set of all positive integers that do not contain the digit 9 in their
decimal expansions. Prove that

Zl<oo.
aGAa

That is, A defines a convergent subseries of the harmonic series.



Multivariable Calculus

This chapter presents the natural geometric theory of calculus in n dimensions.

1 Linear Algebra

It will be taken for granted that you are familiar with the basic concepts of linear
algebra — vector spaces, linear transformations, matrices, determinants, and dimen-
sion. In particular, you should be aware of the fact that an m x n matrix A with
entries a;; is more than just a static array of mn numbers. It is dynamic. It can act.
It defines a linear transformation T4 : R — R™ that sends n-space to m-space

according to the formula
m n

TA(U) = Z aijvjei

=1 j=1

wherev = ) vje; € R" and ey, ..., e, is the standard basis of R". (Equally, e1,...,ep
is the standard basis of R™.)

The set M = M(m,n) of all m x n matrices with real entries a;; is a vector space.
Its vectors are matrices. You add two matrices by adding the corresponding entries,
A+ B = C where a;j + b;; = ¢;j. Similarly, if A € R is a scalar then AA is the matrix
with entries Aa;;. The dimension of the vector space M is mn, as can be seen by
expressing each A as ) a;;E;; where Ej;; is the matrix whose entries are 0, except for
the (i)™ entry which is 1. Thus, as vector spaces, M = R™",

(©) Springer International Publishing Switzerland 2015 277
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The set £ = L(R™,R™) of linear transformations 7' : R™ — R™ is also a vector
space. You combine linear transformations as functions, U = T'+ .S being defined by
U(v) =T(v)+ S(v), and AT being defined by (AT")(v) = AT'(v). The vectors in £ are
linear transformations. The mapping A +— T4 is an isomorphism T : M — £. The
matrix A is said to represent the linear transformation Ty : R™ — R™. As a rule of
thumb, think with linear transformations and compute with matrices.

Corresponding to composition of linear transformations is the product of matrices.

If Ais an m X k matrix and B is a k X n matrix then the product matrix P = AB is

the m x n matrix whose (i)' entry is

k
Dij = ai1b1j + - - + ajpby; = Zairbrj~
r=1

1 Theorem T4 oTp =T4p.

Proof For each pair of basis vectors e, € R*¥ and ej € R" we have

m k
Ta(e,) = Zawei Tg(ej) = Zbﬁer.
i=1 r=1

Thus for each basis vector e; we have
Kk k k m
(TA e} TB)(GJ') = TA (Z br‘jer> = Z broA(er) = Z brj Z Qg €4
r=1 r=1 r=1 =1
k m m k
S 3 SIS 3 S

r=1i=1 i=1 r=1
m
= E pijei = Tap(ej).
i=1
Two linear transformations that are equal on a basis are equal. ]

Theorem 1 expresses the pleasing fact that matrix multiplication corresponds nat-
urally to composition of linear transformations. See also Exercise 6.

As explained in Chapter 1, a norm on a vector space V' is a function | |:V — R
that satisfies three properties:
(a) For all v € V' we have |v| > 0; and |v| = 0 if and only if v = 0.
(b) [Av] = [A[]v].
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(©) v+ w| < o] + |wl.
(Note the abuse of notation in (b); |A| is the magnitude of the scalar A and |v| is the

norm of the vector v.) Norms are used to make vector estimates, and vector estimates
underlie multivariable calculus.

A vector space with a norm is a normed space. Its norm gives rise to a metric
as
/ /
d(v,v") = |v =2'|.
Thus a normed space is a special kind of metric space.

If V,W are normed spaces then the operator norm of a linear transformation

T:V = Wis Tl
vlw
T = sup{ v %O}.
vl
The operator norm of 7' is the maximum stretch that 7" imparts to vectors in V.
The subscript on the norm indicates the space in question, which for simplicity is

often suppressed.|

The composition of linear transformations obeys the norm inequality
1T o S|l < |IT| 18]

where S : U — V and T : V — W. Thinking in terms of stretch, the inequality is
clear: S stretches a vector uw € U by at most ||S||, and T stretches S(u) by at most
|T||. The net effect on u is a stretch of at most ||T'|| ||S]|.

2 Theorem Let T : V — W be a linear transformation from one normed space to
another. The following are equivalent:

(a) [IT]| < oo.
(b) T is uniformly continuous.
(c) T is continuous.

(d) T is continuous at the origin.
Proof Assume (a), |T|| < co. For all v,v" € V| linearity of T implies that
Tv —TV| < ||| |v =],

which gives (b), uniform continuity. Clearly (b) implies (c¢) implies (d).

If ||| is finite then T is said to be a bounded linear transformation. Unfortunately, this
terminology conflicts with 7" being bounded as a mapping from the metric space V' to the metric space
W. The only linear transformation that is bounded in the latter sense is the zero transformation.
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Assume (d) and take e = 1. There is a ¢ > 0 such that if u € V and |u| < ¢ then
|Tu| < 1.

For any nonzero v € V, set u = Av where A = §/2|v|. Then |u| =§/2 < § and

Tv|  |Tul 1 2

ol ful T Jul 6

which implies ||T'|| < 2/6 and verifies (a). O

3 Theorem FEvery linear transformation T : R® — W is continuous and every iso-
morphism T : R™ — W is a homeomorphism.

Proof The norm on R" is the Euclidean norm. If v = (vy,...,v,) € R™ then
[v] = /0?4 ...+ v2.
Let | | denote the norm on W and let M = max{|T(e1)|w,...,|T(en)|w}. For

v =7 vje; € R" we have |vj| < |v| and

n

n
Tolw < Y [T(we)lw = D [wliT(e)lw < nlo|M
j=1 j=1

which implies that ||T|| < nM < co. Theorem 2 implies that 7" is continuous.

Assume that T : R” — W is an isomorphism. We have just shown that T is
continuous, but what about 77'? Continuity of 7" implies that the T-image of the
unit sphere is compact. Injectivity implies that O ¢ T(S™"~!). Since O and T(S™ 1)
are disjoint compact sets in the metric space W, there is a constant ¢ > 0 such that
for all u € S we have dy (Tu,O) = |Tu| > c. For each nonzero v € R" we write
v = Au where A = |v| and u = v/ |v| is a unit vector. Linearity of T implies Tv = AT'u
which gives |Tv| > c|v|, i.e.,

= c .

For each w € W let v = T~ (w). Then w = Tv and

gives HT‘1 H < 1/c < 00, and by Theorem 2 we get continuity of 7. A bicontinuous
bijection is a homeomorphism. O
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Figure 106 The minimum distance from 7'(S" 1) to the origin is > c.

Geometrically speaking, the inequality |Tv| > ¢|v| means that T shrinks each
vector in R™ by a factor no smaller than c, so it follows that 7! expands each vector
in W by a factor no greater than 1/c. The largest ¢ with the property |Tv| > c|v|
for all v is the conorm of T'. See Figure 106 and Exercise 4.

4 Corollary In the world of finite-dimensional normed spaces, all linear transforma-
tions are continuous and all isomorphisms are homeomorphisms. In particular, if a
finite-dimensional vector space is equipped with two different norms then the identity
map s a homeomorphism between the two normed spaces. In particular T : M — £
s a homeomorphism.

Proof Let V be an n-dimensional normed space and let T : V' — W be a linear
transformation. As you know from linear algebra, there is an isomorphism H :
R" — V. Theorem3 implies that H is a homeomorphism. Therefore H~! is a
homeomorphism. Since T'oH is a linear transformation from R™ to W it is continuous.
Thus

T=(ToH)oH™!

is the composition of continuous maps so it is continuous.

Suppose that T': V' — W is an isomorphism and V is finite-dimensional. Then
W is finite-dimensional and 7~ : W — V is a linear transformation. Since every
linear transformation from a finite-dimensional normed space to a normed space is
continuous, 7' and 7! are both continuous, so T is a homeomorphism.
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Let a finite-dimensional vector space V' be equipped with norms | |; and | |,.
Since the identity map is an isomorphism V; — V5 it is a homeomorphism. The same
applies to the isomorphism T that assigns to a matrix A the corresponding linear
transformation T4. O

2 Derivatives

A function of a real variable y = f(x) has a derivative f'(z) at  when

" i f@ R~ f(@)

h—0 h

= f'(@).

If, however, = is a vector variable, (1) makes no sense. For what does it mean to
divide by the vector increment h? Equivalent to (1) is the condition

F@th) = f@) + F@h+RE) = lim 20 _ g

which is easy to recast in vector terms.

Definition Let f: U — R™ be given where U is an open subset of R”. The function
f is differentiable at p € U with derivative (Df), =T if T': R" — R™ is a linear
transformation and

2) Fp+v) = f(0) +T(v) + R(w) = lim 20 _

o]0 |v]

We say that the Taylor remainder R is sublinear because it tends to 0 faster than
|v].

When n = m = 1, the multidimensional definition reduces to the standard one.
This is because a linear transformation R — R is just multiplication by some real
number, in this case multiplication by f/(z).

Here is how to visualize D f. Take m = n = 2. The mapping f : U — R? distorts
shapes nonlinearly; its derivative describes the linear part of the distortion. Circles
are sent by f to wobbly ovals, but they become ellipses under (D f),. Lines are sent
by f to curves, but they become straight lines under (Df),. See Figure 107 and also
Appendix A.

This way of looking at differentiability is conceptually simple. Near p, f is the
sum of three terms: A constant term ¢ = fp, a linear term (D f),v, and a sublinear
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a A

Figure 107 (Df), is the linear part of f at p.

remainder term R(v). Keep in mind what kind of an object the derivative is. It is
not a number. It is not a vector. No, if it exists then (D f), is a linear transformation
from the domain space to the target space.

5 Theorem If f is differentiable at p then it unambiguously determines (Df), ac-
cording to the limit formula, valid for all u € R",

3) (Df)y() = tim L1 = T),

t—0 t

Proof Let T be a linear transformation that satisfies (2). Fix any u € R™ and take
v = tu. Then

flp+ ﬂ? — f(p) _ T'(tu) _j; R(tu) = T(u) +

R(tu)
tful

Jul.

The last term converges to zero as t — 0, which verifies (3). Limits, when they exist,

are unambiguous and therefore if 7" is a second linear transformation that satisfies
(2) then T(u) =T"(u) so T =1T". O

6 Theorem Differentiability implies continuity.

Proof Differentiability at p implies that

[f(p+0) = f)| = [(Df)pv + R(v)| < [[(Df)pll [v] + |R(v)] — 0

asp+v — p. ]
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Df is the total derivative or Fréchet derivative. In contrast, the ij** partial
derivative of f at p is the limit, if it exists,
dfi(p) o filp + tej) — fi(p)

—— =1
Ox; t—0 t

7 Corollary If the total derivative exists then the partial derivatives exist and they
are the entries of the matrix that represents the total derivative.

Proof Substitute in (3) the vector u = e; and take the i*" component of both sides
of the resulting equation. O

As is shown in Exercise 15, the mere existence of partial derivatives does not imply
differentiability. The simplest sufficient condition beyond the existence of the partials
— and the simplest way to recognize differentiability — is given in the next theorem.

8 Theorem If the partial derivatives of f : U — R™ exist and are continuous then

f 1is differentiable.

Proof Let A be the matrix of partials at p, A = [0fi(p)/0x;], and let T : R" — R™
be the linear transformation that A represents. We claim that (Df), = 7. We must
show that the Taylor remainder

R(v) = f(p+v) — f(p) — Av
is sublinear. Draw a path o = [01,...,0y] from p to ¢ = p + v that consists of n
segments parallel to the components of v. Thus v =) vje; and
oj(t) =pj—1 + tvje; 0<t<1
is a segment from p;_1 = p + Ek<j vgex to pj = pj_1 +vje;. See Figure 108.

By the one-dimensional chain rule and mean value theorem applied to the differ-
entiable real-valued function g(t) = f; o 0;(t) of one variable, there exists ¢;; € (0,1)

such that of: (i)
filpg) = filps-1) = 9(1) = 9(0) = g () = 5w,
J
where p;; = 0(t;;). Telescoping fi(p +v) — fi(p) along o gives
Ri(v) = filp+v)— filp) — (Av);

n

= > (fi(pj) = filpj-1) = 332(5))@]-)

j=1

S {afégim . 8£g§p>}

j=1
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p3=p+v=gq
]

O3

P=Po

Py=ptvie +vaeg

P=p+vie

Figure 108 The segmented path o from p to ¢

Continuity of the partials implies that the terms inside the curly brackets tend to 0
as [v| = 0. Thus R is sublinear and f is differentiable at p. O

Next we state and prove the basic rules of multivariable differentiation.

9 Theorem Let f and g be differentiable. Then

(a) D(f+cg) = Df +cDg.

(b) D(constant) = 0 and D(T(z)) = T.

(¢c) D(go f) = DgoDf. (Chain Rule)

(d) D(feg) = Dfeg+ feDg. (Leibniz Rule)

There is a fifth rule that concerns the derivative of the nonlinear inversion operator
Inv:T — T~'. It is a glorified version of the formula

do~t 9
= —X s
dz

and is discussed in Exercises 32 - 36.

Proof (a) Write the Taylor estimates for f and g and combine them to get the Taylor
estimate for f + cg.

flp+v) = f(p)+(Df)pv) + Ry
glp+v) = g(p)+(Dg)y(v) + Ry
(f+ecg)ptv) = (f+cg)(p)+ ((Df)p+c(Dg)p)(v) + Ry + cRy.

Since Ry + cRy is sublinear, (D f), + c(Dg), is the derivative of f + cg at p.
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(b) If f : R™ — R™ is constant, f(x) = ¢ for all z € R", and if O : R" — R™
denotes the zero transformation then the Taylor remainder R(v) = f(p+v) — f(p) —
O(v) is identically zero. Hence D(constant), = O.

T :R™ — R™ is a linear transformation. If f(z) = T'(x) for all z then substituting
T itself in the Taylor expression gives the Taylor remainder R(v) = f(p+v)— f(p) —
T'(v), which is identically zero. Hence (DT), =1T.

Note that when n = m = 1, a linear function is of the form f(z) = az, and the
previous formula just states that (ax) = a.

(c) Tacitly, we assume that the composite g o f(z) = g(f(z)) makes sense as z
varies in a neighborhood of p € U. The notation Dg o D f refers to the composite of
linear transformations and is written out as

D(go f)p=(Dg)go (Df)p

where ¢ = f(p). The Chain Rule states that the derivative of a composite is the
composite of the derivatives. Such a beautiful and natural formula must be true. See
also Appendix A. Here is a proof.

It is convenient to write the remainder R(v) = f(p+v)— f(p) — T (v) in a different
form, defining the scalar function e(v) by

|R(v)| .
e(v) = m ifv#£0
0 ifv=0.

Sublinearity is equivalent to liH(l) ¢(v) = 0. Think of e as an “error factor.”
v—

The Taylor expressions for f at p and g at ¢ = f(p) are

flp+v) = f(p)+ Av+ Ry
9(g+w) = g(g)+Bw+ Ry

where A = (Df), and B = (Dg), as matrices. The composite is expressed as
go f(p+v) = glg+ Av+ Rs(v)) = g(q) + BAv + BRf(v) + Ry(w)

where w = Av 4+ Ry¢(v). It remains to show that the remainder terms are sublinear
with respect to v. First

[BRf(v)| < |B|l[Rf(v)|
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is sublinear. Second,
jw| = |Av+ Ry(v)| < [[All o] + es(v)v].

Therefore,
[Ry(w)] < eg(w) |w] < eg(w)([|All + ef(v)) [v].

Since e4(w) — 0 as w — 0 and since v — 0 implies that w does tend to 0, we see that
Ry (w) is sublinear with respect to v. It follows that (D(go f)), = BA as claimed.

(d) To prove the Leibniz Product Rule, we must explain the notation v e w. In
R there is only one product, the usual multiplication of real numbers. In higher-
dimensional vector spaces, however, there are many products and the general way to
discuss products is in terms of bilinear maps.

A map 8 :V x W — Z is bilinear if V,W, Z are vector spaces and for each
fixed v € V' the map S(v, .) : W — Z is linear, while for each fixed w € W the map
B(.,w):V — Z is linear. Examples are

(i) Ordinary real multiplication (x,y) — zy is a bilinear map R x R — R.
(ii) The dot product is a bilinear map R™ x R" — R.
(iii) The matrix product is a bilinear map M(m x k) x M(k x n) — M(m x n).

The precise statement of (d) is that if § : RF x R — R™ is bilinear while f :
U — RF and g : U — R’ are differentiable at p then the map = +— B(f(z), g(z)) is
differentiable at p and

(DB(f,9))p(v) = BUDS)p(v),9(p)) + B(f(p), (Dg)p(v))-

Just as a linear transformation between finite-dimensional vector spaces has a finite
operator norm, the same is true for bilinear maps:
181 = sup{ 28y 2 0} < oo
|v] w]

To check this we view [ as a linear map Tj : R — L(RY,R™). According to
Theorems 2 and 3, a linear transformation from one finite dimensional normed space
to another is continuous and has finite operator norm. Thus the operator norm Tjp
is finite. That is,

[T (o)

|v]

|Ts] = max{ :U#O} < oo0.

But | Ts(v)|| = max{|8(v,w)|/|w| :w # 0}, which implies that ||5| < oc.
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Returning to the proof of the Leibniz Rule, we write out the Taylor estimates for
f and g and plug them into 5. If we use the notation A = (Df), and B = (Dg),,
then bilinearity implies

B(f(p+v), glp+v)) = B(f(p) + Av+ Ry, g(p) + Bv + Ry)
= B(f(p), 9(p)) + B(Av, g(p)) + B(f(p), Bv)
B(f(p), Rg) + B(Av, Bv + Rg) + 5(Rfv g(p) + Bv + Rg)-

The last three terms are sublinear. For

1B(f(p), By)]
|B(Av, Bu+ Ry)|

IB(Ry, g(p) + Bv + Ry)|

1B ()] [ Ry
IBIHA[ o] [Bv + Ry

18I [Rs[ 19(p) + Bv + Ry|

ININ TN

Therefore 5(f,g) is differentiable and DB(f,g) = 8(Df,g) + B(f, Dg) as claimed. [J

Here are some applications of these differentiation rules:

10 Theorem A function f : U — R™ is differentiable at p € U if and only if
each of its components f; is differentiable at p. Furthermore, the derivative of its it
component is the i™ component of the derivative.

Proof Assume that f is differentiable at p and express the i™® component of f as

fi = mif where m; : R™ — R is the projection that sends a vector w = (w1, ..., wp)
to w;. Since m; is linear it is differentiable. By the Chain Rule, f; is differentiable at
p and

(Dfi)p = (Dmi) o (Df)p = mio(Df)p.
The proof of the converse is equally natural. O

Theorem 10 implies there is little loss of generality in assuming m = 1, i.e., that
our functions are real-valued. Multidimensionality of the domain, not the target, is
what distinguishes multivariable calculus from one-variable calculus.

11 Mean Value Theorem If f : U — R™ s differentiable on U and the segment
[p,q| is contained in U then

|f(q) = f(p)| < M|q—pl

where M = sup{||(Df).|| : = € U}.
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Proof Fix any unit vector v € R™. The function

g(t) = (u, f(p+tlg—p)))

is differentiable and we can calculate its derivative. By the one-dimensional Mean
Value Theorem this gives some 6 € (0,1) such that g(1) — g(0) = ¢/(#). That is,

(u, f(@) = f(p)) = ¢'(0) = (u, (Df)pto(q—p)(a —p)) < Mlqg—pl.

A vector whose dot product with every unit vector is no larger than M|q — p| has
norm < M|q — p|. O

Remark The one-dimensional Mean Value Theorem is an equality

flq) = f(p) = F(0)(q—p)

and you might expect the same to be true for a vector-valued function if we replace
1'(0) by (Df)s. Not so. See Exercise 17. The closest we can come to an equality
form of the multidimensional Mean Value Theorem is the following.

12 C!' Mean Value Theorem If f : U — R™ is of class C' (its derivative exists
and is continuous) and if the segment [p,q] is contained in U then

(4) flg) = fp) = T(q—p)

where T is the average derivative of f on the segment,

1
7 = [ DDyt it

Conversely, if there is a continuous family of linear maps Ty € £ for which (4) holds
then f is of class Ct and (Df), = Tpp.

Proof The integrand takes values in the normed space £(R", R™) and is a continuous
function of t. The integral is the limit of Riemann sums

Z(Df)pﬁk(q—p) Aty,
k
which lie in £. Since the integral is an element of £ it has a right to act on the vector
q — p- Alternatively, if you integrate each entry of the matrix that represents D f
along the segment then the resulting matrix represents 7'. Fix an index i and apply
the Fundamental Theorem of Calculus to the C! real-valued function of one variable

g(t) = fico(t)
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where o(t) = p + t(q — p) parameterizes [p, q]. This gives

1
(@)~ i) = g(1)—g(0) = /0 §(t) dt

_ afl o
- / al,j ( q; p])dt

Lafi(a(t)

which is the ™" component of T'(q — p).

To check the converse, we assume that (4) holds for a continuous family of linear
maps Tp,q. Take ¢ = p +v. The first-order Taylor remainder at p is

R(v) = f(p+v) = f(p) = Tpp(v) = (Tpg — Tpp)(v),
which is sublinear with respect to v. Therefore (D f), = Tpp. O

13 Corollary Assume that U is connected. If f : U — R™ is differentiable and for
each point x € U we have (Df), =0 then f is constant.

Proof The enjoyable open and closed argument is left to you as Exercise 20. O

We conclude this section with another useful rule — differentiation past the
integral. See also Exercise 23.

14 Theorem Assume that f : [a,b] X (¢,d) — R is continuous and that Of(x,y)/0y

exists and is continuous. Then
b
- [ fayyds
a
is of class C' and

dF bof(x,
) = [

Proof By the C! Mean Value Theorem, if h is small then

F(y+h})L—F(y) _ flb/ab(/ol(Wthdx'

The inner integral is the partial derivative of f with respect to y averaged along the

segment from y to y+h. Continuity implies that this average converges to df(z,y) /0y
as h — 0, which verifies (5). Continuity of dF'/dy follows from continuity of df/dy.
See Exercise 22. O
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3 Higher Derivatives

In this section we define higher-order multivariable derivatives. We do so in the same
spirit as in the previous section — the second derivative will be the derivative of the
first derivative, viewed naturally. Assume that f : U — R is differentiable on U.
The derivative (D f), exists at each x € U and the map x — (D f), defines a function

Df:U — L(R", R™).

The derivative Df is the same sort of thing that f is, namely a function from an
open subset of a vector space into another vector space. In the case of D f the target
vector space is not R” but rather the mn-dimensional space {£. If D f is differentiable
at p € U then by definition

(D(Df)), = (D*f), = the second derivative of f at p

and f is second-differentiable at p. The second derivative at p is a linear map
from R™ into £. For each v € R, (D?f),(v) belongs to £ and therefore is a linear
transformation R™ — R™ so (D?f),(v)(w) is bilinear and we write it as

(D2f)p(v7 ’U))
(Recall that bilinearity is linearity in each variable separately.)
Third and higher derivatives are defined in the same way. If f is second-differen-
tiable on U then x — (D%f), defines a map
D*f .U — &2

where £2 is the vector space of bilinear maps R” x R — R™. If D?f is differentiable
at p then f is third-differentiable there, and its third derivative is the trilinear map
(D3f), = (D(D?f)),. And so on.

Just as for first derivatives, the relation between the second derivative and the
second partial derivatives calls for thought. Express f : U — R™ in component form
as f(z) = (fi(x),..., fm(x)) where x varies in U.

15 Theorem If (DQf)p exists then (Dka.)p exists, the second partials at p exist, and

_ 9 fi(p)
8.731‘833]' '

Conversely, existence of the second partials implies existence of (Dgf)p, provided that
the second partials exist at all points x € U near p and are continuous at p.
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Proof Assume that (D?f), exists. Then x — (Df), is differentiable at = p and
the same is true of the matrix

oh . 9h
ox1 Oxy,
O fm 0 fm
ox1 oxy,

that represents it;  +— M, is differentiable at * = p. For according to Theorem 10, a
vector function is differentiable if and only if its components are differentiable, and
then the derivative of the k™ component is the k™ component of the derivative. A
matrix is a special type of vector. Its components are its entries. Thus the entries
of M, are differentiable at = p and the second partials exist. Furthermore, the k"
row of M, is a differentiable vector function of x at x = p and

(DWDfpe)(es) = (D filples, ) = lim PItesC1) = (DI)ples)

The first derivatives appearing in this fraction are the j* partials of f;, at p+te; and
at p. Thus 82 fi(p)/0x;0x; = (D?fi)p(ei, €;) as claimed.

Conversely, assume that the second partials exist at all x near p and are continuous
at p. Then the entries of M, have partials that exist at all points ¢ near p, and are
continuous at p. Theorem 8 implies that = — M, is differentiable at x = p; i.e., f is
second-differentiable at p. O

The most important and surprising property of second derivatives is symmetry.

16 Theorem If (D2f)p exists then it is symmetric: For all v,w € R™ we have
(sz)P(Ua U}) - (D2f)p(w7 ’U).

Proof We will assume that f is real-valued (i.e., m = 1) because the symmetry
assertion concerns the arguments of f rather than its values. For a variable ¢t € [0, 1]
we draw the parallelogram P determined by the vectors tv, tw and label the vertices
with +1 as in Figure 109.

The quantity
A = A(t,v,w) = f(p+tv+itw) — f(p+tv) — f(p+tw) + f(p)

is the signed sum of f at the vertices of P. Clearly A is symmetric with respect to
/U? w7

A(t,v,w) = A(t,w,v).
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p+iw pHv+iw

a5

P pttv

Figure 109 The parallelogram P has signed vertices.

We claim that

© (D )y, ) = tim 2221

9

from which symmetry of D?f follows.

Fix t,v,w and write A = g(1) — ¢g(0) where
g(s) = f(p+tv+ stw) — f(p + stw).

Since f is differentiable, so is g. By the one-dimensional Mean Value Theorem there
exists 6 € (0,1) with A = ¢’(#). By the Chain Rule ¢’(#) can be written in terms of
Df and we get

A = g'(0) = (D f)pttototw(tw) — (Df)psotw(tw).

Taylor’s estimate applied to the differentiable function u +— (D f), at u = p gives

(Df)p+a = (Df)p + (DZf)p@v )+ R(z,.)

where R(z,. ) € £L(R"”,R™) is sublinear with respect to x. Writing out this estimate
for (D f)pte first with = tv 4 ftw and then with z = ftw gives

téz = % { [(Df)p(w) + (D2f)p(tv + Otw, w) + R(tv + Otw, w)]
—  [(Df)p(w) + (D* f)p(0tw, w) + R(Otw, w)]}

— (%), (v, w) + R(tv +t9tw,w) B R(Qtzv,w)
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Bilinearity was used to combine the two second derivative terms. Sublinearity of
R(z,w) with respect to x implies that the last two terms tend to 0 as ¢ — 0, which
completes the proof of (6). Since (D?f), is the limit of a symmetric (although
nonlinear) function of v, w it too is symmetric. O

Remark The fact that D?f can be expressed directly as a limit of values of f is
itself interesting. It should remind you of its one-dimensional counterpart,

h—0 h2

17 Corollary Corresponding mized second partials of a second-differentiable func-
tion are equal,

9% fi(p) _ 9% fr(p)
8@8% axja$i .

Proof The equalities

& fi(p) 2 2 & fi(p)
= (D*fipler ) = (D fi)p(ejei) =
axzax] ( fk)P(e e.]) ( fk)P<€J € ) 8.'1:]8377/
follow from Theorem 15 and the symmetry of D?f. O

The mere existence of the second-order partials does not imply second order
differentiability, nor does it imply equality of corresponding mixed second partials.
See Exercise 24.

18 Corollary The ™" derivative, if it exists, is symmetric: Permutation of the vec-
tors vi, ..., v does not affect the value of (D" f)y(v1,...,v,). Corresponding mized
higher-order partials are equal.

Proof The induction argument is left to you as Exercise 29. O

In my opinion Theorem 16 is quite natural even though its proof is tricky. It
proceeds from a pointwise hypothesis to a pointwise conclusion — whenever the second
derivative exists it is symmetric. No assumption is made about continuity of partials.
It is possible that f is second-differentiable at p and nowhere else. See Exercise 25.
All the same, it remains standard to prove equality of mixed partials under stronger
hypotheses, namely, that D?f is continuous. See Exercise 27.

We conclude this section with a brief discussion of the rules of higher-order dif-
ferentiation. It is simple to check that the 7" derivative of f + cg is D" f + ¢D"g.
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Also, if (3 is k-linear and k < r then f(z) = f(x,...,x) has D" f = 0. On the other
hand, if £ = r then (D" f), = r! Symm(f3) where Symm(/3) is the symmetrization of
8. See Exercise 28.

The Chain Rule for r*" derivatives is a bit complicated. The difficulties arise from
the fact that x appears in two places in the expression for the first-order Chain Rule,
(D(go f))z = (Dg) (&) © (Df)z, and so, differentiating this product produces

(D?9) ¢(zy © (Df)2 + (Dg) f(z) © (D*f)e-

(The meaning of (Df)2 needs clarification.) Differentiating again produces four
terms, two of which combine. The general formula is

(D"(go f) x—ZZDk )ODMf)

k=1 p

where the sum on g is taken as p runs through all partitions of {1,...,r} into k
disjoint subsets. See Exercise 41.

The higher-order Leibniz rule is left for you as Exercise 42.

Smoothness Classes

Amap f: U — R™ is of class C7 if it is r*"-order differentiable at each p € U and
its derivatives depend continuously on p. (Since differentiability implies continuity,
all the derivatives of order less than r are automatically continuous. Only the 7t
derivative is in question.) If f is of class C" for all r then it is smooth or of class
C°. According to the differentiation rules, these smoothness classes are closed under
the operations of linear combination, product, and composition. We discuss next how
they are closed under limits.

Let (fx) be a sequence of C" functions fi : U — R™. The sequence is

(a) Uniformly C" convergent if for some C” function f : U — R we have
fe=f  Dfi=Df ... D fp=D'f

as k — oo.
(b) Uniformly C" Cauchy if for each ¢ > 0 there is an N such that for all
k,¢ > N and all z € U we have

[fe(@) = fe(x)| <€ [[(Dfi)e = (Dfe)all <€ ... (D" fr)e — (D" fo)ell <e.
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19 Theorem Uniform C" convergence and Cauchyness are equivalent.

Proof Convergence always implies the Cauchy condition. As for the converse, first
assume that » = 1. We know that fj converges uniformly to a continuous function f
and the derivative sequence converges uniformly to a continuous limit

Dfi, = G

We claim that Df = GG. Fix p € U and consider points ¢ in a small convex neigh-
borhood of p. The C' Mean Value Theorem and uniform convergence imply that as
k — oo we have

1
fe(q) — felp) = /0 (D fr)p+i(q—p) At (@ — p)
I i)

f@) — ) = /0 Gp + tlq — ) dt (g — ).

This integral of G is a continuous function of ¢ that reduces to G(p) when p = ¢. By
the converse part of the C! Mean Value Theorem, f is differentiable and Df = G.
Therefore f is C' and f;, converges C' uniformly to f as k — oo, completing the
proof when r = 1.

Now suppose that » > 2. The maps Dfj, : U — £ form a uniformly C"~! Cauchy
sequence. The limit, by induction, is C"~! uniform; i.e., as k — oo we have

D*(Dfy) = DG

for all s < r — 1. Hence f; converges C" uniformly to f as k — oo, completing the
induction. O

The C" norm of a C” function f: U — R™ is
1f 1l = max{sup | f(z)],....sup (D" f)al}.
zelU zeU

The set of functions with || f||, < oo is denoted C"(U,R™).

20 Corollary || ||, makes C"(U,R™) a Banach space — a complete normed vector
space.

Proof The norm properties are easy to check; completeness follows from Theo-
rem 19. O]
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21 C"M-test If > My is a convergent series of constants and if || fx||» < My for all
k then the series of functions . fr converges in C"(U,R™) to a function f. Term-by-
term differentiation of order < r is valid, i.e., for all s <1 we have D°f =%, D* fj.

Proof Obvious from the preceding corollary. O

4 Implicit and Inverse Functions

Let f: U — R™ be given, where U is an open subset of R™ x R™. Fix attention on
a point (xg,yp) € U and write f(zg,y0) = z0. Our goal is to solve the equation

(7) f(fl', y) = 20

near (zg,yp). More precisely, we hope to show that the set of points (z,y) near
(zo,y0) at which f(z,y) = 2o, the so-called zp-locus of f, is the graph of a function
y = g(z). If so, g is the implicit function defined by (7). See Figure 110.

™ M

Figure 110 Near (xg,y0) the zg-locus of f is the graph of a function
y = g(x).

Under various hypotheses we will show that g exists, is unique, and is differen-
tiable. The main assumption, which we make throughout this section, is that

0 fi(xo,y0)
8yj

Equivalently the linear transformation that B represents is an isomorphism R —
R™.

the m x m matrix B = [ ] is invertible.



298 Multivariable Calculus Chapter 5

22 Implicit Function Theorem If the function f above is C", 1 < r < oo, then
near (xo,yo), the zo-locus of f is the graph of a unique function y = g(x). Besides,
gis C".

Proof Without loss of generality we suppose that (xo,yo) is the origin in R™ x R™
and zp = 0 in R™. The Taylor expression for f is

f(z,y) = Ar+By+ R

where A is the m X n matrix

_[0fi(zo,v0)
A_[ Ox; }

and R is sublinear. Solving f(x,y) = 0 for y = gx is equivalent to solving
(8) y=—B"(Az+ R(z,y)).

In the unlikely event that R does not depend on y, (8) is an explicit formula for
gx and the implicit function is an explicit function. In general, the idea is that the
remainder R depends so weakly on y that we can switch it to the left-hand side of
(8), absorbing it in the y-term.

Solving (8) for y as a function of z is the same as finding a fixed-point of
K,y = =B~ (Az + R(z,y)),
so we hope to show that K, contracts. The remainder R is a C' function, and

(DR)(0,0y = 0. Therefore if 7 is small and |z|, [y| < 7 then

nBlﬂfoy

<3
By the Mean Value Theorem this implies that

K2 (y1) — Ku(y2)]

IN

\w*wayn—Mxmn

IN

1B~ H H ly1 — 2| < |y1 — 2|

for |x|, |y1],|y2] < r. Due to continuity at the origin, if |z| < 7 < r then

r
K. (0)] <

Thus, for each x € X, K, contracts Y into itself where X is the 7-neighborhood of 0
in R™ and Y is the closure of the r-neighborhood of 0 in R™. See Figure 111.
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Y

V/a

Figure 111 K, contracts Y into itself.

By the Contraction Mapping Principle, K, has a unique fixed point g(z) in Y.
This implies that near the origin, the zero locus of f is the graph of a function

y=g(z).

It remains to check that g is C". First we show that g obeys a Lipschitz condition
at 0. We have

gz = |Kz(gz) — K2(0) + K2 (0)] < Lip(Ky) |9z — 0 + [Kz(0)]

|g2:z| + |B~ YAz + R(z,0))| < g2x| + 2Lz

IN

where L = HB_1H |Al| and |z| is small. Thus g satisfies the Lipschitz condition
lga| < 4Lja].

In particular g is continuous at x = 0.

Note the trick here. The term |gz| appears on both sides of the inequality but
since its coefficient on the r.h.s. is smaller than that on the Lh.s., they combine to
give a nontrivial inequality.

By the Chain Rule, the derivative of g at the origin, if it does exist, must satisfy
A+ B(Dg)o =0, so we aim to show that (Dg)g = —B~! A. Since gz is a fixed-point
of K, we have gv = —B~1A(x + R) and the Taylor estimate for g at the origin is

|9(z) —g(0) = (=B~ Az)| = |B7'R(z,gz)| < [|B7'|||R(z, g2)]
1B7"| e(z, g2) (|| + gz])
HB_IHe(x,g:U)(l—{—ZLL)|x|

IN A
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where e(z,y) — 0 as (z,y) — (0,0). Since gz — 0 as x — 0, the error factor e(x, gx)
does tend to 0 as x — 0, the remainder is sublinear with respect to x, and g is
differentiable at 0 with (Dg)g = —B~'A.

All facts proved at the origin hold equally at points (z,y) on the zero locus near
the origin. For the origin is nothing special. Thus, ¢ is differentiable at =z and
(Dg)y = —B; ' o A, where

Ofw,gz)  p _ Of(w.gx)

Ay =
or oy

Since gx is continuous (being differentiable) and f is C', A, and B, are continuous
functions of z. According to Cramer’s Rule for finding the inverse of a matrix, the
entries of B, ! are explicit, algebraic functions of the entries of B, and therefore they
depend continuously on x. Therefore g is C.

To complete the proof that g is C™ we apply induction. For 2 < r < oo, assume
the theorem is true for r — 1. When f is C" this implies that g is C"~!. Because they
are composites of C"~! functions, A, and B, are C"~!. Because the entries of B!
depend algebraically on the entries of B,, B, ! is also C"~1. Therefore (Dg), is C" 1
and g is C". If f is C"°°, we have just shown that g is C" for all finite r and thus g is
Ce. O

Exercises 35 and 36 discuss the properties of matrix inversion avoiding Cramer’s
Rule and finite dimensionality.

Next we are going to deduce the Inverse Function Theorem from the Implicit
Function Theorem. A fair question is: Since they turn out to be equivalent theorems,
why not do it the other way around? Well, in my own experience the Implicit Function
Theorem is more basic and flexible. I have at times needed forms of the Implicit
Function Theorem with weaker differentiability hypotheses respecting x than y and
they do not follow from the Inverse Function Theorem. For example, if we merely
assume that B = 0 f(zo,y0)/0y is invertible, that 0 f(x,y)/0x is a continuous function
of (z,y), and that f is continuous (or Lipschitz) then the local implicit function of f
is continuous (or Lipschitz). It is not necessary to assume that f is of class C*.

Just as a homeomorphism is a continuous bijection whose inverse is continuous,
so a C" diffeomorphism is a C" bijection whose inverse is C", 1 < r < oo. The
inverse being C” is not automatic. The example to remember is f(z) = 2. Tt is a
C™ bijection R — R and is a homeomorphism but not a diffeomorphism because its
inverse fails to be differentiable at the origin. Since differentiability implies continuity,
every diffeomorphism is a homeomorphism.
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Diffeomorphisms are to C" things as isomorphisms are to algebraic things. The
sphere and ellipsoid are diffeomorphic under a diffeomorphism R?® — R3 but the
sphere and the surface of the cube are only homeomorphic, not diffeomorphic.

23 Inverse Function Theorem If the derivative of f is invertible then f is a local
diffeomorphism.

Proof Invertibility of a matrix implies the matrix is square, so m = n. Then we
have f : U — R™, where U is an open subset of R™, and at some p € U, (Df), is
assumed to be invertible. We assume f is C", 1 < r < 0o, and set

F(x,y)=f(x) -y  q=f(p)

for (z,y) € U x R™. Clearly F is C", F(p,q) = 0, and the derivative of F' with
respect to x at (p,q) is (Df)p.

Since (D f), is an isomorphism we can apply the Implicit Function Theorem (with
x and y interchanged!) to find neighborhoods U, of p and V; of ¢ and a C" implicit
function h : V; — U, uniquely defined by the equation

F(hy,y) = f(hy) —y = 0.

This means that h is a “local right inverse” for f in the sense that foh = id|y,.
Since F(p,q) = 0, uniqueness implies p = hq, and (Df), o (Dh), = I implies (Dh),
is invertible.

We claim that h is also a “local left inverse” for f, and hence that f is a local
diffeomorphism. We can apply the same analysis with h in place of f since it is C",
it sends ¢ to p, and its derivative at ¢ is invertible. Consequently h has a unique local
right inverse, say g. It satisfies h o ¢ = id locally and we get

f=fo(hog)=(foh)og=y.

Thus ho f = hog = id shows that h is a local left inverse for f and we have h = f~!
on a neighborhood of ¢. O

5* The Rank Theorem

The rank of a linear transformation 7' : R®™ — R™ is the dimension of its range. In
terms of matrices, the rank is the size of the largest minor with nonzero determinant.
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If T is onto then its rank is m. If it is one-to-one then its rank is n. A standard
formula in linear algebra states that

rank 7'+ nullity ' = n

where nullity is the dimension of the kernel of T'. A differentiable function f : U — R™
has constant rank k if for all p € U the rank of (Df), is k.

An important property of rank is that if 7" has rank k£ and ||.S — T'|| is small then
S has rank > k. The rank of T' can increase under a small perturbation of T but it
cannot decrease. Thus, if f is C! and (Df), has rank k then automatically (Df),
has rank > k for all x near p. See Exercise 43.

The Rank Theorem describes maps of constant rank. It says that locally they
are just like linear projections. To formalize this we say that maps f: A — B and
g : C — D are equivalent (for want of a better word) if there are bijections o : A — C'
and f: B — D such that ¢ = 8o foa~!. An elegant way to express this equation
is a commutative diagram

B8 T

Commutativity means that for each a € A we have 8(f(a)) = g(a(a)). Following the
maps around the rectangle clockwise from A to D gives the same result as following
them around it counterclockwise. The «, 8 are “changes of variable.” If f g are
C" and a, 8 are C" diffeomorphisms, 1 < r < oo, then f and g are said to be C"
equivalent, and we write f ~, g. As C" maps, f and ¢ are indistinguishable.

24 Lemma C" equivalence is an equivalence relation and it has no effect on rank.

Proof Since diffeomorphisms form a group, ~, is an equivalence relation. Also, if
g = B o foa ! then the chain rule implies

Dg=DBoDfoDa .

Since D8 and Da~! are isomorphisms, Df and Dg have equal rank. O
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The linear projection P : R™ — R™
P(xy,...,xn) = (21,...,2%,0,...,0)

has rank k. It projects R™ onto the k-dimensional subspace RF x 0 c R™. (We
assume that k& < n,m.) The m x n matrix of P is

Iic 0
0 01|

25 Rank Theorem Locally, a C" constant-rank-k map is C" equivalent to a linear
projection onto a k-dimensional subspace.

As an example, think of the radial projection 7 : R®\ {0} — 5%, where 7(v) =
v/ |v]. It has constant rank 2, and is locally indistinguishable from linear projection
of R3 to the (x,y)-plane.

Proof Let f: U — R™ have constant rank k£ and let p € U be given. We will show
that on a neighborhood of p we have f ~, P.

Step 1. Define translations of R™ and R™ by

7:R*" = R" 7 R™ 5 R™

2 z+Dp 22— fp.

The translations are diffeomorphisms of R™ and R and they show that f is C”"
equivalent to 7/ o f o7, a C" map that sends 0 to 0 and has constant rank k. Thus,
it is no loss of generality to assume in the first place that p is the origin in R™ and
fp is the origin in R™. We do so.

Step 2. Let T : R™ — R™ be an isomorphism that sends 0 x R”* onto the kernel
of (Df)p. Since the kernel has dimension n — k, there is such a T'. Let 77 : R™ — R™
be an isomorphism that sends the image of (Df)g onto R¥ x 0. Since (D f)q has rank
k, there is such a T’. Then f ~, T' o f o T. This map sends the origin in R" to the
origin in R™, while its derivative at the origin has kernel 0 x R** and range R* x 0.

Thus it is no loss of generality to assume in the first place that f has these properties.
We do so.

Step 3. Write

(z,y) ERFX R  f(z,9) = (fx(z,y), fr(z,y)) € RF xR,
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We are going to find a g ~, f such that

9(x,0) = (x,0).
The matrix of (Df) is
A 0
0 0

where A is k x k and invertible. By the Inverse Function Theorem the map

oz fx(z,0)

is a diffeomorphism o : X — X’ where X and X’ are small neighborhoods of the
origin in R¥ and fx denotes the first & components of f. For 2/ € X, set

h(z') = fy(e7 (), 0).

This makes h a C" map X' — R™ % and

h(o(z)) = fy(x,0)

where fy denotes the final m — k components of f. The image of X x 0 under f is

the graph of h. For

f(Xx0) = {f(2,0):2 € X} ={(fx(x,0), fy(z,0)): 2 € X}
= {(fx(e7(@"),0), fy (67" (2'),0)) : 2" € X'}

= {(2, h(z")) : 2" € X'}.

See Figure 112.

Y f Y’
f(x,0)=(x, hx)
f(xx0) T 1
*— o
X X ox X’

Figure 112 The f-image of X x 0 is the graph of h.
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If (2/,y') € X' x R then we define
v(@'y) = (07 (@), ¥ — h(z)).
Since 9 is the composite of C" diffeomorphisms,
(", y) = (@', ' = h@")) = (07 (a), i = h(z')),

it too is a C" diffeomorphism. (Alternatively, you could compute the derivative of 1) at
the origin and apply the Inverse Function Theorem.) We observe that g = ¢ o f =, f
satisfies

g(x,O) = 9o fx(l‘,()), fY(x’O))
= (0'71 o fX(-Z',O), fy(ﬂ?,O) - h(fx(l',()))) - (1‘,0).

Thus it is no loss of generality to assume in the first place that f(x,0) = (x,0). We do
so. (This means that f sends the k-plane R¥ x 0 € R™ into the k-plane R¥ x 0 ¢ R™.)

Step 4. Finally, we find a local diffeomorphism ¢ in the neighborhood of 0 in R"

so that f o ¢ is the projection map P(x,y) = (z,0).
Define F (&, z,y) = fx(&,y) —x. It is a map from R* x R¥ x R"* into R*. The

equation
F(&z,y)=0

defines & = £(z,y) implicitly in a neighborhood of the origin. For at the origin the
derivative of F' with respect to £ is the invertible matrix I« . Thus & is a C" map
from R™ into R* and £(0,0) = 0. We claim that

o(z,y) = (§(2,9),9)

is a local diffeomorphism of R™ and G = f o is P.

The derivative of £(x,y) with respect to x at the origin can be calculated from the
Chain Rule (this was done in general for implicit functions) and since F(§,z,y) = 0
we have

APy oy) _ OFO OF _ 0
0 = I = 375%_}_% = Ikxk% Tk

That is, at the origin 9¢/0x is the identity matrix. Thus,

Tk *

(D)o =
0 Iin—ryx(n—k)
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which is invertible no matter what is. Clearly ¢(0) = 0. By the Inverse Function
Theorem, ¢ is a local C" diffeomorphism on a neighborhood of the origin and G is
C" equivalent to f. By Lemma 24, G has constant rank k.

We have

G(z,y) = fop(z,y) = f(¢(z,y),v)
= (fX(gay)a fY(&ay)) = (l'a Gy(l‘,y))

Therefore Gx(x,y) = x and

I 0
DG = . 0GYy
0y

At last we use the constant-rank hypothesis. (Until now, it has been enough that
Df has rank > k.) The only way that a matrix of this form can have rank k is that

See Exercise 43. By Corollary 13 to the Mean Value Theorem this implies that in a
neighborhood of the origin, Gy is independent of y. Thus

Gy(ﬂf,y) = Gy(.%’,O) = fy(f(x,O),O),

which is 0 because (by Step 3) fy = 0 on R* x 0. The upshot is that G ~, f
and G(z,y) = (z,0); i.e., G = P. See also Exercise 31. By Lemma 24, steps1-4
concatenate to give a C" equivalence between the original constant-rank map f and
the linear projection P. O

In the following three corollaries U is an open subset of R".

26 Corollary If f : U — R™ has rank k at p then it is locally C" equivalent to a
map of the form G(x,y) = (x,g(zx,y)) where g : R — R™F s C" and x € R*.

Proof This was shown in the proof of the Rank Theorem before we used the as-
sumption that f has constant-rank k. O

27 Corollary If f : U — R is C" and (Df), has rank 1 then in a neighborhood of
p the level sets {x € U : f(x) = ¢} form a stack of C" nonlinear discs of dimension
n — 1.
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U

Figure 113 Near a rank-one point, the level sets of f: U — R are
diffeomorphic to a stack of (n — 1)-dimensional planes.

Proof Near p the rank can not decrease, so f has constant rank 1 near p. The level
sets of a projection R™ — R form a stack of (n — 1)-dimensional planes and the level
sets of f are the images of these planes under the equivalence diffeomorphism in the
Rank Theorem. See Figure 113. O

28 Corollary If f: U — R™ has rank n at p then locally the image of U under f is
a diffeomorphic copy of the n-dimensional disc.

Proof Near p the rank can not decrease, so f has constant rank n near p. The Rank
Theorem says that f is locally C" equivalent to = + (2,0). (Since k = n, the y-
coordinates are absent.) Thus the local image of U is diffeomorphic to a neighborhood
of 0 in R™ x 0 which is an n-dimensional disc. O

The geometric meaning of the diffeomorphisms ¢ and ¢ is illustrated in the Fig-
ures 114 and 115.



308 Multivariable Calculus Chapter 5
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Figure 114 f has constant rank 1.
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Figure 115 f has constant rank 2.
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6* Lagrange Multipliers

In sophomore calculus you learn how to maximize a function f(x,y,z) subject to
a “constraint” or “side condition” g(z,y,z) = constant by the Lagrange multiplier
method. Namely, the maximum can occur only at a point p where the gradient of f
is a scalar multiple of the gradient of g,

grad, f = A grad, g.

The factor ) is the Lagrange multiplier. The goal of this section is a natural, math-
ematically complete explanation of the Lagrange multiplier method which amounts
to gazing at the right picture.

First, the natural hypotheses are

(a) f and g are C'! real-valued functions defined on some region U C R3.
(b) For some constant ¢, the set S = gP™(c) is compact, nonempty, and grad, g # 0
for all ¢ € S.

The conclusion is

(¢) The restriction of f to the set S, f|g, has a maximum, say M, and if p € S has
f(p) = M then there is a A such that grad, f = A grad,, g.

The method is utilized as follows. You are given! f and g, and you are asked to
find a point p € S at which f|g is maximum. Compactness implies that a maximum
point exists. Your job is to find it. You first locate all points ¢ € S at which the
gradients of f and g are linearly dependent; i.e., one gradient is a scalar multiple of
the other. They are “candidates” for the maximum point. You then evaluate f at
each candidate and the one with the largest f-value is the maximum. Done.

Of course you can find the minimum the same way. It too will be among the
candidates, and it will have the smallest f-value. In fact, the candidates are exactly
the critical points of f|g, the points x € S such that

fy—fﬂc_>
ly — |

as y € S tends to x.

fSometimes you are merely given f and S. Then you must think up an appropriate g such that
(b) is true.
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Now we explain why the Lagrange multiplier method works. Recall that the
gradient of a function h(z,y, z) at p € U is the vector

Oh(p) Oh(p) Oh(p)
dr ~ dy = 0z )ERg'

grad, h = (

Assume hypotheses (a), (b) and that f|g attains its maximum value M at p € S. We
must prove (c) — the gradient of f at p is a scalar multiple of the gradient of g at p.
If grad, f = 0 then grad, f = 0 - grad, g, which verifies (c) degenerately. Thus it is
fair to assume that grad, f # 0.

By the Rank Theorem, in the neighborhood of a point at which the gradient of
f is nonzero, the f-level surfaces are like a stack of pancakes. (The pancakes are
infinitely thin and may be somewhat curved. Alternatively, you can picture the level
surfaces as layers of an onion skin or as a pile of transparency foils.)

To arrive at a contradiction, assume that grad,, f is not a scalar multiple of grad,, g.
The angle between the gradients is nonzero. Gaze at the f-level surfaces f = M L€
for € small. The way these f-level surfaces meet the g-level surface S is shown in
Figure 116.

The surface S is a knife blade that slices through the f-pancakes. The knife
blade is perpendicular to grad g, while the pancakes are perpendicular to grad f.
There is a positive angle between these gradient vectors, so the knife is not tangent
to the pancakes. Rather, S slices transversely through each f-level surface near p,
and SN{f = M + €} is a curve that passes near p. The value of f on this curve is
M + e, which contradicts the assumption that f|g attains a maximum at p. Therefore
grad, f is, after all, a scalar multiple of grad, g and the proof of (c) is complete.

There is a higher-dimensional version of the Lagrange multiplier method. A C!
function f : U — R is defined on an open set U C R", and it is constrained to a
compact “surface” S C U defined by k simultaneous equations

g(z1,...,xn) = 1

gk (x1, .., xp) = k.

We assume the functions g; are C' and their gradients are linearly independent.
The higher-dimensional Lagrange multiplier method asserts that if f|g achieves a
maximum at p then grad, f is a linear combination of grad, g1, ...,grad, g. In
contrast to Protter and Morrey’s presentation on pages 369-372 of their book, A
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Figure 116 S cuts through all the f-level surfaces near p.

First Course in Real Analysis, the proof is utterly simple: It amounts to examining
the situation in the right coordinate system at p.

It is no loss of generality to assume that p is the origin in R™ and that ¢y, ..., ¢,
f(p) are zero. Also, we can assume that grad, f # 0, since otherwise it is already a
trivial linear combination of the gradients of the g;. Then choose vectors wiio, ..., wy,
so that

grady g1, - - -, grady gk, grady f, wWiy2, - .., Wy

is a vector basis of R™. For k + 2 < i < n define
hi(z) = (w;, ).
The map x — F(z) = (g1(x),...,grx(x), f(x), hgsa(x),..., hp(z)) is a local diffeo-

morphism of R to itself since the derivative of I’ at the origin is the n x n matrix of
linearly independent column vectors

(DF)o = [ gradggr ... gradggr grady f wita ... wy).

Think of the functions y; = Fj(z) as new coordinates on a neighborhood of the
origin in R™. With respect to these coordinates, the surface S is the coordinate plane
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0 x R"* on which the coordinates y1, . ..,y are zero and f is the (k+1)%* coordinate
function ygy1. This coordinate function obviously does not attain a maximum on the
coordinate plane 0 x R so f|g attains no maximum at p.

7 Multiple Integrals

In this section we generalize to n variables the one-variable Riemann integration the-
ory appearing in Chapter 3. For simplicity, we assume throughout that the function
f we integrate is real-valued, as contrasted to vector-valued, and at first we assume
that f is a function of only two variables.

Consider a rectangle R = [a, b] X [¢, d] in R?. Partitions P and Q of [a, b] and [c, d]
Pia=xy<oi<...<xpp=0> Q:c=y<n<...<y,=d
give rise to a “grid” G = P x @ of rectangles
Rij = 1; x J;

where [; = [x;_1, ;] and J; = [yj—1,y;]. Let Az; = x; — 21, Ayj =y; — y;j—1, and
denote the area of R;; as

Let S be a choice of sample points (s;j,%;;) € R;;. See Figure 117.
Given f: R — R, the corresponding Riemann sum is
m n
R(f,G,8) =Y > f(sijs tij) | Rjl-
i=1 j=1

If there is a number to which the Riemann sums converge as the mesh of the grid
(the diameter of the largest rectangle) tends to zero then f is Riemann integrable
and that number is the Riemann integral

mesh G—0

/f: lim R(f,G,S).
R

The lower and upper sums of a bounded function f with respect to the grid G
are

L(f,G) =Y my|Ry|  U(f,G) =" My|R;|



314 Multivariable Calculus Chapter 5

Figure 117 A grid and a sample point

where m;; and M;; are the infimum and supremum of f(s,t) as (s,t) varies over R;;.
The lower integral is the supremum of the lower sums and the upper integral is the
infimum of the upper sums.

The proofs of the following facts are conceptually identical to the one-dimensional
versions explained in Chapter 3:

(a) If f is Riemann integrable then it is bounded.
(b) The set of Riemann integrable functions R — R is a vector space R = R(R)
and integration is a linear map R — R.

(c) The constant function f = k is integrable and its integral is k|R|.

(d) If f,g € Rand f < g then
< .
f= s

(e) Every lower sum is less than or equal to every upper sum, and consequently
the lower integral is no greater than the upper integral,

_/Rf S/;f.

(f) For a bounded function, Riemann integrability is equivalent to the equality of
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the lower and upper integrals, and integrability implies equality of the lower,
upper, and Riemann integrals.

The Riemann-Lebesgue Theorem is another result that generalizes naturally to
multiple integrals. It states that a bounded function is Riemann integrable if and
only if its discontinuities form a zero set.

First of all, Z C R? is a zero set if for each € > 0 there is a countable covering
of Z by open rectangles Sy whose total area is less than e:

> 18 <e.
l

By the ¢/2¢ construction, a countable union of zero sets is a zero set.

As in dimension 1, we express the discontinuity set of our function f: R — R as
the union

D= U Dy,
keN
where Dy, is the set of points z € R at which the oscillation is > 1/k. (See Exer-
cise 3.19.) That is,

osc, f = lin% diam (f(R,(2))) > 1/k
r—
where R, (z) is the r-neighborhood of z in R. The set Dy, is compact.

Assume that f: R — R is Riemann integrable. It is bounded and its upper and
lower integrals are equal. Fix k& € N. Given € > 0, there exists § > 0 such that if G
is a grid with mesh < ¢ then

U(f,G) — L(f.G) < .

Fix such a grid G. Each R;; in the grid that contains in its interior a point of Dy, has
M;; — mg; > 1/k, where m;j and M;; are the infimum and supremum of f on R;;.
The other points of Dy, lie in the zero set of gridlines x; x [c¢,d] and [a, b] x y;. Since
U — L < e, the total area of these rectangles with oscillation > 1/k does not exceed
ke. Since k is fixed and € is arbitrary, Dy is a zero set. Taking k£ = 1,2,... shows
that the discontinuity set D = |J Dy, is a zero set.

Conversely, assume that f is bounded and D is a zero set. Fix any k € N. Each
z € R\ Dy, has a neighborhood W = W, such that

sup{f(w) : w e W} —inf{f(w) :w e W} < 1/k.
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Since Dy is a zero set, it can be covered by countably many open rectangles Sy of

D 1S <o

Let 'V be the covering of R by the neighborhoods W with small oscillation, and the
rectangles Sy. Since R is compact, V has a positive Lebesgue number A. Take a grid
with mesh < A. This breaks the sum

small total area, say

U—L=2) (Mj—my)Ri|

into two parts — the sum of those terms for which R;; is contained in a neighborhood
W with small oscillation, plus a sum of terms for which R;; is contained in one of
the rectangles Sy. The latter sum is less than 2M o, while the former is less than
|R|/k. Thus, when k is large and o is small, U — L is small, which implies Riemann
integrability. To summarize,

The Riemann-Lebesque Theorem remains valid

for functions of several variables.

Now we come to the first place that multiple integration has something new to
say. Suppose that f: R — R is bounded and define

b —=b
F(y) = / fay)de  Fy) :/ Fay) dr.

For each fixed y € [c, d], these are the lower and upper integrals of the single-variable
function fy : [a,b] — R defined by f,(z) = f(x,y). They are the integrals of f(z,y)
on the slice y = const. See Figure 118.

29 Fubini’s Theorem If f is Riemann integrable then so are F and F. Moreover,

/Rf = /Cdde = /Cdde-

Since F < F and the integral of their difference is zero, it follows from the one-
dimensional Riemann-Lebesgue Theorem that there exists a linear zero set Y C [c, d]
such that if y ¢ Y then F(y) = F(y). That is, the integral of f(z,y) with respect
to x exists for almost all ¥ and we get the more common way to write the Fubini

//Rfdxdy = /cd [/abf(:c,y)dx] dy.

formula
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r

|

|_—

|~

Figure 118 Fubini’s Theorem is like sliced bread.

There is, however, an ambiguity in this formula. What is the value of the integrand
f: f(x,y)dz when y € Y? For such a y, F(y) < F(y) and the integral of f(z,y) with
respect to x does not exist. The answer is that we can choose any value between F(y)
and F(y). The integral with respect to y will be unaffected. See also Exercise 47.

Proof of Fubini’s Theorem We claim that if P and @ are partitions of [a,b] and
[c, d] then

(9) L(f,G) < L(F,Q)

where G is the grid P x Q. Fix any partition interval J; C [c,d]. If y € J; then
mi; = inf{f(s,t) : (s,t) € Ri;} < inf{f(s,y):s e L;} =m(fy).

Thus . .

> mighz; < Y mi(fy)Az; = L(f,, P) < E(y),

i=1 i=1

and it follows that

i=1
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Therefore
n m

ZZmZJszAyJ < ij )Ay; = L(E, Q)
J=11i=

1

which gives (9). Analogously, U(F, Q) < U(f,G). Thus

L(f,G) < L(F,Q) < U(F,Q) < U(F,Q) < U(f,G).

Since f is integrable, the outer terms of this inequality differ by arbitrarily little when
the mesh of GG is small. Taking infima and suprema over all grids G = P x Q gives

/ f = swL(f.G) < swL(F,Q) < infU(E,Q)
R

IN

inf U(f,G / f.

The resulting equality of these five quantities implies that F is integrable and its
integral on [c, d] equals that of f on R. The case of the upper integral is handled in
the same way. O

30 Corollary If f is Riemann integrable then the order of integration — first x then
y or vice versa — is irrelevant to the value of the iterated integral,

/Cd[/abf(a:,y)da:}dy — /:[/cdf(m,y)dy]dx,

Proof Both iterated integrals equal the integral of f over R. O

A geometric consequence of Fubini’s Theorem concerns the calculation of the area
of plane regions by a slice method. Corresponding slice methods are valid in 3-space
and in higher dimensions.

31 Cavalieri’s Principle The area of a region S C R is the integral with respect to
x of the length of its vertical slices,

b
area(.S) :/ length(S,) dz,

provided that the boundary of S is a zero set.

Proof Deriving Cavalieri’s Principle from Fubini’s Theorem is mainly a matter of
definition. For we define the length of a subset of R and the area of a subset of R? to
be the integrals of their characteristic functions. The requirement that 0.5 is a zero
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set is made so that Xg is Riemann integrable. It is met if S has a smooth, or piecewise
smooth, boundary. See Appendix B for a delightful discussion of the historical origin
of Cavalieri’s Principle, and see Chapter 6 for the more general geometric definition
of length and area in terms of outer measure. O

The second new aspect of multiple integration concerns the change of variables
formula. It is the higher-dimensional version of integration by substitution. We will
suppose that ¢ : U — W is a C! diffeomorphism between open subsets of R?, that
R C U, and that a Riemann integrable function f : W — R is given. The Jacobian
of ¢ at z € U is the determinant of the derivative,

Jac, ¢ = det(Deyp),.

32 Change of Variables Formula Under the preceding assumptions we have

[ oetaace = [ 1
R @(R)
See Figure 119.
' I
¢
d
w
\ v J

Figure 119 ¢ is a change of variables.

If S is a bounded subset of R?, its area (or Jordan content) is by definition the
integral of its characteristic function Xg, if the integral exists. When the integral does
exist we say that S is Riemann measurable. See also AppendixD of Chapter 6.
According to the Riemann-Lebesgue Theorem, S is Riemann measurable if and only
if its boundary is a zero set. For Xg is discontinuous at z if and only if z is a boundary
point of S. See Exercise44. The characteristic function of a rectangle R is Riemann



320 Multivariable Calculus Chapter 5

integrable and its integral is |R|, so we are justified in using the same notation for
area of a general set S, namely,

15| = area(S) = / Xs.

33 Proposition If T : R? — R? is an isomorphism then for every Riemann mea-
surable set S C R2, T(S) is Riemann measurable and

IT(S)| = [det T||S].

Proposition 33 is a version of the Change of Variables Formula in which ¢ = T,

R =S5, and f = 1. It remains true for n-dimensional volume and leads to a definition

¢

of the determinant of a linear transformation as a “volume multiplier.”

Proof As is shown in linear algebra, the matrix A that represents 7' is a product of
elementary matrices

A=E;---Ej.

Each elementary 2 x 2 matrix is one of the following types:

CRINERI AN FRI A O

where A > 0. The first three matrices represent isomorphisms whose effect on I? is
obvious: I? is converted to the rectangles A\I x I, I x A, and I?. In each case the
area agrees with the magnitude of the determinant. The fourth matrix is a shear
matrix. Its isomorphism converts I? to the parallelogram

I = {(z,y) eR*:oy<az<l+oyand 0<y <1}

IT is Riemann measurable since its boundary is a zero set. By Fubini’s Theorem, we

get
1 z=1+o0y
|H|:/XH:/ [/ 1daj}dy:1:detE.
0 r=0Yy

Exactly the same thinking shows that for any rectangle R, not merely the unit square,
we have

(10) |[E(R)| = | det E||R].

We claim that (10) implies that for any Riemann measurable set S, E(S) is Riemann
measurable and

(11) |E(S)| = |det E||S].
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Let € > 0 be given. Choose a grid G on R D S with mesh so small that the
rectangles R of G satisfy
(12) Sl—e < STIRI < S IRl < IS|+e
RCS RNSH#D

The interiors of the inner rectangles — those with R C S — are disjoint, and therefore
for each z € R? we have

> Xt r(2) < Xs(2).
RCS
The same is true after we apply E, namely

D Xinerr) (2) < Xps) (2).
RCS

Linearity and monotonicity of the integral, and Riemann measurability of the sets
E(R) imply that

(13) SIEMR) =D /Xint(E(R)) => /Xint(E(R)) < /XE(S)~

RCS RCS RCS = -
Similarly,

XE(S)(Z)S Z XE(R)(Z)
RNS#D

which implies that

(14) / Yo < S / . / e = S E(R)|.

RNS#D RNS#0) RNS#(D
By (10) and (12), (13) and (14) become

|det E|(|S| —¢) < |detE| ) |R|

RCS

< /XE(S) < /XE(S) < |detE| Y |R|
- RNS#D

< |det E|(]S| + ¢).

Since these upper and lower integrals do not depend on € and € is arbitrarily small,
they equal the common value |det E||S|, which completes the proof of (11).

The determinant of a matrix product is the product of the determinants. Since
the matrix of 7" is the product of elementary matrices, Ej - - - E, (11) implies that if
S is Riemann measurable then so is T'(S) and

T(S)| = [Er- Ex(S)|
= |det By|---|det Ey||S| = | det T|S]. O
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We isolate two more facts in preparation for the proof of the Change of Variables
Formula.

34 Lemma Suppose that b : U — R? is C1, 0 € U, ¥(0) = 0, and for all u € U we
have
(D) — Id|| < e.

If U,.(0) C U then
P(Ur(0)) C Ug14r(0).

Proof By U,(p) we denote the r-neighborhood of p in U. The C' Mean Value
Theorem gives

1
v = U -v(0) = [ (DOt
0
1
- /0 (D)1 — i) dt () + u.
If Ju| < r this implies that [¢(u)| < (1 + €)r; i.e., ¥(Up(0)) C Uiye)r(0). O

Lemma 34 is valid for any choice of norm on R?, in particular for the maximum
coordinate norm. In that case the inclusion refers to squares: the square of radius r
is carried by v inside the square of radius (1 + €)r.

35 Lemma The Lipschitz image of a zero set is a zero set.
Proof Suppose that Z is a zero set and h : Z — R? satisfies a Lipschitz condition
|h(z) — h(Z")] < Llz —2/|.

Given € > 0, there is a countable covering of Z by squares Si such that
D ISkl <
k

See Exercise45. Each set S N Z has diameter < diam Sy and therefore h(Z N Sk)
has diameter < Ldiam S;. As such it is contained in a square S) of edge length
L diam Si. The squares S}, cover h(Z) and

D IS < L2 (diam Sp)? = 2L7 > [Sy| < 2L7%.
k k k

Therefore h(Z) is a zero set. O
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Proof of the Change of Variables Formula Recall that ¢ : U — W is a C!
diffeomorphism, f : W — R is Riemann integrable, R is a rectangle in U, and it is
asserted that

(15) /I%fow-rJacwr:L(R)f.

Let D' be the set of discontinuity points of f. It is a zero set. Then
D= (D)

is the set of discontinuity points of f o . The C' Mean Value Theorem implies that
¢~ ! is Lipschitz, Lemma 35 implies that D is a zero set, and the Riemann-Lebesgue
Theorem implies that f o ¢ is Riemann integrable. Since |Jac | is continuous, it is
Riemann integrable and so is the product f o ¢ - |Jacy|. In short, the Lh.s. of (15)
makes sense.

Since ¢ is a diffeomorphism, it is a homeomorphism and it carries the boundary
of R to the boundary of ¢(R). The former boundary is a zero set and by Lemma 35 so
is the latter. Thus X, (g) is Riemann integrable. Choose a rectangle R’ that contains
©(R). Then the r.h.s. of (15) becomes

/ =1 I Xems
w(R) R

which also makes sense. It remains to show that the two sides of (15) not only make
sense but are equal.

Equip R? with the maximum coordinate norm and equip £(R? R?) with the

associated operator norm

17| = max{[T'(v) max : [v|max < 1}.

Let € > 0 be given. Take any grid G that partitions R into squares R;; of radius
r. (The smallness of r will be specified below.) Let z;; be the center point of R;; and
call

Aij = (D<70>Zij (P(Zij) = Wij ‘P(Rij) = Wij.

The Taylor approximation to ¢ on R;; is
ij(2) = wij + Aij (2 — 2ij)-

The composite ¢ = gb;jl o ¢ sends z; to itself and its derivative at z; is the
identity transformation. Uniform continuity of (Dy), on R implies that if r is small
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enough then for all z € R;; and for all ij we have ||(Dv), —id | < e. By Lemma 34
we have

(16) QSZJI o (,O(Rij) C (1 + E)Rij

where (1+¢€) R;; refers to the (1+¢€)-dilation of R;; centered at z;;. Similarly, Lemma 34
applies to the composite ¢! o ¢;; and, taking the radius r/(1 + €) instead of r, we
get

(17) ¢ ogi((1+ €)' Rij) C Rij.

See Figure 120. Then (16) and (17) imply

Figure 120 How we magnify the picture and sandwich a nonlinear
parallelogram between two linear ones

¢ii(L+ €)' Riy) C @(Ry) = Wiy C ¢i5((L+€)Ryj).
By Proposition 33 this gives the area estimate

Ji; | Rij
(1J+ Sg < (Wil < (1+€)*Ji5| Ryl

where J;; = | Jac;,; ¢|. Equivalently,

1 | Wi 2
(18) < Wl oy
(1 -+ 6)2 Jij|Rz‘j’
An estimate of the form
1 a
< < (1 2
(1+€? = b — (1+¢)
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with 0 < e <1 and a,b > 0 implies that

la —b] < 16eb
as you are left to check in Exercise 40. Thus (18) implies
(19) [ Wil = Jij| Rij| | < 16€J | Ry

where J = sup{| Jac, ¢| : z € R}.

Let m;; and M;; be the infimum and supremum of f o ¢ on R;;. Then, for all
w € p(R) we have

D migXinw; (w) < f(w) < MigXw, (w)

which integrates to

> mij| Wil </ f<d ] My W),
w(R)

According to (19), replacing |Wj;| by J;;|R;;j| causes an error of no more than 16e.J|R;j|.
Thus

> mi;dij|Rij| — 16eM T |R| < /(R) f < MijJij |Rij| + 16eM.J |R,
©

where M = sup|f|. These are lower and upper sums for the integrable function
fog-|Jacy|. Thus

/fo<p-|Jac <p|—166MJ\R]§/ f§/fo<p~\Jac | + 16eM J |R|.
R ©(R) R
Since € is arbitrarily small the proof is complete. O

Finally, here is a sketch of the n-dimensional theory. Instead of a two-dimensional
rectangle we have a box
R= [al,bl] X oo X [an,bn].

Riemann sums of a function f: R — R are defined as before: Take a grid G of small
boxes R, in R, take a sample point s, in each, and set

R(f,G,8) = f(se)| Rl

where |Ry| is the product of the edge lengths of the small box R, and S is the set of
sample points. If the Riemann sums converge to a limit it is the integral. The general
theory, including the Riemann-Lebesgue Theorem, is the same as in dimension 2.
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Fubini’s Theorem is proved by induction on n, and has the same meaning: In-
tegration on a box can be done slice by slice, and the order in which the iterated
integration is performed has no effect on the answer.

The Change of Variables Formula has the same statement, only now the Jacobian
is the determinant of an n x n matrix. In place of area we have volume, the n-
dimensional volume of a set S C R™ being the integral of its characteristic function.
The volume-multiplier formula, Proposition 33, has essentially the same proof but the
elementary matrix notation is messier. (It helps to realize that the following types of
elementary row operations suffice for row reduction: Transposition of two adjacent
rows, multiplication of the first row by A, and addition of the second row to the first.)
The proof of the Change of Variables Formula itself differs only in that 16 becomes
4,

8 Differential Forms

The Riemann integral notation
n b
Z fit)Az; = / f(x)dx
i=1 a

may lead one to imagine the integral as an “infinite sum of infinitely small quantities
f(x)dx.” Although this idea itself seems to lead nowhere, it points to a good ques-
tion — how do you give an independent meaning to the symbol fdx? The answer:
differential forms. Not only does the theory of differential forms supply coherent,
independent meanings for fdzx, dx, dy, df, dzdy, and even for d and x separately,
but it also unifies vector calculus results. A single result, the General Stokes Formula

/dw:/ w,
M oM

encapsulates all integral theorems about divergence, gradient, and curl.

for differential forms

The presentation of differential forms in this section appears in the natural gener-
ality of n dimensions, and as a consequence it is unavoidably fraught with complicated
index notation — armies of i’s, j’s, double subscripts, multi-indices, and so on. Your
endurance may be tried.

First, consider a function y = F(z). Normally, you think of F' as the function,
x as the input variable, and y as the output variable. But you can also take a dual



Section 8 Differential Forms 327

approach and think of x as the function, F' as the input variable, and y as the output
variable. After all, why not? It’s a kind of mathematical yin/yang.

Now consider a path integral the way it is defined in calculus,

G da(t) ! dy(t)
/Cfdﬂgdy = /0 Fla(®),y®) = dt+/0 g(z(t),y(t)) =~ dt.

f and g are smooth real-valued functions of (z,y) and C' is a smooth path param-
eterized by (z(t),y(t)) as ¢ varies on [0,1]. Normally you think of the integral as a
number that depends on the functions f and g. Taking the dual approach you can
think of it as a number that depends on the path C. This will be our point of view.
It parallels that found in Rudin’s Principles of Mathematical Analysis.

Definition A differential 1-form is a function that sends paths to real numbers
and which can be expressed as a path integral in the previous notation. The name
of this particular differential 1-form is fdx + gdy

In a way, this definition begs the question. For it simply says that the standard
calculus formula for path integrals should be read in a new way — as a function of the
integration domain. Doing so, however, is illuminating, for it leads you to ask: Just
what property of C' does the differential 1-form f dz + g dy measure?

First take the case that f(z,y) =1 and g(x,y) = 0. Then the path integral is

/Cd:v = /ab da:l(tt) dt = z(b) — z(a)

which is the “net z-variation” of the path C. This can be written in functional

notation as

dz : C — x(b) — z(a).
It means that dx assigns to each path C' its net z-variation. Similarly dy assigns to
each path its net y-variation. The word “net” is important. Negative x-variation

cancels positive x-variation, and negative y-variation cancels positive y-variation. In
the world of forms, orientation matters.

What about fdz? The function f “weights” z-variation. If the path C passes
through a region in which f is large, its x-variation is magnified accordingly, and the
integral [, fdx reflects the net f-weighted z-variation of C. In functional notation

fdx: C— net f-weighted z-variation of C.

Similarly, g dy assigns to a path its net g-weighted y-variation, and the 1-form f dz +
g dy assigns to C' the sum of the two variations.
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Terminology A functional on a set X is a function from X to R.

Figure 121 suggests why / y dz is positive and / y dz is negative: The weight
C ’

factor is positive on C' and negative on C’. On the other hand, if the weight factor is
the constant ¢ then both integrals are ¢(q — p).

y>0

p ¢ \ q .
I-aXI1S

' y<0

Figure 121 C and C’ are paths from p to ¢ where p and ¢ lie on the

zr-axis. The integrals / ydx and y dx express the net y-weighted
C c’
x-variation along C' and C’.

Differential 1-forms are functionals on the set of paths. Some functionals on the
set of paths are differential forms but others are not. For instance, assigning to each
path its arclength is a functional that is not a form. For if C' is a path parameterized
by (z(t),y(t)) then (z*(t),y*(t)) = (z(a +b —t),y(a + b — t)) parameterizes C in
the reverse direction. Arclength is unaffected but the value of every 1-form on the
path changes sign. Hence, arclength is not a 1-form. A more trivial example is the
functional that assigns to each path the number 1. It too fails to have the right
symmetry property under parameter reversal and is not a 1-form.

Definition A k-cell in R” is a smooth map ¢ : I*¥ — R™ where I* is the unit k-cube.
If k£ =1 then ¢ is a path. The set of k-cells is C(R"™).

A k-cell ¢ need not be a diffeomorphism to its image. ¢ can be noninjective
and its derivative can have zero determinant at many points. For this reason cells
are often called “singular cells.” Singularities are permitted. For example, if ¢ is
the smooth function that is e~/ for ¢ > 0 and identically zero for ¢ < 0 then
t > (e[t —1/2])%,¢(|t — 1/2])) is a smooth I-cell in the plane, despite the fact that
its image has a cusp at the origin. See Figure 122.
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0o 1/2 1 (0,0)

Figure 122 This smooth 1-cell is a path with a cusp. It is part of the

graph of y = /|z|.

This flexibility is a good thing. It lets the closed disc and many other planar
regions be (the images of) 2-cells. See page 354, Figure 130, and Exercise 70.

Integrating a k-form over a k-cell ¢ with k > 2 requires Jacobian determinants.
To simplify notation we write I = (iy,...,i;) and J = (ji,...,Jx) for k-tuples of
integers. Then Op;/0uy is the k x k determinant

[0pi, Ovi ]
duj, dug,
OO et | : T
u
J a@l’k o asoik
L 8Uj1 8ujk ]

If I = (i) and J = (j) then Opr/0uy is just Op;/0u;, while if I = (1,2) and J = (5,7)
then dpr/0uy is the 2 x 2 determinant

91 Op1
dpr  O(p1,p2) d Ous Ouy
= = det
Ouy O(us, ur) Opa D2
QU5 8U7
Notation The letters s, ¢, and u = (uy,...,u;) will denote, as often as possible,

dummy integration variables. They label points in the domain of definition of a k-
cell, namely I*. For instance 12 = {(s,t) : 0 < s,¢ < 1}. The letters x = (4, ..., 7;,)
will be used to name forms in the target space R™ of the cells. For example dxqdxs
is a 2-form in R™ with n > 5. In R3 we will name forms with x,y, z variables. For
example dxdy is a 2-form in R3. It is the same as dzdzs but dedy is a more familiar

name for it. A planar path ¢ is ¢(t) = (p1(t), p2(t)) = (x(t),y(t)).
Definition The xj-area of ¢ is the functional on C(R"™), the set of k-cells,

%1 4

dry: o+
r=® Ika’u
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where I = (i1,...,1), o1 = (@i, - - -, ¥i, ), and the integral notation is shorthand for

80117“'7@’%)
... duy.
/ E?ul,.. ) UI b

For 1-forms the definition is nothing new. The integral of dx on the path ¢(t) =
(z(t),y(t)) is the integral of the 1 x 1 Jacobian dxz(t)/dt, namely

/1 da(t) dt = z(1) — z(0)
0

dt
which is the net z-variation of . In the xj-area terminology it is the z-area of ¢.

Just as for paths, zj-area can be positive or negative. It is the signed area of
the shadow of ¢ on the xj-plane, i.e., the signed area of its projection 7 (¢(I%)).
After all, the Jacobian can be negative and it only involves the I-components of .
No components ¢; with j ¢ I appear in Jp;/0u. See Figure 123.

o(I?)

z-axis

)
P
N

T-axis —

Figure 123 A pseudopod emerging from a rectangle. It is a 2-cell ¢ in R?
that casts a shadow in the xy-plane.

If f is a smooth function on R™ then fdx; is the functional

3@1

d
3uu

fder w/ e
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The function f “weights” x;-area. The functional dx; is a basic k-form and fdxy
is a simple k-form, while a sum of simple k-forms is a general k-form:

w =Y frdzr o Y (frdz)(e).
T I

The careful reader will detect some abuse of notation. Here I is used to index
a collection of scalar coefficient functions {fr}, whereas I is also used to reduce an
m-vector (F1,...,Fy) to a k-vector Fr = (Fj,,...,F;,). Besides this, I is the unit
interval. Please persevere.

To underline the fact that a form is an integral we write

Notation Ci(R") is the set of all k-cells in R”, C¥(R™) is the set of all functionals
on Cr(R™), and QF(R™) is the set of k-forms on R™.

Because a determinant changes sign under a row transposition, k-forms satisfy
the signed commutativity property: If 7 permutes I to wl then

dr.;r = sgn(mw)dxy

where sgn(w) is the sign of the permutation 7. In particular, dr(12) = —dz(gy
signifies that zy-area is the negative of yx-area, that is dxdy = —dydzx, a formula
that is certainly familiar from Sophomore Calculus. Because a determinant is zero if
it has a repeated row, dxy = 0 if I has a repeated entry. In particular dzdz is the
zero functional on Cy(IR?).

Upshot The integral of the basic 2-form dxdy over a 2-cell ¢ in R? is the net area of
its shadow on the xy-plane. (“Net” means negative area cancels positive area.) The
same holds for the other coordinate planes and in higher dimensions — net shadow
area equals the integral of the basic form.

Example Consider a 2-cell ¢ : 12 — R3. What is its zy-area? By definition it is the
integral of the Jacobian 0(p1, v2)/0(s,t) over the unit square in (s, t)-space. Suppose
that ¢ is given by the formula

(s,t(1 —ms),t) if0<s<1/2
(s, t) = _
(s,t(1 =m+ms),t) ifl1/2<s<1.
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 is only piecewise smooth but never mind. If the slope m is 4 then the signed xy-area
of ¢ is zero. If m > 4 it is negative.

I? has four edges. ¢ sends the bottom edge to itself by the identity map, it sends
the top edge to the piecewise linear V-shaped path in the plane z = 1 from (0,1, 1)
to (1/2,1 —m/2,1) to (1,1,1). Finally ¢ sends the left and right edges to lines of
slope 1 that join (0,0,0) to (0,1,1) and (1,0,0) to (1,1,1). Figure124 shows the
projection of the cell on the zy-plane.

IQ
T

Figure 124 7y fixes all points of the square’s lower edge, left edge, and
right edge. It sends the upper edge to the V-shaped path from (0, 1) to
(1,1). For fixed s, mo(s,t) is affine in ¢. Positive shadow area is lightly
shaded and negative shadow area heavily shaded. The total signed xy-area
of ¢ is negative when m > 4. When m > 2 the cell ¢ resembles a ship’s
prow.

Form Naturality

It is a common error to confuse a cell, which a smooth mapping, with its image,
which is point set — but the error is fairly harmless.

36 Theorem Integrating a k-form over k-cells that differ by a reparameterization
produces the same answer up to a factor of £1, and this factor of £1 is determined
by whether the reparameterization preserves or reverses orientation.
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Proof If T is an orientation-preserving diffeomorphism of I* to itself then the Jaco-
bian 0T'/0u is positive. The product determinant formula and the change of variables
formula for multiple integrals applied to w = fdx; give

[ oo = [ seoran®E D a,
@oT

T
= / flooT(u <ag0[> 8— du
_ ( ) au
der /
= dv = .
[ senGra= [ w
Taking sums shows that the equation f@oT w = fgp w continues to hold for all w € QF.

If T reverses orientation, its Jacobian is negative. In the change of variables formula
appears the absolute value of the Jacobian, which causes fonw to change sign. [

A particular case of the previous theorem concerns line integrals in the plane.
The integral of a 1-form over a curve C' does not depend on how C is parameterized.
If we first parameterize C' using a parameter ¢ € [0, 1] and then reparameterize it by
arclength s € [0, L] where L is the length of C' and the orientation of C' remains the
same then integrals of 1-forms are unaffected,

/ Ut dgtt) dt = / f(@(s), y(s)) d<38) ds

dy(t) . Y
/Og(a:(t)jy(t)) ot = /g(a;(s),y(s)) 22 s,

Form Names
A k-tuple I = (41,...,4;) ascends if i} < - < ig.

37 Proposition Fach k-form w has a unique expression as a sum of simple k-forms

with ascending k-tuple indices,

w= ZfAdxA.

Moreover, the coefficient fa(x) in this “ascending presentation” of w is determined

by the value of w on small k-cells at x.

Proof Every k-tuple of distinct indices has a unique ascending rearrangement. The
other k-tuples correspond to the zero k-form. Using the signed commutativity prop-
erty of forms, we regroup and combine a sum of simple forms into terms in which the
indices ascend. This gives the existence of an ascending presentation w = ) fadz 4.
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Fix an ascending k-tuple A and fix a point z € R™. For r > 0 consider the
inclusion cell,
L =tlpg:u— z+rL(u)

where L is the linear inclusion map that sends R¥ to the x4-plane. ¢ sends I*¥ to a
cube in the z4-plane at z. As r — 0, the cube shrinks to x. If I ascends then the
Jacobian of ¢ is

oy |k oifr=A
ou | 0 ifI#A.

Thus, if I # A then frdzy(v) =0 and

w(t) = fadra(t) =r* /k fali(w)) du.
I
Continuity of f4 implies that

(20) Fa(@) = lim (),

r—0 71T

which is how the value of w on small k-cells at = determines the coefficient f4(x). O
38 Corollary If k > n then QF(R") = 0.
Proof There are no ascending k-tuples of integers in {1,...,n}. O

Moral A form may have many names, but it has a unique ascending name. Therefore
if definitions or properties of a form are to be discussed in terms of a form’s name
then the use of ascending names avoids ambiguity.

Wedge Products

Let o be a k-form and 3 be an ¢-form. Write them in their ascending presentations,
a =) ;ardrr and B =) ;bydx;. Their wedge product is the (k + £)-form

Oé/\ﬁzza[bjdajjj
I1,J

where I = (i1,..., ig), J = (Jj1,---,7¢), IJ = (i1,..-,ik,j1,---,J¢), and the sum
is taken over all ascending [I,J. The use of ascending presentations avoids name
ambiguity although Theorem 39 makes the ambiguity moot. A particular case of the
definition is

dry N dxg = dz(y 9)-
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39 Theorem The wedge product A : QF x QF — QFF satisfies four natural condi-
tions:

(a) distributivity: (o + B)ANY =a AV +BAY and YA (a+B) =7 ANa+7AB.

(b) insensitivity to presentations: a A ff = ZLJ arbydxry for general presentations
a=> ardxy and f =5 bydzr;.

(¢) associativity: a A (BAY) = (N B)A7.

(d) signed commutativity: B A a = (—=1)a A B when a is a k-form and B is an
C-form. In particular de N\ dy = —dy N dx.

40 Lemma The wedge product of basic forms satisfies
dry Ndxy=dxyy.
Proof #1 See Exercise 55. O

Proof #2 If I and J ascend then the lemma merely repeats the definition of the
wedge product. Otherwise, let @ and p be permutations that make w1 and pJ non-
descending. Call o the permutation of I.J that is m on the first k terms and p on the
last ¢. The sign of o is sgn(m)sgn(p) and

dxy ANdzy = sgn(m)sgn(p) drgr A dzpy = sgn(o) dzyryy = dzr;. ]

Proof of Theorem 39 (a) To check distributivity, suppose that « = > ardx; and
B = > brdxs are k-forms, while ¥ = > ¢jdx s is an ¢-form and all sums are ascending
presentations. Then

Z(a 1+5b [)diL‘ I
is the ascending presentation of « + § (this is the only trick in the proof) and

(a —|—,8) ANY = Z(a[ + b[)CJda?[J = Za]CJda?[J + Zb[CJd$[J,
I,J I,J 1,J

which is a A Y + 8 A7y, and verifies distributivity on the left. Distributivity on the
right is checked in a similar way.

(b) Let > ardxy and ) bydx; be general nonascending presentations of a and f3.
By distributivity and Lemma 40 we have

<Za[dx1> VAN (Zdel’J) = Zajbjdxf/\dau = Za]bjdl'jj
I J

I,J 1,J
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(c) By (b), to check associativity we need not use ascending presentations. Thus
if a=> arder, B=> bydry, and ¥ =) cx drg then

AN(BAY) (Z ar dwl) A Z bjck dryi | = Z arbjer drrjk,

JK 1,JK
which equals (a A B) A 7.

(d) Associativity implies that it makes sense to write dz; and dz; as products
dz;, N\ --- ANdw;, and dxj, N--- Adzj,. Thus,

dry Ndxy = dz; /\---/\d.%'ik/\dﬁ;'j1 /\-~-/\dacj1_,.
It takes kf pair-transpositions to push each dx; past each dx;, which implies
deyNdxr; = (—1)kedx[ ANdzy.

Distributivity completes the proof of signed commutativity for general o and 8. [

The Exterior Derivative

Differentiating a form is subtle. The idea, as with all derivatives, is to imagine
how the form changes under small variations of the point at which it is evaluated.

A 0-form is a smooth function f(x). Its exterior derivative is by definition the
functional on paths ¢ : [0,1] — R"™,

df = = f(e(1)) = f((0)).
41 Proposition df is a 1-form; when n = 2 it is expressed as

af of

d+8y

df =

In particular, d(x) = dz.

Proof When no abuse of notation occurs we use calculus shorthand and write f, =
of/ox, f, = 0f/0y. Applied to ¢, the form w = f,dx + f,dy produces the number

! X
w(0)= [ (#e5 + pteen 2 ) ar

By the Chain Rule the integrand is the derivative of f o ¢(t), so the Fundamental
Theorem of Calculus implies that w(yp) = f(p(1)) — f(©(0)). Therefore df = w as
claimed. ]
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Remark Just as with the 1-form da, the 1-form df measures the net f-variation of
a path from p to ¢. It is the difference fq — fp.

Definition Fix & > 1. Let > frdzy be the ascending presentation of a k-form w.
The exterior derivative of w is the (k + 1)-form

dw =Y dfr Aday.

I

The sum is taken over all ascending k-tuples I. The derivative of w = fdxy amounts
to how the coefficient f changes. If f is constant then dw = 0.

Use of the ascending presentation makes the definition unambiguous although
Theorem 42 makes this moot. Since dfy is a 1-form and dzj is k-form, dw is indeed a
(k + 1)-form. For example, we get

d(fdx + gdy) = (g — fy)dz N dy.
42 Theorem Exterior differentiation d : QF — QFFL satisfies four natural condi-

tions.

(a) It is linear: d(a+ cf) = da + cdf.

(b) It is insensitive to presentation: If > frdxy is a general presentation of w then
dw = de} ANdzxg.

(c) It obeys a product rule: If « is a k-form and B is an (-form then

dlaAB)=dan B+ (—1)*andp.
(d) d*> =0. That is, d(dw) =0 for all w € QF.

Proof (a) Linearity is easy and is left for the reader as Exercise 57.

(b) Let m make 7l ascending. Linearity of d and associativity of A give

d(f[dx[) = sgn(ﬁ) d(f[dxﬂ-[) = Sgn(w) d(f[) A dryr = d(f[) A dxj.

Linearity of d promotes the result from simple forms to general ones.

(¢) The ordinary Leibniz product rule for differentiating functions of two variables
gives

) )
d(fg) = £dx+£]dy

= fegdx+ fygdy+ fg.dr + fg,dy



338 Multivariable Calculus Chapter 5

which is gdf + f dg, and verifies (c) for O-forms in R2. The higher-dimensional case
is similar. Next we consider simple forms o = f dx; and 8 = gdx ;. Then

dlanp) = d(fgdxrs) = (gdf + fdg) Ndzy,
= (df Ndxp) A (gdxy) + (—=1)*(f dzp) A (dg A day)
= danB+(-D*ands.

Distributivity completes the proof for general o and (.

The proof of (d) is fun. We check it first for the special 0-form x. By Proposition 41
the exterior derivative x is dax and in turn the exterior derivative of dx is zero. For
dx = ldz, d1 = 0, and by definition, d(1dx) = d(1) A dz = 0. For the same reason,
d(dl‘ [) =0.

Next we consider a smooth function f : R?> — R and prove that d’f = 0. Since
d’z = d*y = 0 we have
Ef = dfede+ fydy) = d(fe) Adz + d(f,) Ady
= fazdx Ndx + (fyo — fay)de ANdy + fyydyANdy = 0
since dx A dx = dy A dy = 0 and smoothness of f implies foy = fya.

The fact that d> = 0 for functions easily gives the same result for forms. The
higher-dimensional case is similar. O

Pushforward and Pullback

According to Theorem 36 forms behave naturally under composition on the right.
What about composition on the left? Let T : R™ — R™ be a smooth transformation.
It induces a natural transformation on k-cells, Tx : Ci(R") — Ci(R™), called the
pushforward of T. It is defined as

Ty:p—=Top.

A k-cell ¢ in R™ gets pushed forward to become a k-cell in R™. Dual to the pushfor-
ward is the pullback T*: C¥(R™) — C*(R"). It is defined as

T Y +—YoT.

A functional Y that sends k-cells in R™ to R gets pulled back to become a functional
on k-cells in R",
TY o= Y(poT).
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The pushforward Tk goes the same direction as 7', from R" to R™, while the pullback
T* goes the opposite way. The pushforward/pullback duality is summarized by the
formula

(TY)(p) = Y (Twp).

Ck(R™) and C*(R™) are vector spaces according to the addition and scalar multipli-
cation rules

Y +AW)(p) = Y(p)+AW(p),

and the pullback 7% : C¥(R™) — CF(R") is linear. For if Y,W € C¥(R™), A € R,
and ¢ € Ci(R™) then

(TY + M) () = (Y +IW)(Top)=Y(Top)+AW(T o)
= TYY(p) + NT*W(y).

These functionals Y, W need not be forms — linearity of the pullback has nothing to
do with forms. The same applies to composition. If 7' : R™ — R"” and S : R™ — R?
are smooth then

(SoT)*=T*0 5*: C*(RP) — C*(RM).
Although this has nothing to do with forms, Figure 125 is what to remember.

43 Theorem Pullbacks of forms obey the following three natural conditions.

(a) The pullback of a form is a form. In particular, T*(dy;) = dT; and T*(f dy;) =
T*f dTy, where dTt = AT, N --- NdT;, .

(b) The pullback preserves wedge products, T*(a A B) = T o N T*3.

(c) The pullback commutes with the exterior derivative, dT™ = T*d.

Proof (a) We rely on a nontrivial result in linear algebra, the Cauchy-Binet For-
mula, which concerns the determinant of a product matrix AB = C, where A is
kxnand B is n x k. See Appendix E.

In terms of Jacobians, the Cauchy-Binet Formula asserts that if the maps ¢ :
R¥ — R™ and 1 : R®™ — RF are smooth then the composite ¢ = ¢ o ¢ : R¥ — R¥
satisfies

90 _ 5~ 0% 9oy

ou . Oxy Ou
where the Jacobian 0v/0z; is evaluated at * = ¢(u) and J ranges through all
ascending k-tuples in {1,...,n}. Then the pullback of a simple k-form on R™ is the



340 Multivariable Calculus Chapter 5

k-cells in R" i, k-cells in R™
pushforward

/wv N T/>Q
& ()

T*
k-forms on R" -— k-forms on R™
pullback

Figure 125 k-cells in R" get pushed forward to R™ while k-forms on R™
get pulled back to R™. The formula is T%(w)(p) = w(T,(p))-

functional on Ci(R™),

T*(fdyl):cp = fdyr(T o)
= /fTogp (TOSO) du

= Z f T o p(u)) (aTI) 97 du.

(The Cauchy-Binet Formula is used to go from the second to third lines.) This implies

(21) T*(fdyr) = > (T f)@dm

J

is a k-form. QF(R") and QF(R™) are vector subspaces of C¥(R") and C*(R™). Lin-
earity of T™ promotes (21) to general forms, which completes the proof that the
pullback of a form is a form. Thus T%: QF(R™) — QF(R™). It remains to check that
T*(dy;) = dTy. If I = (i1,...,1i) then distributivity of the wedge product and the
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definition of the exterior derivative of a function imply that

i aT’Z
dTy = dT; A~ NdT;, = (Zax; ) o Zf)xsid

s1=1 sp=1
n
oT;
= Z a“---azkd co ANdxg,
S15-,8k=1 Lot s
The indices i1,...,i; are fixed. All terms with repeated dummy indices si,..., sg
are zero, so the sum is really taken as (s1,...,s) varies in the set of k-tuples with
no repeated entry, and then we know that (s1,...,sk) can be expressed uniquely
as (s1,...,8;) = wJ for an ascending J = (ji1,...,Jjr) and a permutation . Also,

dxs, N--- Ndxg, =sgn(m)dxy. This gives

oT; or;, oT
dT] = Z (Z Sgn(ﬂ-) 97 1 .. ax ) d.fj = Z 71(1-%‘]
J E g

(j1)

and hence T*(dy;) = dT7. Here we used the description of the determinant from
Appendix E.

(b) For 0-forms it is clear that the pullback of a product is the product of the
pullbacks, T*(fg) = T*f T*g. Suppose that « is a simple k-form and 3 is a simple
(-form. Then oo = fdyr, S =gdys, and a A B = fgdyry. By (a) we get

T aAB)=T*fg)dTry = T*f T dTy AN dTy; = T a AN T*3.

Wedge distributivity and pullback linearity complete the proof of (b).

(c) If w is a form of degree 0, w = f € Q°(R™), then
T* = T ;
(df) () (; . dy)

) (ay) T*(dy)

>
_ f: <3(J;(y)
>

)
L/ y=T(x)

Yi
2 (), (32
i=1 j=1 y=T(x) \ 9L
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which is merely the Chain Rule expression for d(f o T) = d(T*f),
~ (0f(T(x))
d(foT)= Z ((%C] dx;.
7j=1
Thus, T*dw = dT*w for O-forms.

Next consider a simple k-form w = fdy; with £ > 1. Using (a), the degree-zero
case, and the wedge differentiation formula, we get

d(T*w) = d(T*fdTy)
d(T*f) ATy + (=1)°T*f A d(dTy)
= Tdf) AN dTy
= T™(df Ndyr)
= T*dw).

Linearity promotes this to general k-forms and completes the proof of (c). O

9 The General Stokes Formula

In this section we establish the general Stokes formula as

/dw—/w,
® B¢

where w € QF(R™) and ¢ € Cry1(R™). Then, as special cases, we reel off the standard
formulas of vector calculus. Finally, we discuss antidifferentiation of forms and briefly
introduce de Rham cohomology.

First we verify Stokes’ formula on a cube, and then get the general case by means
of the pullback.

Definition A k-chain is a formal linear combination' that of k-cells,

N
®=> a0,
j=1

where a1, ...,an are real constants. The integral of a k-form w over & is

N
¢ j=1 ©j

tTo be more precise, but no more informative, we form an infinite-dimensional vector space V

using an uncountable basis consisting of all all k-cells in R". Then ¢ = Z;.VZI ajp; is a vector in V.
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Definition The boundary of a k-cell ¢ is the k-chain
k+1

Op = > (=) (poid! —po )
j=1
where
IO (ugy e ug) e (a1, 0,0, )
Lj’l : (ul, ce ,uk) — (ul, ey Uj—1, 1,Uj, ce ,uk).
are the j™ “rear inclusion” k-cell and j* “front inclusion” k-cell of I**1. See Fig-

ure 126. (Note that Oy is indeed a formal linear combination of (k — 1)-cells.) As

z-axis —

7-ontiace

y-rearface

T-axis ——

Figure 126 The rear inclusions ¢''* and (2 are the z-rearface and the
y-rearface. The front inclusion ¢*! is the z-frontface, the top of the cube.

shorthand we write Jp as
k+1

Dp = Z(—l)j+15j
j=1
where 67 = p o 9! — @ 070 is the j* dipole of .
44 Stokes’ Formula for a Cube Assume that k +1 = n. If w € QF(R") and
t: I — R™ is the identity-inclusion n-cell in R™ then

/dw:/w.
L oL
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Proof Write w as
W= filz)dzi A+ Adai A+ Adan,
i=1

where the hat above the term dz; is standard notation to indicate that dx; is deleted.
The exterior derivative of w is

dw = > dfi Adwy A Ndai Ao Ada,

i=1
= z:(—l)"*1 gfi dxy A -+ Ndxy,
T
i=1
= Z(fl)“‘l%dml A Nday,
i=1 ‘

which implies that

— _1)i+1 ZJr
/de = ;( 1) -\ O, du.

Deleting the j** component of the rear j** face 1/0(u) gives the k-tuple (uy, . .., uz),
while deleting any other component gives a k-tuple with a component that remains
constant as u varies. The same is true of the j front face. Thus the Jacobians are

ou ou

a0 oY |1 ifI=(1,...,7,...,n)
0 otherwise,

and so the j' dipole integral of w is zero except when i = j, and in that case

1 1
/_w:/ .../(fj(ul,...,uj_l,l,uj,...,uk)
67 0 0

—fj(ul, e ,uj_l,O,uj, e ,uk)) du1 . duk

By the Fundamental Theorem of Calculus we can substitute the integral of a deriva-
tive for the f; difference; and by Fubini’s Theorem the order of integration in ordinary
multiple integration is irrelevant. This gives

1 1 9¢.
/w:/.../ a](1]7(”T)ciu’z:1...dﬂsn,
69 0 o Oz

so the alternating dipole sum Y (—1)7*! [, w equals [ dw. O
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45 Stokes’ Formula for a General k-cell Assume that k+1=n. Ifw € QF(R")
and if ¢ € Ci11(R™) then
/ dw = / w.
@ dp

Proof Using the pullback definition and applying (c¢) of Theorem 43 when 7' = ¢ :
I*+1 5 R™ and ¢ : I*t1 — RFH! is the identity-inclusion gives

/dw:/ dwz/«p*dw:/dgo*w:/ go*w:/ w.
© pou L L o Op O

Remark The assumption £ = n — 1 in Theorem44 and Corollary 45 makes the
notation simpler, but the same assertions and proofs are valid for all £, 0 < k <n—1.

Stokes’ Formula on Manifolds

If M C R™ divides into (k + 1)-cells diffeomorphic to I**! and its boundary
divides into k-cells diffeomorphic to I* as shown in Figure 127, then there is a version
of Stokes’ Formula for M. Namely, if w is a k-form then

/dw:/ w.
M oM

It is required that the boundary k-cells which are interior to M cancel each other
out. This prohibits M being the Mobius band and other nonorientable sets. The
(k + 1)-cells “tile” M.

Figure 127 Manifolds of 2-cells diffeomorphic to I2. The boundary of M,
drawn darker, may have several connected components.
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Vector Calculus

The Fundamental Theorem of Calculus can be viewed a special case of Stokes’

/dw—/ w
M oM

by taking M = [a,b] C R! and w = f. The integral of w over the 0-chain OM =b—a
is f(b) — f(a), while the integral of dw over M is f f'(x) dz. Likewise, if f: R? — R
is smooth then the integral of the 1-form df = f, dz + fy dy is “path independent” in
the sense that if o, are paths from p to ¢ then

Lﬁ:é#

After all, paths are 1-cells and both integrals equal f(q) — f(p). The same holds in
R3 and R™.

Formula

Second, Green’s Formula in the plane,

// — fy)dxdy = /Cfda;—i-gdy,

is also a special case when we take w = fdx + gdy. Here, the region D is bounded
by the curve C'. It is a manifold of 2-cells in the plane.

Third, the Gauss Divergence Theorem

J[[ aivr - //SﬂuxF,

is a consequence of Stokes’ Formula. Here, F' = (f,g,h) is a smooth vector field
defined on U C R3. (The notation indicates that f is the z-component of F, g is its
y-component, and h is its z-component.) The divergence of F' is the scalar function

divF = f, + gy + h..

If v is a 2-cell in U then the integral

/fdy/\dz + gdzAdr + hdxAdy
©

is the flux of F' across ¢. Let S be a compact manifold of 2-cells. The total flux
across S is the sum of the flux across its 2-cells. If S bounds a region D C U then
the Gauss Divergence Theorem is just Stokes’ Formula with

w = fdyNndz + gdzANdx + hdzxANdy.
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For dw = div F'dx A dy N dz.
Finally, the curl of a vector field F' = (f, g, h) is the vector field

(hy — Gz, fz - hz» Gz — fy)

Applying Stokes’ Formula to the form w = fdx + gdy + hdz gives
/(hy —g.)dyNdz + (f:—hg)dz Ndx + (g2 — fy)dxz Ndy
S
:/ fdr+gdy+ hdz
C

where S is a surface bounded by the closed curve C. The first integral is the total curl
across S, while the second is the circulation of F' at the boundary. Their equality
is Stokes’ Curl Theorem. See Corollaries 50 and 51 for further vector calculus
results.

Closed Forms and Exact Forms

A form is closed if its exterior derivative is zero. It is exact if it is the exterior
derivative of some other form. Since d? = 0, every exact form is closed:

w=da = dw=d(da)=0.

When is the converse true? That is, when can we antidifferentiate a closed form
w and find « such that w = da? If the forms are defined on R™ then the answer
“always” is the Poincaré Lemma. See below. But if the forms are defined on some
subset U of R”, and if they do not extend to smooth forms defined on all of R, then
the answer depends on the topology of U.

There is one case that should be familiar from calculus: Every closed 1-form
w = fdx+ gdy on R? is exact. See Exercise 58. With more work the result holds for
every U C R" that is simply connected in the sense that each closed curve in U
can be continuously shrunk to a point in U without leaving U.

If U C R? is not simply connected then there are 1-forms on it that are closed
but not exact. The standard example is

where 72 = 22 + y2. Its domain of definition is the “punctured plane” R?\ {O}. See

Exercise 65.
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In R? it is instructive to consider the 2-form
T z
w=Zdyndz+ Ldz Nde + Zdx Ady.
r r r

w is defined on U, which is R? minus the origin. U is a spherical shell with inner
radius 0 and outer radius co. The form w is closed but not exact despite the fact
that U is simply connected. See Exercise 59.

46 Poincaré Lemma If w is a closed k-form on R™ then it is exact.
Proof In fact a better result is true. There are “integration operators”
Ly : QF(R") — QFL(R™)
with the property that Ld + dL = identity. That is, for all w € QF(R") we have
(Lg+1d 4+ dLg)(w) = w.

From the existence of these integration operators, the Poincaré Lemma is immediate.
For if dw = 0 then we have

w = L(dw) + dL(w) = dL(w),

which shows that w is exact with antiderivative o = L(w).

The construction of L is tricky. First we consider a k-form 3, not on R™, but on
R™*1. It can be expressed uniquely as

(22) B = frde; + > gsdt Aday
1 J

where f; = f(x,t), g5 = gs(z,t), and (z,t) € R*™! = R" x R. The first sum is
taken over all ascending k-tuples I in {1,...,n}, and the second over all ascending
(k — 1)-tuples J in {1,...,n}. The exterior derivative of 3 is

Ly

ofr ofr 99
dp = dry Nd ——dt Nd ——dxy, Ndt N d
(23) B I§Z B, (e Ndwr + % 9 T+ Jge B, Ty

where £ =1,...,n.

Then we define operators

N : Q¥R — QFL(R™)
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by setting

NB) = ( /O 1 9.(x,t) dt) dz.

J
The operator N only looks at terms of the form in which dt appears. It ignores the
others. We claim that for all 3 € QF(R"*1) we have

(24) (AN + Nd)(B) =Y (fr(z,1) = fr(x,0)) dz;

1

where the coefficients f; take their meaning from (22). By Theorem 14 it is legal to
differentiate past the integral sign. From (23) and the definition of N we get

1 1
N(dB) = Z(/O %’:dt>dw1—z<0 %dt)dmdm

1 Jl
dN(p) = Y 095 1\ iy p e

JL

For the coefficients in N(/3) are independent of ¢. Therefore

Lof
(AN + Nd)(8) =) 5 ) der = > (filw, 1) = fr(x,0))dxy,
1 N0 I
as claimed in (24).

Then we define a cone map p : R"*! — R” by
p(x,t) = tx,
and set L = N o p* See Figure 128. Commutativity of pullback and d gives
(25) Ld+dL = Np*d+ dNp*= (Nd + dN)p*,

so it behooves us to work out p*(w). First suppose that w is simple, say w = hdx; €
QF(R™). Since p(z,t) = (txy, ..., tx,) we have
p(hdzr) = (p"h)(p*(dzr)) = h(tz)dp;
= h(tz)(d(tz;) A--- Nd(tx;,))
V((tdzi, + x5 dt) A - A (tdxg, + x;,dL))
)

(
= h(tx)(t"der) + terms that include dt

where I = {i1,...,it}. From (24) we conclude that

(Nd + dN) o p*(hdzy) = (h(12)1% — h(0x)0¥)dz; = hdz;,
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=

e X (e

S N

(w,y,t) = (tz,ty,t) (tz, ty,t) = (tx,ty)

Figure 128 When n + 1 = 3 the cone map sends vertical cylinders to
vertical cones, which are then projected to the plane.

and from (25) we get

(26) (Ld + dL)(hdzr) = hdzx;.

The linearity of L and d promote (26) to general k-forms,
(Ld+dL)w = w,

and as remarked at the outset, the existence of such an L implies that closed forms
on R" are exact. O

47 Corollary If U is diffeomorphic to R™ then all closed forms on U are ezxact.

Proof Let T : U — R"™ be a diffeomorphism and assume that w is a closed k-form
on U. Set a = (T~1)*w. Since pullback commutes with d we see that « is a closed
k-form on R™. By the Poincaré Lemma there is a (k — 1)-form px on R" with o = dp.
Then

AT =T dp = T a =T*o (T " Hw= (T o T)w=id*w=w

which shows that w is exact with antiderivative 7. O
48 Corollary Locally, closed forms defined on open subsets of R™ are exact.

Proof Locally an open subset of R" is diffeomorphic to R™. O
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49 Corollary If U C R"™ is open and starlike (in particular, if U is convez) then
closed forms on U are exact.

Proof A starlike set U C R™ contains a point p such that the line segment from
each ¢ € U to p lies in U. Every starlike open set in R” is diffeomorphic to R™. See
Exercise 52. ]

50 Corollary A smooth vector field F on R3 (or on an open set diffeomorphic to
R?) is the gradient of a scalar function if and only if its curl is everywhere zero.

Proof If F = grad ¢ then
F = (¢o, 0y, ¢2) = cuwrllF = (¢zy — G2y duz — 2z Pya — Pay) = 0.
On the other hand, if F = (f,g,h) then
curl F =0 = w=fdr+gdy+hdz
is closed and therefore exact. A function ¢ with d¢ = w has gradient F'. O

51 Corollary A smooth vector field on R3 (or on an open set diffeomorphic to R3)
has everywhere zero divergence if and only if it is the curl of some other vector field.

Proof If F = (f,g,h) and G = curl F' then

G: (hy_gZ7 fz_h:m gx_fy)

so the divergence of G is zero. On the other hand, if the divergence of G = (A, B, ()
is zero then the form

w=Adyndz + BdzANdx + CdxANdy

is closed and therefore exact. If the form o = fdx + gdy + hdz has do = w then
F =(f,g,h) has curl F = G. O

Cohomology

The set of exact k-forms on U is usually denoted B*(U), while the set of closed

k-forms is denoted Z¥(U). (“B” is for boundary and “Z” is for cycle.) Both are
vector subspaces of QF(U) and

B*U) c Z*(U).



352 Multivariable Calculus Chapter 5

The quotient vector space
HYU) = 2"U)/B*(U)

is the k*" de Rham cohomology group of U. Its members are the “cohomology
classes” of U. As was discussed above, if U is simply connected then H!(U) = 0.
Also, H*(U) # 0 when U is the three-dimensional spherical shell. If U is starlike
then H*(U) = 0 for all k > 0, and H°(U) = R. Cohomology necessarily reflects the
global topology of U. For locally, closed forms are exact. The relation between the
cohomology of U and its topology is the subject of algebraic topology, the basic idea
being that the more complicated the set U (think of Swiss cheese), the more compli-
cated is its cohomology, and vice versa. The book From Calculus to Cohomology by
Madsen and Tomehave provides a beautiful exposition of the subject.

Differential Forms Viewed Pointwise

The preceding part of this section presents differential forms as “abstract inte-
grands” — things which it makes sense to write after an integral sign. But they are
not defined as functions that have values point by point. Rather they are special
functionals on the space of cells. This is all well and good since it provides a clean
path to the main result about forms, the Stokes Formula.

A different path to Stokes involves multilinear functionals. You have already seen
bilinear functionals like the dot product. It is a map 5 : R™ x R” — R with various
properties, the first being that for each v € R™ the maps

w— B(v,w) and w— B(w,v)

are linear. We say ( is linear in each vector variable separately. A map 5 : R" x
--+ X R™ — R which is linear in each vector variable separately is a k-multilinear
functional. (Its domain is the Cartesian product of k copies R™.) It is alternating
if for each permutation 7 of {1,...,k} we have

/8(7}17 s 7Uk) = Sgn(ﬂ—)/@(vw(l% s Uﬂ(k))'

The set of alternating k-linear forms is a vector space AF, and one can view w €
QF (R™) at a point p as a member w, € AF. Tt is a certain type of tensor that we
integrate over a cell as p varies in the cell; the vectors on which w), is evaluated are
tangent to the cell at p. You can read about this approach to differential forms in
Michael Spivak’s book Calculus on Manifolds.
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10* The Brouwer Fixed-Point Theorem
Let B = B"™ be the closed unit n-ball,

B = {z eR": |z| < 1}.
The following is one of the deep results in topology and analysis:

52 Brouwer Fixed-Point Theorem If F' : B — B is continuous then it has a
fized-point, a point p € B such that F(p) = p.

Proof The proof is relatively short and depends on Stokes’ Theorem. Note that
Brouwer’s Theorem is trivial when n = 0, for B? is a point and is the fixed-point of
F. Also, if n = 1 then, as observed on page 242, the result is a consequence of the
Intermediate Value Theorem on B! = [~1,1]. For the continuous function F(z) — =
is nonnegative at x = —1 and nonpositive at = 41, so at some p € [—1, 1] we have
F(p) —p=0;ie, F(p) =p.

The strategy of the proof in higher dimensions is to suppose that there does exist
a continuous F': B — B which fails to have a fixed-point, and from this supposition
to derive a contradiction, namely that the volume of B is zero. The first step in the
proof is standard.

Step 1. The existence of a continuous F' : B — B without a fixed-point implies

the existence of a smooth retraction T of a neighborhood U of B to dB. The map
T sends U to 0B and fixes every point of 0B.

If F' has no fixed-point as = varies in B, then compactness of B implies there is
some p > 0 such that for all x € B we have

|F(z) — x| > p.

The Stone-Weierstrass Theorem then produces a multivariable polynomial F:R" —
R™ that p/2-approximates F' on B. The map

1 ~

G(z) = TM/QF(:U)

is smooth and sends B into the interior of B. It u-approximates F' on B, so it too
has no fixed-point. The restriction of G to a small neighborhood U of B also sends
U into B and has no fixed-point.

Figure 129 shows how to construct the retraction 17" from the map G. Since G is
smooth, so is T'.



354 Multivariable Calculus Chapter 5

Figure 129 T retracts U onto dB. The point u € U is sent by T to the
unique point «’ = T'(u) at which the segment [u, G(u)], extended through u,
crosses the sphere 0B.

Step 2. T™*kills all n-forms. If there is a point p € U such that (DT, is invertible
then the Inverse Function Theorem implies TU contains an open n-dimensional ball
at fp. Since no such ball is contained in 0B = TU, DT is nowhere invertible, its
Jacobian determinant T /du is everywhere zero, and T* : Q*(R") — Q*(U) is the
Zero map.

Step 3. There is a map ¢ : I™ — B that exhibits B as an n-cell such that
(a) ¢ is smooth.
(b) ¢(I™) = B and ¢(0I™) = IB.

i
(C) o % du > 0

To construct ¢, start with a smooth function ¢ : R — R such that o(r) = 0 for
r<1/2, o'(r) >0for1/2 <r <1,and o(r) =1 for r > 1. Then define ¢ : R" — R"
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by

v+ o(lv)) (‘;—u) if v#£0
0 ifv=0.

Plv) =
See Figure 130 and Exercise 53. Since o(|v|) = 0 when |v| < 1/2, 9 is smooth.

N g l o s v

T vE

/ T AN

Figure 130 The map ¢ crushes all of R™ onto the closed unit ball B™. It is
a diffeomorphism of the interior of B™ to itself, and fixes each point of
OB™ = S"~1 Its derivative has rank n — 1 at each point of R \ int B".

Restricted to each (n — 1)-dimensional face E of the cube [—1,1]", ¢ is a
diffeomorphism from the interior of F to one of the 2n open cubical polar
caps on S"!. See also Figure 131 and Exercise 52.

The map v carries the sphere S, of radius r to the sphere of radius
p(r)=r+o(r)(1—r),

sending each radial line into itself. Set ¢ = 1pox where k scales I" to [—1, 1]" by the
affine map K :u—v=(2u; — 1, ..., 2u, —1). Then

(i) ¢ is smooth since 1 and k are smooth.

(ii) ¢ sends OI™ to OB since ¥ sends 9([—1,1]") to 9B.

(iii) Tt is left as Exercise 70 to show that the Jacobian of 1 is p/(r)p(r)" ! /r"~! when
r = |v|. Thus, the Jacobian dy/du is always nonnegative, and is identically
equal to 2" on the ball of radius 1/4 at the center of I", so its integral on I" is
positive.

Step 4. Consider an (n — 1)-form a. If 8 : I""! — R"™ is an (n — 1)-cell whose
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North Pole

Figure 131 There are six polar caps at the six poles of the 2-sphere.

image lies in OB then

/az/ ozz/T*oz
B Tof B

since T is the identity map on dB. The (n — 1)-dimensional faces of ¢ : I" — B lie
in 0B. Thus

(27) /awo‘:/a,f*“'

Step 5. Now we get the contradiction. Consider the specific (n — 1)-form
a=xz1dro A Ndx,.

Note that dao = dz1 A - -+ A dx,, is n-dimensional volume and

/da: a—(pdu>0.
W In 8“



Appendix A Perorations of Dieudonné 357

In fact the integral is the volume of B. However, we also have

/da:
®

Q by Stokes” Theorem on a cell

T"a by Equation (27)

/
/
= / dTa by Stokes’ Theorem on a cell
©
/T*doz by (d) in Theorem 43
©
0

by Step 2.

This is a contradiction — an integral can not simultaneously be zero and positive. The
assumption that there exists a continuous F' : B — B with no fixed-point has led to
a contradiction. Therefore it is untenable and every F' does have a fixed-point. [

Appendix A Perorations of Dieudonné

In his classic book, Foundations of Analysis, Jean Dieudonné of the
French Bourbaki school writes

“The subject matter of this Chapter [Chapter VIII on differential calculus]
is nothing else but the elementary theorems of Calculus, which however
are presented in a way which will probably be new to most students. That
presentation which throughout adheres strictly to our general ‘geometric’
outlook on Analysis, aims at keeping as close as possible to the fundamen-
tal idea of Calculus, namely the local approximation of functions by linear
functions. In the classical teaching of Calculus, this idea is immediately
obscured by the accidental fact that, on a one-dimensional vector space,
there is a one-to-one correspondence between linear forms and numbers,
and therefore the derivative at a point is defined as a number instead of
a linear form. This slavish subservience to the shibboleth of numerical
interpretation at any cost becomes much worse when dealing with func-
tions of several variables: One thus arrives, for instance, at the classical
formula”... “giving the partial derivatives of a composite function, which
has lost any trace of intuitive meaning, whereas the natural statement of
the theorem is of course that the (total) derivative of a composite function



358 Multivariable Calculus Chapter 5

is the composite of their derivatives”..., “a very sensible formulation when
one thinks in terms of linear approximation.”

“This ‘intrinsic’ formulation of Calculus, due to its greater ‘abstraction’,
and in particular to the fact that again and again, one has to leave the
initial spaces and climb higher and higher to new ‘function spaces’ (es-
pecially when dealing with the theory of higher derivatives), certainly
requires some mental effort, contrasting with the comfortable routine of
the classical formulas. But we believe the result is well worth the labor,
as it will prepare the student to the still more general idea of Calculus on
a differentiable manifold; the reader who wants to have a glimpse of that
theory and of the questions to which it leads can look into the books of
Chevalley and de Rham. Of course, he will observe in these applications,
all the vector spaces which intervene have finite dimension; if that gives
him an additional feeling of security, he may of course add that assump-
tion to all the theorems of this chapter. But he will inevitably realize
that this does not make the proofs shorter or simpler by a single line; in
other words the hypothesis of finite dimension is entirely irrelevant to the
material developed below; we have therefore thought it best to dispense
with it altogether, although the applications of Calculus which deal with
the finite-dimensional case still by far exceed the others in number and

importance.”

I share most of Dieudonné’s opinions expressed here. And where else will you
read the phrase “slavish subservience to the shibboleth of numerical interpretation
at any cost”?

Appendix B The History of Cavalieri’s Principle

The following is from Marsden and Weinstein’s Calculus.

The idea behind the slice method goes back, beyond the invention of
calculus, to Francesco Bonaventura Cavalieri (1598-1647), a student of
Galileo and then professor at the University of Bologna. An accurate
report of the events leading to Cavalieri’s discovery is not available, so we
have taken the liberty of inventing one.

Cavalieri’s delicatessen usually produced bologna in cylindrical form, so
that the volume would be computed as 7. radius?®. length. One day the
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casings were a bit weak, and the bologna came out with odd bulges. The
scale was not working that day, either, so the only way to compute the
price of the bologna was in terms of its volume.

Cavalieri took his best knife and sliced the bologna into n very thin slices,
each of thickness z, and measured the radii, r1, ro, ..., r, of the slices
(fortunately they were all round). He then estimated the volume to be
S, w2z, the sum of the volumes of the slices.

Cavalieri was moonlighting from his regular job as a professor at the Uni-
versity of Bologna. That afternoon he went back to his desk and began
the book Geometria indivisibilium continuorum nova quandum ratione
promota (Geometry shows the continuous indivisibility between new ra-
tions and getting promoted), in which he stated what is now known as
Cavalieri’s principle: If two solids are sliced by a family of parallel planes
in such a way that corresponding sections have equal areas, then the two
solids have the same volume.

The book was such a success that Cavalieri sold his delicatessen and re-
tired to a life of occasional teaching and eternal glory.

Appendix C A Short Excursion into the Com-
plex Field

The field C of complex numbers corresponds bijectively with R%2. The complex number
2z = x + iy € C corresponds to (z,y) € R%. A function T : C — C is complex linear
if for all A\, z,w € C we have

T(z +w)=T(2) +T(w) and T(Az) = NT(z).

Since C is a one-dimensional complex vector space the value p = T'(1) determines 7,
namely, T'(z) = pz for all z. If 2 = z + iy and p = o + i then puz = (ax — fy) +
i(Br +ay). In R? terms T : (z,y) — ((axz — By), (Bz + ay)) which shows that T is a
linear transformation R? — R? whose matrix is

57

2 1
The form of this matrix is special. For instance it could never be [ 11 ] .
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A complex function of a complex variable f(z) has a complex derivative f’(z)
if the complex ratio (f(z+h)— f(z))/h tends to f'(z) as the complex number h tends
to zero. Equivalently,

flz+h) = f(z) = ['(z)h
h
as h — 0. Write f(z) = u(z,y) + iv(x,y) where z = x + iy, and u, v are real-valued
functions of two real variables. Define F : R? — R? by F(z,y) = (u(z,y), v(x,y)).
Then F' is R-differentiable with derivative matrix

— 0

ou ou
oz oy
DF =

v v

ox oy
Since this derivative matrix is the R? expression for multiplication by the complex
number f’(z), it must have the - form. This demonstrates a basic fact

o

about complex differentiable functions — their real and imaginary parts, v and wv,
satisfy the

53 Cauchy-Riemann Equations

ou Ov ou ov
= — and — =

dx Oy oy oz

Appendix D Polar Form

The shape of the image of a unit ball under a linear transformation 7" is not an issue
that is used directly in anything we do in Chapter5 but it certainly underlies the
geometric outlook on linear algebra.

Question. What shape is the (n — 1)-sphere S"~1?
Answer. Round.

Question. What shape is T'/(S"~1)?

Answer. Ellipsoidal. See also Exercise 39.

Let z = x + iy be a nonzero complex number. Its polar form is z = re’’ where
r>0and 0 <0 <27, and x = rcosf, y = rsinf. Multiplication by z breaks up



Appendix D Polar Form 361

into multiplication by r, which is just dilation, and multiplication by e, which is
rotation of the plane by angle . As a matrix the rotation is

cos —sinf
sin 0 cosf |’
The polar coordinates of (z,y) are (r,0).

Analogously, consider an isomorphism 7' : R" — R". Its polar form is
T=0P

where O and P are isomorphisms R"™ — R such that

(a) O is like €¥; it is an orthogonal isomorphism.

(b) P is like r; it is positive definite symmetric (PDS) isomorphism.

Orthogonality of O means that for all v, w € R™ we have
(Ov, Ow) = (v, w),
while P being PDS means that for all nonzero vectors v, w € R™ we have
(Pv,v) > 0 and (Pv,w) = (v, Pw).

The notation (v, w) indicates the usual dot product on R™.

The polar form T = OP reveals everything geometric about 7. The geometric
effect of O is nothing. It is an isometry and changes no distances or shapes. It is
rigid. The effect of a PDS operator P is easy to describe. In linear algebra it is shown
that there exists a basis B = {u1,...,u,} of orthonormal vectors (the vectors are of
unit length and are mutually perpendicular) and with respect to this basis we have

A1 0 .
0 A2 0

The diagonal entries \; are positive. P stretches each u; by the factor \;. Thus P
stretches the unit sphere to an n-dimensional ellipsoid. The wu; are its axes. The
norm of P and hence of T' is the largest \;, while the conorm is the smallest \;. The
ratio of the largest to the smallest, the condition number, is the eccentricity of the
ellipsoid.
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Upshot Except for the harmless orthogonal factor O, an isomorphism is no more
geometrically complicated than a diagonal matrix with positive entries.

54 Polar Form Theorem Fach isomorphism T : R" — R" factors as T = OP,
where O is orthogonal and P is PDS.

Proof Recall that the transpose of T : R — R" is the unique isomorphism T
satisfying the equation
(Tv,w) = (v, T'w)

for all v,w € R"™. Thus the condition (Pv,w) = (v, Pw) in the definition of PDS
means exactly that P! = P.

Let T be a given isomorphism 7T : R" — R™. We must find its factors O and
P. We just write them down as follows. Consider the composite 7% o T'. It is PDS
because

(T'T)! = (TH)(TY)! = T'T and (T'Tv,v) = (Tv, Tv) > 0.

Every PDS transformation has a unique PDS square root, just as does every positive
real number 7. (To see this, take the diagonal matrix with entries y/\; in place of
Ai.) Thus T*T has a PDS square root and this is the factor P that we seek,

P2 =T'T.

By P? we mean the composite P o P. In order for the formula T'= OP to hold with
this choice of P we must have O = T'P~!. To finish the proof we merely must check
that TP~! actually is orthogonal. Magically,

(Ov,0w) = (TP ', TP 'w) = (P v, T'T P~ w)
= (P, Pw) = (P'P~ v, w) = (PP~ v, w)
= <U7w>
which implies that O is orthogonal. O

55 Corollary Under any invertible T : R™ — R"™ the unit ball is sent to an ellipsoid.

Proof Write T in polar form 7" = OP. The image of the unit ball under P is an
ellipsoid. The orthogonal factor O merely rotates the ellipsoid. O
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Appendix E Determinants

A permutation of a set S is a bijection 7 : S — S. That is, 7 is one-to-one and onto.
We assume the set S is finite, S = {1,...,k}. The sign of 7 is

sen(r) = (=1
where 7 is the number of reversals — i.e., the number of pairs 4, j such that
i<j and 7(i) > w(j).

56 Proposition FEvery permutation is the composite of pair transpositions; the sign
of a composite permutation is the product of the signs of its factors; and the sign of
a pair transposition s —1.

The proof of this combinatorial proposition is left to the reader. Although the
factorization of a permutation 7 into pair transpositions is not unique, the number
of factors, say t, satisfies (—1)" = sgn(r).

Definition The determinant of a & x k£ matrix A is the sum

det A = Z sgn(ﬂ')alw(l)a%@) )
where 7 ranges through all permutations of {1,...,k}.

Equivalent definitions appear in standard linear algebra courses. One of the key
facts about determinants is the product rule: For two k X k matrices we have

det AB = det A det B.

It extends to nonsquare matrices as follows.

57 Cauchy-Binet Formula Assume that k < n. If A is a k x n matriz and B is
an n X k matriz, then the determinant of the product k x k matriz AB = C is given
by the formula
det C = " det A” det By,
J

where J ranges through the set of ascending k-tuples in {1,...,n}, A’ is the k x k
minor of A whose column indices j belong to J, while By is the k x k minor of B
whose row indices i belong to J. See Figure 132.
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Ji

I3
I ) I3 J4

Js

Figure 132 The paired 4 x 4 minors of A and B are determined by the
4-tuple J = (j1, ja, J3, ja)-

Proof Note that special cases of the Cauchy-Binet Formula occur when & = 1 or
k=n. When k =1, C is the 1 x 1 matrix that is the dot product of an A-row vector
of length n times a B-column vector of height n. The 1-tuples J in {1,...,n} are just
single integers, J = (1),...,J = (n), and the product formula is immediate. In the
second case, k = n, we have the usual product determinant formula because there is
only one ascending k-tuple in {1,...,k}, namely J = (1,...,k).

To handle the general case, define the sum

S(A,B) = Y det A7 det B,
J

as above. Consider an elementary n X n matrix £. We claim that
S(A,B) = S(AE,E~'B).

Since there are only two types of elementary matrices, this is not too hard a calcu-
lation, and is left to the reader. Then we perform a sequence of elementary column
operations on A to put it in lower triangular form

a1 0 0 0

a9 99 0 0
A = AE, ... E, =

7581 Lo Qs 0 0

About B’ = E;'... E; ' B we observe only that

AB=A'B' = A B,
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where Jy = (1,...,k). Since elementary column operations do not affect S we have
S(A,B) = S(AE,,E{'B) = S(AE\Es, By 'E7'B) = ... = S(A', B)).
All terms in the sum that defines S(A’, B) are zero except the Jgh, and thus
det(AB) = det A" det B, = S(A',B') = S(A, B)

as claimed. O
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Exercises

1. Let T : V — W be a linear transformation, and let p € V be given. Prove that
the following are equivalent.
(a) T is continuous at the origin.
(b) T is continuous at p.
(c¢) T is continuous at at least one point of V.

2. Let £ be the vector space of continuous linear transformations from a normed
space V to a normed space W. Show that the operator norm makes { a normed
space.

3. Let T': V — W be a linear transformation between normed spaces. Show that

1Tl = sup{|Tw|: Jo] < 1}
sup{|T| : [o] < 1}
sup{|To| : [o] = 1}

= inf{M :v eV = |Tv| < M|v|}.

4. The conorm of a linear transformation 7' : R® — R™ is

m(T):inf{W:v#O}.

It is the minimum stretch that 7" imparts to vectors in R™. Let U be the
unit ball in R™.
(a) Show that the norm and conorm of 7" are the radii of the smallest ball
that contains TU and the largest ball contained in TU.
) Is the same true in normed spaces?
(¢) If T is an isomorphism, prove that its conorm is positive.
(d) Is the converse to (c) true?
) If T: R™ — R™ has positive conorm, why is 7" is an isomorphism?
(f) If the norm and conorm of 7" are equal, what can you say about 77
5. Formulate and prove the fact that function composition is associative. Why
can you infer that matrix multiplication is associative?
6. Let M,, and £,, be the vector spaces of n xn matrices and linear transformations
R"™ — R™.
(a) Look up the definition of “ring” in your algebra book.
(b) Show that M,, and £,, are rings with respect to matrix multiplication and
composition.
(¢) Show that T : M,, — L£,, is a ring isomorphism.
7. Two norms | |; and | |2 on a vector space are comparable’ if there are

"From an analyst’s point of view, the choice between comparable norms has little importance. At
worst it affects a few constants that turn up in estimates.
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positive constants ¢ and C' such that for all nonzero vectors in V' we have

IS
[v]2

C.

(a) Prove that comparability is an equivalence relation on norms.

(b) Prove that any two norms on a finite-dimensional vector space are com-
parable. [Hint: Use Theorem 3.]

(¢) Consider the norms

1
o = /0 F@Oldt and  |floo = max{|f(t)]: ¢ € [0,1]},

defined on the infinite-dimensional vector space C? of continuous func-
tions f : [0,1] — R. Show that the norms are not comparable by finding
functions f € C° whose integral norm is small but whose C° norm is 1.
*8. Let | | =| |co be the supremum norm on C? as in the previous exercise.
Define an integral transformation 7 : C° — C by

T;fH/:f(t)dt.

(a) Show that T is linear, continuous, and find its norm.

(b) Let f,(t) = cos(nt), n=1,2, .... What is T'(f,)?

(c) Is the set of functions K = {f,, : n € N} closed? Bounded? Compact?

(d) Is T(K) compact? How about its closure?
9. Give an example of two 2 x 2 matrices such that the operator norm of the
product is less than the product of the operator norms.

10. In the proof of Theorem 3 we used the fact that with respect to the Euclidean
norm, the length of a vector is at least as large as the length of any of its
components. Show by example that this is false for some norms in R?. [Hint:
Consider the matrix

3 -2
A= [ g ] |

Use A to define an inner product (v,w)4 = > v;a;jw; on R?, and use the inner

product to define a norm
[v[a = V/(v,0)a.

(What properties must A have for the sum to define an inner product? Does
A have these properties?) With respect to this norm, what are the lengths of
e1, e, and v = e] + e37]
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11.

12.

13.
14.

15.

16.

17.

Consider the shear matrix

S

and the linear transformation S : R? — R? it represents. Calculate the norm
and conorm of S. [Hint: Using polar form, it suffices to calculate the norm
and conorm of the positive definite symmetric part of S. Recall from linear
algebra that the eigenvalues of the square of a matrix A are the squares of the
eigenvalues of A.]
What is the one-line proof that if V' is a finite-dimensional normed space then
its unit sphere {v : |v| = 1} is compact?
The set of invertible n x n matrices is open in M. Is it dense?
An n x n matrix is diagonalizable if there is a change of basis in which it
becomes diagonal.

(a) Is the set of diagonalizable matrices open in M(n x n)?

(b) Closed?

(c) Dense?
Show that both partial derivatives of the function

flz,y) = x2gfy2 if (z,y) # (0,0)

0 if (z,y) = (0,0)

exist at the origin but the function is not differentiable there.
Let f:R? — R? and g : R® — R be defined by f = (z,%,2) and g = w where

w = w(r,y,z) = zy+yz + zx

x = x(s,t) = st y = y(s,t) = scost z = z(s,t) = ssint.

(a) Find the matrices that represent the linear transformations (Df), and
(Dg)q where p = (so,t0) = (0,1) and ¢ = f(p).

(b) Use the Chain Rule to calculate the 1 x 2 matrix [Qw/9ds, dw/0t] that
represents (D(g o f))p.

(c¢) Plug the functions = = z(s,t), y = y(s,t), and z = z(s,t) directly into
w = w(x,y, z), and recalculate [Qw/0s, dw/0t], verifying the answer given
in (b).

(d) Examine the statements of the multivariable chain rules that appear in
your old calculus book and observe that they are nothing more than the
components of various product matrices.

Let f: U — R™ be differentiable, [p,q] C U C R™, and ask whether the direct
generalization of the one-dimensional Mean Value Theorem is true: Does there
exist a point 6 € [p, ¢] such that

(28) f(@) = f(p) = (Df)olqg —p)?
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(a) Take n =1, m = 2, and examine the function
f(t) = (cost,sint)

for m <t < 2m. Take p = 7 and ¢ = 27. Show that there is no 6 € [p, ¢
which satisfies (28).
(b) Assume that the set of derivatives

{(Df)e € LR R™) : 2 € [p,q]}

is convex. Prove there exists 6 € [p, q] which satisfies (28).
(c) How does (b) imply the one-dimensional Mean Value Theorem?
18. The directional derivative of f: U — R™ at p € U in the direction u is the

limit, if it exists,
. flp+tu) — f(p)
VS ) = figy =

(Often one requires that |u| = 1.)

(a) If f is differentiable at p, why is it obvious that the directional derivative
exists in each direction u?

(b) Show that the function f :R? — R defined by

3

foy) = AmigE 9?00
0 if (x,y) = (0,0)

has V(g,0)f(u) = 0 for all u but is not differentiable at (0, 0).

*19. Using the functions in Exercises 15 and 18, show that the composite of func-
tions whose partial derivatives exist may fail to have partial derivatives, and
the composite of functions whose directional derivatives exist may fail to have
directional derivatives. (That is, the classes of these functions are not closed
under composition, which is further reason to define multidimensional differ-
entiability in terms of Taylor approximation, and not in terms of partial or
directional derivatives.)

20. Assume that U is a connected open subset of R™ and f : U — R™ is differen-
tiable everywhere on U. If (Df), = 0 for all p € U, show that f is constant.

21. For U as above, assume that f is second-differentiable everywhere and (D? f )p =
0 for all p. What can you say about f? Generalize to higher-order differentia-
bility.

22. If Y is a metric space and f : [a,b] x Y — R is continuous, show that

b
F@%i/f@wﬂﬁ

i1s continuous.
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23.

24.

*25.

26.

*27.

Assume that f : [a,b] x Y — R™ is continuous, Y is an open subset of R", the
partial derivatives df;(x,y)/0y; exist, and they are continuous. Let D, f be the
linear transformation R™ — R™ which is represented by the m x n matrix of
partials.

(a) Show that

b
F(y) :/ f(x,y)dx

is of class C'! and )
(DF>y :/ (Dyf) dx.

This generalizes Theorem 14 to higher dimensions.
(b) Generalize (a) to higher-order differentiability.
Show that all second partial derivatives of the function f : R> — R defined by

zy(z? — y?
flx,y) = W if (z,y) # (0,0)
0 if (x,y) = (0, 0)

exist everywhere, but the mixed second partials are unequal at the origin,
92£(0,0)/0x0y # 0% f(0,0)/0y0w.

Construct an example of a C' function f : R — R that is second-differentiable
only at the origin. (Infer that this phenomenon occurs also in higher dimen-
sions.)

Suppose that u — (3, is a continuous function from U C R" into £L(R™,R™).

(a) If for all w € U, B, is symmetric, prove that its average over each W C U
is symmetric.

(b) Conversely, prove that if the average over all small two-dimensional paral-
lelograms in U is symmetric then £, is symmetric for all u € U. (That is,
if for some p € U, B, is not symmetric, prove that its average over some
small two-dimensional parallelogram at p is also not symmetric.)

(c) Generalize (a) and (b) by replacing £ with a finite-dimensional space E,
and the subset of symmetric bilinear maps with a linear subspace of E:
The average values of a continuous function always lie in the subspace if
and only if the values do.

Assume that f : U — R™ is of class C? and show that D?f is symmetric by
the following integral method. With reference to the signed sum A of f at the
vertices of the parallelogram P in Figure 109, use the C' Mean Value Theorem

to show that
1,1
A = (/ / (DQf)p+sv+tw det) (’U,'LU).
0o Jo

Infer symmetry of (D?f )p from symmetry of A and Exercise 26.



Exercises Multivariable Calculus 371

28. Let B :R™ x -+ x R™ — R™ be r-linear. Define its “symmetrization” as
1
Symm(ﬁ)(vh R UT) = ) ZB(UW(].)? s avﬂ'(r))v
o

where 7 ranges through the set of permutations of {1,...,7}.
(a) Prove that symm(f) is symmetric.
(b) If 8 is symmetric prove that symm(53) = 3.
(c) Is the converse to (b) true?
(d) Prove that « = f —symm(f) is antisymmetric in the sense that if 7 is any
permutation of {1,...,r} then

V(1) -+ -5 Vn(ry) = sEO(T) (1, . .., V).

Infer that L™ = L @ L] where L and L] are the subspaces of symmetric
and antisymmetric r-linear transformations.

(e) Let B € £L2(R2,R) be defined by

B(z,y). (@) = zy"

Express £ as the sum of a symmetric and an antisymmetric bilinear trans-
formation.
*#29. Prove Corollary 18 that rt"-order differentiability implies symmetry of D7 f,
r > 3, in one of two ways.

(a) Use induction to show that (D" f),(v1,...,v,) is symmetric with respect
to permutations of vy,...,v,_1 and of vs,...,v,.. Then take advantage of
the fact that r is strictly greater than 2.

(b) Define the signed sum A of f at the vertices of the paralleletope P spanned
by v1,...,v,, and show that it is the average of D" f. Then proceed as in
Exercise 27.

30. Consider the equation

(29) ze +ye® = 0.

(a) Observe that there is no way to write down an explicit solution y = y(x)
of (29) in a neighborhood of the point (xg,yo) = (0,0).

(b) Why, nevertheless, does there exist a C* solution y = y(z) of (29) near
(0,0)?

(c) What is its derivative at z = 07

(d) What is its second derivative at = = 07

(e) What does this tell you about the graph of the solution?

(f) Do you see the point of the Implicit Function Theorem better?
**31. Consider a function f : U — R such that
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(i) U is a connected open subset of R2.
(i) fis O
(iii) For each (x,y) € U we have

of(z,y) _ o

dy
(a) If U is a disc show that f is independent of y.
(b) Construct such an f of class C°° which does depend on y.
(c) Show that the f in (b) can not be analytic.
(d) Why does your example in (b) not invalidate the proof of the Rank The-
orem on page 3067
32. Let G denote the set of invertible n x n matrices.
(a) Prove that G is an open subset of M(n x n).
(b) Prove that G is a group. (It is called the general linear group.)
(c) Prove that the inversion operator Inv : A — A~! is a homeomorphism of
G onto G.
(d) Prove that Inv is a diffeomorphism and show that its derivative at A is
the linear transformation M — M,

X —AloXoAl

(e) Relate this formula to the ordinary derivative of 1/z at z = a.
33. Observe that Y = Inv X solves the implicit function problem

F(X,Y)-I1=0,

where FI(X,Y) = X oY. Assume it is known that Inv is smooth and use the
Chain Rule to derive from this equation the formula for the derivative of Inv.
34. Use Gaussian elimination to prove that the entries of the matrix A~ depend
smoothly (in fact analytically) on the entries of A.
*35. Give a proof that the inversion operator Inv is analytic (i.e., is defined locally
by a convergent power series) as follows:
(a) If T'e L(R™,R™) and ||T|| < 1 show that the series of linear transforma-
tions
I+T+T*+ .. +TV+...

converges to a linear transformation S, and
So(I-T)=1I=(I-T)oS5,

where [ is the identity transformation.
(b) Infer from (a) that inversion is analytic at I.
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(¢) In general, if Tp € G and ||| < 1/ HTO_1H show that
Inv(Ty —T) = Inv(I — Ty o T) o Ty Y,

and infer that Inv is analytic at Tp.
(d) Infer from the general fact that analyticity implies smoothness that inver-
sion is smooth.
(Note that this proof avoids Cramer’s Rule and makes no use of finite-dimensionality. )
*36. Give a proof of smoothness of Inv by the following bootstrap method.
(a) Using the identity

Xty l=X1loy-X)oy!

give a simple proof that Inv is continuous.

(b) Infer that Y = Inv(X) is a continuous solution of the C'*° implicit function

problem

F(X,Y)—-1=0,
where F(X,Y) = X oY as in Exercise 33. Since the proof of the C*
Implicit Function Theorem relies only continuity of Inv, it is not circular
reasoning to conclude that Inv is C?.

(c) Assume simultaneously that the C" Implicit Function Theorem has been
proved and that Inv is known to be C"~!. Prove that Inv is C” and that
the C"*1 Implicit Function Theorem is true.

(d) Conclude logically that Inv is smooth and the C'*° Implicit Function The-
orem is true.

Note that this proof avoids Cramer’s Rule and makes no use of finite dimen-
sionality:.
*37. Use polar decomposition to give an alternate proof of the volume-multiplier
formula.
**38. Consider the set S of all 2 x 2 matrices X € M that have rank 1.
(a) Show that in a neighborhood of the matrix

1 0
o-[o 0]
S is diffeomorphic to a two-dimensional disc.

(b) Is this true (locally) for all matrices X € S?

(¢) Describe S globally. (How many connected components does it have? Is
it closed in M? If not, what are its limit points and how does S approach
them? What is the intersection of S with the unit sphere in M?, etc.)

39. Draw pictures of all the possible shapes of T'(S?) where T : R? — R? is a linear

transformation and S? is the 2-sphere. (Don’t forget the cases in which 7" has
rank < 3.)
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40. Let 0 <e <1 and a,b > 0 be given.
(a) Prove that

1 2 .
<-<(1 2 — b| < 16¢b.
<1—|—e) =3 <(l4+¢€¢* = J|a—10b|<16eb

(b) Is the estimate in (a) sharp? (That is, can 16 be replaced by a smaller
constant?)
*%41. Suppose that f and g are r*P-order differentiable and that the composite h =
g o f makes sense. A partition divides a set into nonempty disjoint subsets.
Prove the Higher Order Chain Rule,

(D'h)y =Y D> (Drg)go (D f),

k=1 peP(k,r)

where p partitions {1,...,r} into k subsets, and ¢ = f(p). In terms of r-linear
transformations, this notation means

(D"h)p(v1, ... vp)

= Z Z(Dkg)q((Dl’“'f)p(vM), R (D‘uk‘f)p@uk))

k=1 p

where |p;| = #u; and v, is the |p;|-tuple of vectors v; with j € ;. (Symmetry
implies that the order of the vectors v; in the |u;|-tuple v,, and the order in
which the partition blocks g1, ..., ug occur are irrelevant.)

**42. Suppose that 3 is bilinear and B(f,g) makes sense. If f and g are r'"-order
differentiable at p, find the Higher-Order Leibniz Formula for D" (B(f,g))p.
[Hint: First derive the formula in dimension 1.]

43. Suppose that T : R® — R™ has rank k.
(a) Show there exists a 6 > 0 such that if S : R" — R™ and ||S —T|| < ¢ then
S has rank > k.
(b) Give a specific example in which the rank of S can be greater than the
rank of T', no matter how small J is.
(c) Give examples of linear transformations of rank & for each k& where 0 <
k < min{n,m}.
44. Let S C M be given.
(a) Define the characteristic function Xg : M — R.
(b) If M is a metric space, show that xg(z) is discontinuous at z if and only
if x is a boundary point of S.
45. On page 315 there is a definition of Z C R? being a zero set that involves open
rectangles.
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(a) Show that the definition is unaffected if we require that the rectangles
covering Z are open squares.
(b) What if we permit the squares or rectangles to be nonopen?
(c) What if we use discs or other shapes instead of squares and rectangles?
*46. Assume that S C R? is bounded.
(a) Prove that if S is Riemann measurable then so are its interior and closure.
(b) Suppose that the interior and closure of S are Riemann measurable and
|int(S)| = |S| < oo. Prove that S is Riemann measurable.
(c) Show that some open bounded subsets of R? are not Riemann measurable.
See Appendix E in Chapter 6.
*47. In the derivation of Fubini’s Theorem on page 316, it is observed that for all
y € [e,d]\Y, where Y is a zero set, the lower and upper integrals with respect
to x agree, F(y) = F(y). One might think that the values of F and F on Y
have no effect on their integrals. Not so. Consider the function defined on the
unit square [0, 1] x [0, 1],

1 if ¢ is irrational

1 if y is rational and x is irrational

1-1/q if y is rational and = = p/q is rational
and written in lowest terms.

flz,y) =

(a) Show that f is Riemann integrable and its integral is 1.
(b) Observe that if Y is the zero set QN [0, 1] then for each y ¢ Y,

/Olf(wvy) dx

exists and equals 1.
(¢) Observe that if for each y € Y we choose in a completely arbitrary manner
some

h(y) € [E(y), F(y)]
and set W) = Fly)
_J Ely)=F(y fy¢Y
Hiz) = { h(y) ifyey
then the integral of H exists and equals 1, but if we take g(z) =0 for ally € Y
then the integral of

_ [ Ey)=F(y) ifygY
G(x)_{g(y)=0 ifyey

does not exist.
**%48. Is there a criterion to decide which redefinitions of the Riemann integral on the
zero set Y of Exercise 47 are harmless and which are not?
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49. Using the Fundamental Theorem of Calculus, give a direct proof of Green’s
Formulas

—//fydazdy:/ fdxr and //gxdxdy:/ gdy
R OR R OR

where R is a square in the plane and f, g : R? — R are smooth. (Assume that
the edges of the square are parallel to the coordinate axes.)
50. Draw a staircase curve S,, that approximates the diagonal

A={(zr,y) ER*:0<z=y<1}

to within a tolerance 1/n. See Figure133. Suppose that f,g : R? — R are

-

Figure 133 The staircase curve approximating the diagonal consists of
both treads and risers.

smooth.
(a) Why does the length of S,, not converge to the length of A as n — co?
(b) Despite (a), prove that

/ fd:n—>/fd:1: and / gdy—>/gdy
n A Sh A
as n — oo.

(c) Repeat (b) with A replaced by the graph of a smooth function A : [a,b] —
R.

(d) If C'is a smooth simple closed curve in the plane, show that it is the union
of finitely many arcs Cy, each of which is the graph of a smooth function
y = h(x) or x = h(y), and the arcs Cy meet only at common endpoints.
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(e) Infer that if (S),) is a sequence of staircase curves that converges to C' then

/fdx—i—gdy — /fdx—i—gdy.
Sy, c

(f) Use (e) and Exercise 49 to give a proof of Green’s Formulas on a general
region D C R? bounded by a smooth simple closed curve C, that relies
on approximating! C, say from the inside, by staircase curves S, which
bound regions R, composed of many small squares. (You may imagine
that Ry C Ry C ... and that R,, — D.)

51. A region R in the plane is of type 1 if there are smooth functions ¢g; : [a,b] — R,
g2 : [a,b] — R such that g (z) < go(x) and

R={(ey):a<c<b and gi(z) <y < gala)}.

R is of type 2 if the roles of x and y can be reversed, and it is a simple region
if it is of both type 1 and type 2.

(a) Give an example of a region that is type 1 but not type 2.

(b) Give an example of a region that is neither type 1 nor type 2.

d
(e) Give an example of a region that divides into three simple subregions but
not into two.
*(f) If a region is bounded by a smooth simple closed curve C' then it need not
divide into a finite number of simple subregions. Find an example.

)

(c) Is every simple region starlike? Convex?

(d) If a convex region is bounded by a smooth simple closed curve, is it simple?
)

(g) Infer that the standard proof of Green’s Formulas for simple regions (as,
for example, in J. Stewart’s Calculus) does not immediately carry over to
the general planar region R with smooth boundary; i.e., cutting R into
simple regions can fail.

##%(h) Is there a planar region bounded by a smooth simple closed curve such
that for every linear coordinate system (i.e., a new pair of axes), the region
does not divide into finitely many simple subregions? In other words, is
Stewart’s proof of Green’s Theorem doomed?

*(i) Show that if the curve C in (f) is analytic, then no such example exists.
[Hint: C' is analytic if it is locally the graph of a function defined by a
convergent power series. A nonconstant analytic function has the property
that for each x, there is some derivative of f which is nonzero, f)(z) # 0.]

**52. Show that every starlike open subset of the plane is diffeomorphic to the plane.

(The same is true in R™.)

tThis staircase approximation proof generalizes to regions that are bounded by fractal, nondiffer-
entiable curves such as the von Koch snowflake. As Jenny Harrison has shown, it also generalizes to
higher dimensions.
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*#53.

54,

25.

26.
o7.
o8.

The 2-cell ¢ : I™ — B"™ constructed in Step 3 of the proof of Brouwer’s Theorem
is smooth but not one-to-one. For it crushes the corners of I™ into dB.

(a) Construct a homeomorphism h : I? — B? where I? is the closed unit
square and B? is the closed unit disc.

(b) In addition make h in (a) be of class C' (on the closed square) and be
a diffeomorphism from the interior of I? onto the interior of B2. (The
derivative of a diffeomorphism is everywhere nonsingular.)

(c) Why can h not be a diffeomorphism from I? onto B??

(d) Improve class C! in (b) to class C*°.

If K,L C R™ and if there is a homeomorphism h : K — L that extends to
H : U — V such that U,V C R" are open, H is a homeomorphism, and H, H !
are of class C" with 1 < r < 0o then we say that K and L are ambiently C"-
diffeomorphic.

(a) In the plane, prove that the closed unit square is ambiently diffeomorphic
to a general rectangle and to a general parallelogram.

(b) If K, L are ambiently diffeomorphic polygons in the plane, prove that K
and L have the same number of vertices. (Do not count vertices at which
the interior angle is 180 degrees.)

(c) Prove that the closed square and closed disc are not ambiently diffeomor-
phic.

(d) If K is a convex polygon that is ambiently diffeomorphic to a polygon L,
prove that L is convex.

(e) Is the converse to (b) true or false? What about in the convex case?

(f) The closed disc is tiled by five ambiently diffeomorphic copies of the unit
square as shown in Figure 134. Prove that it cannot be tiled by fewer.

(g) Generalize to dimension n > 3 and show that the n-ball can be tiled by
2n + 1 diffeomorphs of the n-cube. Can it be done with fewer?

(h) Show that a triangle can be tiled by three diffeomorphs of the square.
Infer that any surface that can be tiled by diffeomorphs of the triangle
can also be tiled by diffeomorphs of the square. What happens in higher
dimensions?

Choose at random I, J, two triples of integers between 1 and 9. Check that
dry Ndry=dzyy.

True or false? For every k-form « we have a A a = 0.

Show that d : QF — QFF! is a linear vector space homomorphism.

Using Stokes” Formula (but not the Poincaré Lemma and its consequences),
prove that closed 1-forms are exact (i.e., dw = 0 = w = dh for some h) when
defined on R? or on any convex open subset of R? as follows.

(a) If ¢, : [0,1] — U are paths from p to ¢, define

a(s,t) = (1= s)p(t) + sy(t)
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*59.

*60.
61.

Figure 134 Five diffeomorphs of the square tile the disc.

for 0 < s,t <1 and observe it is a smooth 2-cell.

(b) If w = fdx + gdy is a closed 1-form, how does Stokes’ Formula imply
fww = w0 and what does this mean about path independence?

(c) Show that if p is held fixed then

is smooth and dh = w.
(d) What if U is nonconvex but diffeomorphic to R??
(e) What about higher dimensions?
For 0 < a < b the spherical shell is the set

U={(z,y,2) eR3:a® <2? +y* + 22 < v’}

It is the open region between spheres of radius a and b. If C is any closed
curve in U (i.e., the image of a continuous map 7 : S* — U), show that C
can be shrunk to a point without leaving U. That is, U is simply connected.
[Hint: Why is there a point of U not in C, and how does this help? Gazing at
Figure 135 may be a good idea.]

Prove that the closure of the spherical shell is simply connected.

True or false? If w is a k-form and k is odd, then w A w = 0. What if k is even
and > 27
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62

63.

64.
65.

66.

67.

68.

69.

Does there exist a continuous mapping from the circle to itself that has no
fixed-point? What about the 2-torus? The 2-sphere?

Show that a smooth map 7' : U — V induces a linear map of cohomology
groups H*(V) — H*(U) defined by

T": [w] = [T'W)].

Here, [w] denotes the equivalence class of w € Z¥(V)) in H*(V). The question
amounts to showing that the pullback of a closed form w is closed and that its
cohomology class depends only on the cohomology class of w.f

Prove that diffeomorphic open sets have isomorphic cohomology groups.

Show that the 1-form defined on R?\ {(0,0)} by

is closed but not exact. Why do you think that this 1-form is often referred to
as df and why is the name problematic?
Let H C R? be the helicoid {(z,y, 2) : ° + y? # 0 and z = arctany/x} and let
7 H — R?2\{(0,0)} be the projection (x,vy,2) — (z,y).

(a) For w = (zdy — ydz)/r? as in Exercise 65, why is 7%w a closed 1-form on

H?
(b) Is it exact? That is, does there exist a smooth function f : H — R such
that df = w?

(c) Is there more than one?
(d) Is there more than one such that f(1,0,0) =07
Show that the 2-form defined on the spherical shell by

w:%dy/\dz + %dz/\dx + %dm/\dy
T T T

is closed but not exact.

True or false: If w is closed then fw is closed.

True or false: If w is exact then fw is exact.

Is the wedge product of closed forms closed? Of exact forms exact? What
about the product of a closed form and an exact form? Does this give a ring
structure to the cohomology classes?

TA fancier way to present the proof of the Brouwer Fixed Point Theorem goes like this: As
always, the question reduces to showing that there is no smooth retraction 7' of the n-ball to its
boundary. Such a T would give a cohomology map T : H*(0B) — H*(B) where the cohomology
groups of OB are those of its spherical shell neighborhood. The map T is seen to be a cohomology
group isomorphism because T o inclusiongp = inclusionss and inclusiongs™ = identity. But when
k =mn —1> 1 the cohomology groups are nonisomorphic; they are computed to be H" *(dB) = R
and H" %(B) = 0.
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70. Prove that the n-cell ¢ : [-1,1]" — B™ in the proof of the Brouwer Fixed-Point
Theorem has Jacobian p(r)p(r)*~! /r"~! for r = |v| as claimed on page 355.

T

The Hairy Ball Theorem states that any continuous vector field X in R3
that is everywhere tangent to the 2-sphere S is zero at some point of S. Here
is an outline of a proof for you to fill in. (If you imagine the vector field as hair
combed on a sphere, there must be a cowlick somewhere.)

(a)

Show that the Hairy Ball Theorem is equivalent to a fixed-point assertion:
Every continuous map of S to itself that is sufficiently close to the iden-
tity map S — S has a fixed-point. (This is not needed below but it is
interesting.)

If a continuous vector field on S has no zero on or inside a small simple
closed curve C' C S, show that the net angular turning of X along C
as judged by an observer who takes a tour of C' in the counterclockwise
direction is —2m. (The observer walks along C in the counterclockwise
direction when S is viewed from the outside, and he measures the angle
that X makes with respect to his own tangent vector as he walks along
C. By convention, clockwise angular variation is negative.) Show also
that the net turning is +2m if the observer walks along C' in the clockwise
direction.

If C} is a continuous family of simple closed curves on S, a <t < b, and
if X never equals zero at points of C;, show that the net angular turning
of X along C} is independent of ¢. (This is a case of a previous exercise
stating that a continuous integer-valued function of ¢ is constant.)
Imagine the following continuous family of simple closed curves Cy. For
t = 0, Cy is the Arctic Circle. For 0 < t < 1/2, the latitude of Cy
decreases while its circumference increases as it oozes downward, becomes
the Equator, and then grows smaller until it becomes the Antarctic Circle
when t = 1/2. For 1/2 <t < 1, C; maintains its size and shape, but its new
center, the South Pole, slides up the Greenwich Meridian until at ¢t = 1,
C} regains its original arctic position. See Figure 135. Its orientation has
reversed. Orient the Arctic Circle Cy positively and choose an orientation
on each C; that depends continuously on t. To reach a contradiction,
suppose that X has no zero on S.

(i) Why is the total angular turning of X along Cj equal to —277?.

(ii) Why is it +27 on Cy7
(iii) Why is this a contradiction to (c) unless X has a zero somewhere?
(iv) Conclude that you have proved the Hairy Ball Theorem.
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2.
3

;

©

Figure 135 A deformation of the Arctic Circle that reverses its orientation.




Lebesgue Theory

This chapter presents a geometric theory of Lebesgue measure and integration. In
calculus you certainly learned that the integral is the area under the curve. With
a good definition of area that is the point of view I advance here. Deriving the
basic theory of Lebesgue integration then becomes a matter of inspecting the right
picture. See Appendix E for the geometric relation between Riemann integration and
Lebesgue integration.

Throughout the chapter definitions and theorems are stated in R but proved in
R2. Multidimensionality can complicate a proof’s notation but never its logic.

1 Outer Measure

How should you measure the length of a subset of the line? If the set to be measured
is simple, so is the answer. The length of the interval (a,b) is b — a. But what is
the length of the set of rational numbers? of the Cantor set? As is often the case in
analysis we proceed by inequalities and limits. In fact one might distinguish the fields
of algebra and analysis solely according to their use of equalities versus inequalities.

Definition The length of an interval I = (a,b) is b — a. It is denoted |I|. The
Lebesgue outer measure of a set A C R is

m*A = inf {Z |Ii| : {I;} is a covering of A by open intervals} .
k
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Tacitly we assume that the covering is countable; the series ), |I;| is its total
length. (Recall that “countable” means either finite or denumerable.) The outer
measure of A is the infimum of the total lengths of all possible coverings {I;} of A
by open intervals. If every series Y, |I;| diverges then by definition m*4 = oo.

Outer measure is defined for every A C R. It measures A from the outside as do
calipers. A dual approach measures A from the inside. It is called inner measure,
is denoted m A, and is discussed in Section 4.

Three properties of outer measure (the “axioms of outer measure”) are easy to
check.

1 Theorem (a) The outer measure of the empty set is 0, m*() = 0.
(b) If A C B then m*A < m™B

(c) If A=U52, Ap then m*™A < Y m*A

n=1
Proof (b) and (c) are called monotonicity and countable subadditivity.

(a) This is obvious. Every interval covers the empty set.
(b) This is obvious. Every covering of B is also a covering of A.

(c) This uses the €/2" trick. Given e > 0 there exists for each n a covering {Ij, :
k € N} of A,, such that

o0
> il < m*A, + =

2n
The collection {Ij, : k,n € N} covers A and
Z\Jkn|_22\fkn|<z( *A+ ZmA + e
n=1 k=1 n=1

Thus the infimum of the total lengths of coverings of A by open intervals is <
>, m*A, + €, and since € > 0 is arbitrary the infimum is < Y, m*A4,, which is
what (c) asserts. O

Next, suppose you have a set A in the plane and you want to measure its area.
Here is the natural way to do it.

Definition The area of a rectangle R = (a,b) x (¢,d) is |R| = (b—a) - (d — ¢) and
the (planar) outer measure of A C R? is the infimum of the total area of countable
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coverings of A by open rectangles Ry,

m*A = inf{z |Ry| : {Ry} covers A}.

k
See Figure 136.

Figure 136 Rectangles that cover A

Because it is so natural, the preceding definition makes perfect sense in higher
dimensions too.

Definition An open box B C R" is the Cartesian product n open intervals, B =
1) Ii- Its n-dimensional volume | B| is the product of their lengths. The n-dimensional
outer measure of A C R™ is the infimum of the total volume of countable coverings
of A by open boxes By,

m*A = inf {Z |Bi| : {By} covers A} .

k

If need be, we decorate | | and m™ with subscripts “17, “2”, or “n” to distinguish
the linear, planar, and n-dimensional quantities. As in the linear case we write | R| and
|B| only for open rectangles and boxes. The outer measure axioms — monotonicity,
countable subadditivity, and the outer measure of the empty set being zero — are true
for planar outer measure too. See also Exercise 2.
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Definition If Z7 C R" has outer measure zero then it is a zero set.

2 Proposition FEvery subset of a zero set is a zero set. The countable union of zero
sets is a zero set. Fach plane Pij(a) = {(x1,...,x,) € R" : 2; = a} is a zero set in
R™.

Proof Monotonicity implies m*(Z") < m*Z = 0 whenever Z’ is a subset of a zero
set Z. If m*(Zy) =0 for all k € N and Z = |J Z, then by Theorem 1(c) we have

m*Z < Zm*Zk = 0.
k
We assume n = 2. The “plane” P;(a) is the line {z = a} when ¢ =1 or {y = a} when
i = 2. Given € > 0 we can cover the line P;(a) with rectangles Ry = I} x Jj where

I = (a—€/k282 a + /K282 = (=F, k).

The total area of these rectangles is € so Pi(a) is a zero set. O

The next theorem states a property of outer measure that seems obvious.

3 Theorem The linear outer measure of a closed interval is its length; the planar
outer measure of a closed rectangle is its area; the n-dimensional outer measure of a
closed box is its volume.

Inductive Proof for the Closed Interval [a,b] For each € > 0 the open interval
(a — €, b+ ¢€) covers [a,b]. Thus m*([a,b]) < (b+¢€) — (a —€) = b—a+ 2 By the
e-principle we get m™([a,b]) < b — a.

To get the reverse inequality we must show that if {I;} is a countable open covering
of [a,b] then > |I;| > b — a. Since [a,b] is compact it suffices to prove this for finite
open coverings {[1,...,I,}. Let I; = (a;,b;). We reason inductively. If n = 1 then
(a1,b1) D [a,b] implies a1 < a < b < by so b—a < |I;|. That’s the base case of the
induction.

Assume that for each open covering of a compact interval [¢, d] by n open intervals
{J;} we have d —c < 3°%_; [Jj|, and let {I;} be a covering of [a,b] by n + 1 open
intervals I; = (a;, b;). We claim that E?:"'ll |I;] > b—a. One of the intervals contains

a, say it is Iy = (a1,b1). If by > b then I; D [a,b) and again a1 < a < b < by implies
that Z?jll |I;| > |I1| = b1 — a1 > b — a. On the other hand, if b; < b then

[a,b] = Ja,b1)U][by,D]
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and |I1| > by —a. The compact interval [by, b] is covered by I, ..., I, +1. By induction
we have S0 1] > b — by. Thus

n+1 n+1
MLl = LI+ )L > (hh—a)+(b—b) = b—a
i=1 i=2
which completes the induction and the proof. ]

The preceding inductive proof does not carry over to rectangles. For a rectangle
has no left to right order. However, the following grid proof works for intervals,
rectangles, and boxes.

Grid proof for a closed rectangle Let R = [a,b] x [c,d] C R%. Tt is simple to see
that m*R < (b —a) - (d — ¢). To check the reverse inequality consider any countable
covering of R by open rectangles R;. We must show that Y |R;| > (b—a) - (d — ¢).
Since R is compact the covering has a positive Lebesgue number A. Take a grid of
open rectangles S; C R of diameter < X such that ) [S;| = (b—a) - (d —c). See
Figure 137. Then

*****************************************************************

Figure 137 The rectangles Sy, ..., Sy are contained in R;. The rectangles
Ss,...Sg are contained in Ro. The rectangles S3 and .Sy are contained in

both R; and Rj so their area will be counted twice in Z Z |S;].
[ SjCRi

SIS < YD 1S < IR

j 7 SjCRi

implies (b —a) - (d —c¢) <Y |R;|. Thus (b—a) - (d —c) = m*R as claimed. O
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4 Corollary The formulas m*I = b —a, m*R = (b —a) - (d — ¢), and m*B =
[T, m*(Ix) hold also for intervals, rectangles, and bozes that are open or partly open.
In particular, m*I = |I|, m*R = |R|, and m*B = |B| for open intervals, rectangles,
and boxes.

Proof Let I be any interval with endpoints a < b and let € > 0 be given. (We assume
e < (b—a)/2 without loss of generality.) The closed intervals J = [a + ¢, b — €] and
J' =la—¢, b+e¢] sandwich [ as J C I C J'. By Theorem 3 we have m*J = b—a — 2¢
and m*J' = b — a + 2¢. Thus

m*J m*I m*J
l [

b—a—2 < |I < b—-a+2e

IN
IN

Then ’m*[ —|I H < 4e for all € > 0 which implies m*I = |I|. The sandwich method
works equally well for rectangles and boxes. O

2 Measurability

If A and B are subsets of disjoint intervals in R it is easy to show that
m (AU B) = m*A +m*B.

But what if A and B are merely disjoint? Is the formula still true? The answer
is “yes” if the sets have an additional property called measurability, and “no” in
general as is shown in Appendix D. Measurability is the rule and nonmeasurability
the exception. The sets you meet in analysis — open sets, closed sets, their unions,
differences, etc. — all are measurable. See Section 4.

Definition A set £ C R is (Lebesgue) measurable if the division F|E° of R is so
“clean” that for each “test set” X C R we have

(1) m*X = m (XNE) + m"XNE°).

The definition of measurability in higher dimensions is analogous. A set £ C R™ is
measurable if E|E¢ divides each X C R" so cleanly that (1) is true for n-dimensional
outer measure.
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We denote by M = M(RR") the collection of all Lebesgue measurable subsets of
R"™. If E is measurable its Lebesgue measure is m*E, which we write as mF,
dropping the asterisk to emphasize the measurability of E.

Which sets are measurable? It is obvious that the empty set is measurable. It
is also obvious that if a set is measurable then so is its complement, since F|E¢ and
E°|E divide a test set X in the same way.

In the rest of this section we analyze measurability in the abstract. For the basic
facts about measurability have nothing to do with R or R™. They hold for any
“abstract outer measure.”

Definition Let M be any set. The collection of all subsets of M is denoted as 2M.
An abstract outer measure on M is a function w : 2M — [0, 00] that satisfies
the three axioms of outer measure: w()) = 0, w is monotone, and w is countably
subadditive. A set E' C M is measurable with respect to w if F|E* is so clean that
for each test set X C M we have

wX = wXNE) + w(XNE°).

Example Given any set M there are two trivial outer measures on M. Counting
outer measure assigns to a finite set S C M its cardinality and assigns oo to every
infinite set. The zero/infinity measure assigns outer measure zero to the empty set and
00 to every other set. All sets are measurable with respect to these outer measures.
See Exercise 10.

Example A less trivial outer measure weights Lebesgue outer measure. One sets
wl = e |I|, where ¢ is the midpoint of the interval I, and then defines the outer
measure of A C R to be the infimum of the total w-area of countable interval coverings
of A. Other weighting functions can be used.

5 Theorem The collection M of measurable sets with respect to any outer measure
on any set M is a o-algebra and the outer measure restricted to this o-algebra is
countably additive. All zero sets are measurable and have no effect on measurability.
In particular Lebesgue measure has these properties.

A o-algebra is a collection of sets that includes the empty set, is closed under
complement, and is closed under countable union. Countable additivity of w means
that if Fq, Fs,... are measurable with respect to w then

E=UE = wFE= whk;.
Sur

7
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Proof Let M denote the collection of measurable sets with respect to the outer mea-
sure w on M. First we deal with zero sets, sets for which wZ = 0. By monotonicity,
if Z is a zero set and X is a test set then

wX <wXNZ)+wXNZ) = 0+w(XNZ) < wX

implies Z is measurable. Likewise, if F|E¢ divides X cleanly then so do (EUZ)|(EU
Z)¢ and (E\ Z)|(E\ Z)°. That is, Z has no effect on measurability.

To check that M is a o-algebra we must show that it contains the empty set, is
closed under complements, and is closed under countable union. By the definition of
outer measure the empty set is a zero set so it is measurable, () € M. Also, since F|E*
divides a test set X in the same way that E°|E does, M is closed under complements.
To check that M is closed under countable union takes four preliminary steps:

(a) M is closed under differences.

(b) M is closed under finite union.

(¢) w is finitely additive on M.

(d) w satisfies a special countable addition formula.

(a) For measurable sets Ej, Fo, and a test set X, draw the Venn diagram in
Figure 138 where X is represented as a disc. To check measurability of E1 \ Es we
must verify the equation

24134 = 1234
where 2 = w(X N (E7 \ E2)), 134 = w(X N (E1\ E2))¢, 1234 = wX, etc. Since E;
divides any set cleanly, 134 = 1+ 34, and since F»> divides any set cleanly, 34 = 34 4.
Thus
24134 = 2+14+34+4 = 14+24+3+4.
For the same reason 1234 = 12434 = 1+ 2+ 3 4+ 4 which completes the proof of
(a).

(b) Suppose that Ej, Fy are measurable and E' = E; U Ey. Since E¢ = E{ \ E»,
(a) implies that E¢ € M and thus F € M. For more than two sets, induction shows
that if £4,...,E, € M then F1 U...UE, € M.

(c) If Ey, B3 € M are disjoint then F; divides E = E; U E3 cleanly, so
wE = w(E N Ej)+w(ENE]) = wE +wks,

which is additivity for pairs of measurable sets. For more than two measurable sets,
induction implies that w is finitely additive on M i.e., if Fy,..., E, € M then

n
n

E=UE = wE=)> wk
=1 i=1
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ES | E;

Figure 138 The picture that proves M is closed under differences.

(d) Given a test set X C M and a countable disjoint union of measurable sets
E = ] F; of measurable sets we claim that

(2) WX NE)=) wX N E).

%

(When X = M this is countable additivity, but in general X need not be measurable.)
Consider the division

XN(E1UE?) = (XNE)) U (XNE,).

Measurability of E7 implies that the two outer measures add. By induction the same
is true for any finite sum,

wXN(ELU...UE) = w(X NE)+...+w(X N Ey).
Monotonicity of w implies that

Ww(XNE) > wXnN(ELU...UEY)),
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and so w(X N E) dominates each partial sum of the series Y w(X N E;). Hence it
dominates the series too,

Y w(XNE) < w(XnE).

e
=1

The reverse inequality is always true by subadditivity and we get equality, verifying
(2).

Finally, we prove that E = | E; is measurable when each E; is. Taking E] =
E;N(E1U...UE;_1), (a) tells us it is no loss of generality to assume the sets E; are
disjoint, E = LE;. Given a test set X C M we know by (c) (finite additivity) and
monotonicity of w that

WXNE)+...+w(XNE) +w(XNE°
= wXNEU...UE)) +w(X NE°
wXN(ELU---UER)+wX N (EyU---U Eg))
wX.

IN

Being true for all k, the inequality holds also for the full series
iw(X NE;)+wXNE) < wX.
i=1
From (2) we get
WXNE)+w(XNES = iw(X NE)+w(XNE) < wX.

=1

The reverse inequality is true by subadditivity of w. This gives equality and shows
that E is measurable. Hence M is a o-algebra and the restriction of w to M is
countably additive. O

From countable additivity we deduce a very useful fact about measures. It applies
to any outer measure w, in particular to Lebesgue outer measure.

6 Measure Continuity Theorem If {E;} and {Fy} are sequences of measurable
sets then

upward measure continuity Byt E = wh, T wE

downward measure continuity Fr, | F and wFy < 00 = wky | wF.
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Proof The notation Fy T E means that Fy C Fy C ... and E = |J Ex. Write E
disjointly as E = || E}, where E} = E\ (E1U...U Ej_1). Countable additivity for

measurable sets gives
o0
o /
whk = E wk,.
n=1

Also, the k" partial sum of the series equals wE}, so wEj, converges upward to wkE.
The notation Fj | F means that F} D Fy, D ... and F = () F. Write F; disjointly
as

(e.0)
F = (u F,;) U F
k=1

where Fy = Fj.\ Fj11. Then Fy = l,>, F, U F. The countable additivity formula
for measurable sets -
whk =wkF + Z wF!
n=1
plus finiteness of wF; implies that the series converges to a finite limit, so its tails
converge to zero. That is,
oo
wkj, = Z wF, +wF
n=~k

converges downward to wF' as k — oo. O

3 Meseomorphism

An isomorphism preserves algebraic structure. A homeomorphism preserves topolog-
ical structure. A diffeomorphism preserves smooth structure. A “meseomorphism”
preserves measure structure. More precisely, if M and M’ are sets with outer measures
w and w’ then a meseomorphism is a bijection T': M — M’ such that £ — TFE
is a bijection M — M/, where M and M’ are the collections of measurable subsets of
M and M'. If m/(TE) = mE for all measurable E then T is a meseometry.

7 Theorem If a bijection increases outer measure by at most a factor t and its
inverse increases outer measure by at most a factor 1/t then it is a meseomorphism.

If t =1 then it is a meseometry.

Proof Let T : M — M’ be the bijection where M and M’ are equipped with outer
measures w and w’. For each X C M we have

wX = wTtoT(X)) < 71 (TX) < t7HwX = wX.
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Thus w'(TX) = twX, so T multiplies outer measure by ¢ and 7! multiplies outer
measure by 1/t.

If E C M is measurable then we claim T'F is measurable. Let X’ be a test set in
M’'. Then X = T-1(X') is a test set in M. Since T multiplies outer measure by T
and F is measurable we have

(XN =twX = t(wXNE)+ w(XNE%)
=t(t W (T(XNE)) +t ' (T(X NE))
=W/ (X'NTE) + ' (X' NT(E)).

Since TE divides each test set X’ C M’ cleanly, TE is measurable. Likewise for 771,
so B+ TFE bijects M to M'.

If t = 1 then T preserves outer measure and therefore it preserves the measure of
measurable sets. It is a meseometry. O

8 Corollary If D is a nonsingular diagonal n x n matrix then the linear map D :
R™ — R"™ sending v to Dv is a meseomorphism of Lebesque measure. If E is mea-
surable then m(DE) = |det D|mE.

Proof Diagonality implies D carries a box to a box and multiplies its volume by
d = |det D|. Every covering of A by boxes {B;} is carried by D to a covering of DA
by boxes {D(B;)} and their total volume gets multiplied by d. Thus D increases
outer measure by at most the factor d. Similarly, D~! increases outer measure by at
most the factor 1/d. Theorem 7 implies that D is a meseomorphism that multiplies
measure by d. O

Affine Motions

An affine motion of R™ is an invertible linear transformation followed by a trans-
lation. Translation does not affect Lebesgue measure, while Corollary 8 describes how
a diagonal matrix affects it.

9 Theorem An affine motion T : R™ — R™ is a meseomorphism. It multiplies
measure by |det T'|.

10 Lemma The boundary of an n-dimensional ball is an n-dimensional zero set.

Proof We assume n = 2. If A is the closed unit disc in the plane then 0 < mA < 0o
since [~1/v/2, 1/v/2]> ¢ A C [~1,1]%. The unit circle C is the boundary of A. Tt
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is sandwiched between discs A_ of radius 1 — € and Ay of radius 1 + €. Corollary 8
implies

m(A_) = (1—-¢)*mA < mA < (1+4¢)*mA = m(A}).
Measurability implies m(A4 N A_) = m(Ay) — m(A_) = 4emA. Since € > 0 is
arbitrary and mC < m(A; \ A_) we have mC = 0. O

11 Lemma FEvery open cube is a countable disjoint union of open balls plus a zero
set.

Proof Let S C R? be an open square. It contains a compact disc A whose area is
greater than half the area of the square, m(A) > m(S5)/2. The difference Uy = S\ A
is an open subset of S with m(U;) < m(S)/2. It is therefore the disjoint countable
union of small open squares S; plus a zero set. Each S; contains a small compact
disc A; whose area is greater than half the area of S;. The total area of finitely many
of the discs A; is greater than half the total area of the squares S;. Thus, for some
k,Uy=S\N(AUA;U---UAy) is an open subset of U; and m(Usz) < m(S)/4. See
Figure 139. Repetition gives countably many smaller and smaller disjoint compact

O CONCICHCIONCIONCIONCIONE;
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Figure 139 Each disc occupies greater than half the area of its square.

discs with total measure equal to m.S. Lemma 10 implies the measure of a closed disc
is the same as the measure of its interior, which completes the proof that S consists
of countably many disjoint open discs plus a zero set. O
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Proof of Theorem 9 We are assuming that Tv = Mwv, where M is an invertible
n X n matrix. We take n = 2.

We first claim that if Z is a zero set then sois T'Z. Given € > 0 there is a countable
covering of Z by rectangles Ry with total area < e. Each Ry can be covered by squares
with total area < m(Ry)+¢€/2%. Hence Z can be covered by countably many squares
S; with total area < 2e. The T-image of each square S; is contained in a square S
whose edgelength is ||T|| diam S;. Thus T'Z is contained squares S whose total area
is at most

> _(IT| diam 5;)* =Y "2 T|*[S;] < 4[|T]e.

See Figure 140. Since € > 0 is arbitrary we have m(T'Z) = 0.

S/

¢ A

Figure 140 The square S has edgelength ¢ and diameter s = £1/2. Its
T-image is a parallelogram contained in a square S’ of edgelength
¢/ = ||T||s. Hence m(S') < (£')* = (|T||v26)* = 2|T||* m(S).

Next we claim that orthogonal transformations are meseometries. Let O : R? —
R? be orthogonal. It carries the disc B(r,p) to the disc B(r, Op), which is a translate
of B(r,p). Let S be a square. Lemmall implies S = || B; U Z where the B; are
discs and Z is a zero set. The O-image of each B; is a disc of equal measure, and the
O-image of Z is a zero set. Hence m(0S) = mS. Given € > 0 there is a countable
covering of A by squares S; with Y |S;] < m™A + e. Thus {O(S;)} covers OA and
has total area < m™A + e. This implies

m*(OA) < m*A.



Section 4 Regularity 397

Since O~! is also orthogonal, it too does not increase outer measure. Theorem 7
implies O is a meseometry.

Finally we use Polar Form (Appendix D in Chapter5) to write
M = O1 DO,

where O1 and O; are orthogonal and D is diagonal. Since O and Oy are meseometries
and by Corollary8 D is a meseomorphism which multiplies measure by |det D| =
|det T'|, the proof is complete. O

12 Corollary Rigid motions of R™ preserve Lebesque measure. They are meseome-
tries.

Proof A rigid motion is a translation followed by an orthogonal transformation. The
determinant of an orthogonal transformation is £1. O

The concept of a meseomorphism makes natural sense in a more general context.
A measure space is a triple (M, M, u) where M is a set, M is a o-algebra of subsets
of M, and u : M — [0,00] has the same basic properties as Lebesgue measure,
namely, p(0) = 0, p is monotone, and p is countably additive. For example, the
triple (R™, M(R™),m) is a measure space, and so is the triple (5%, M(S?),v) where
v is surface area on the 2-sphere S?. A meseomorphism from one measure space
(M, M, ) to another (N,N,v) is a bijection T : M — N that bijects M to N
according to E — TE. It is a meseometry if in addition we have v(TE) = pFE for all
EecM.

Meseometries are not sensitive to topology. See Exercises 19 and 20.

4 Regularity

In this section we discuss properties of Lebesgue measure related to the topology of
R and R”.

13 Theorem Open sets and closed sets are measurable.

14 Proposition The half-spaces [a,00) x R* ™! and (a,00) x R" are measurable in
R™. So are all open boxes.
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Proof Without loss of generality we assume n = 2. Let H = [a,00) x R. We claim
that m*X = m*(X N H) +m™(X N H¢) for all test sets X. Since a x R is a zero set in
R? and zero sets have no effect on outer measure (Theorem5) we may assume that
X N(axR)=10. Set

X ={(z,y) e X:z<a} Xt = {(z,y) € X : x> al.

Then X = X~ LU X™. Given € > 0 there is a countable covering R by rectangles R
with g [R| < m*X + €. Let R be the collection of rectangles R = {(z,y) € R :
Re Rand + (r —a) > 0}. Then RF covers X* and

m*X < m¥XNH)+ m(XnNH

DR+ YR = DR < mX te

R+ R-

IN

Since € > 0 is arbitrary this gives measurability of H = [a,00) x R. Since the line
x = a is a planar zero set (a,00) x R is also measurable. The vertical strip (a,b) x R
is measurable since it is the intersection

(a,00) x R N (—o0,b) xR

and (—o0,b) x R = ([b,00) x R)¢. Interchanging the coordinates shows that the
horizontal strip R X (¢, d) is also measurable. The rectangle R = (a,b) x (c,d) is the
intersection of the strips and is therefore measurable. ]

Proof of Theorem 13 Let U be an open subset of R™. It is the countable union
of open boxes. Since M(R") is a o-algebra and a o-algebra is closed with respect
to countable unions, U is measurable. Since a o-algebra is closed with respect to
complements, every closed set is also measurable. ]

15 Corollary The Lebesgue measure of an interval is its length, the Lebesgue mea-
sure of a rectangle is its area, and the Lebesgue measure of a box is its volume. The
boundary of a box is a zero set and so is the boundary of a ball.

Proof This is just Theorem 3, Proposition 14, and measurability of the sets in-
volved. O

Sets that are slightly more general than open sets and closed sets arise naturally.
A countable intersection of open sets is called a Gs-set and a countable union of
closed sets is an F,-set. (“0” stands for the German word durschnitt and “o” stands
for “sum.”) By DeMorgan’s laws, the complement of a Ggs-set is an Fy,-set and
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conversely. Clearly a homeomorphism sends Gs-sets to Gs-sets and Fi-sets to Fy-
sets. Since the o-algebra of measurable sets contains the open sets and the closed
sets it also contains the Ggs-sets and the Fj-sets.

16 Theorem Lebesgue measure is regular in the sense that each measurable set E
can be sandwiched between an Fy-set and a Gs-set, F C E C G, such that m(G\F) =
0. Conversely, if there is such an F C E C G then E is measurable.

Proof We take E C R?. We assume first that E is bounded and choose a large
rectangle R that contains E. We write £° = R\ E. Measurability implies

mR = mE +m(E°).

There are decreasing sequences of open sets U, and V,, such that U, D E, V, D
E¢, m(U,) — mE, and m(V,,) — m(E°) as n — oo. Measurability of E implies
m(U, \ E) — 0 and m(V, \ E¢) — 0. The complements K, = R\ V, form an
increasing sequence of closed subsets of F and

mK, = mR—mV, — mR—-m(E°) = mE.

Thus F = |J K, is an F,-set contained in F with mF = mE. Similarly, G = (U,
is a G-set that contains F and has mG = mFE. Because all the measures are finite,
the equality mF = mE = mG implies that m(G\ F) = 0.

Conversely, if F'is an F,-set, G is a Gg-set, F C E C G, and m(G \ F') = 0 then
E is measurable since E = F'U Z, where Z = EN (G \ F) is a zero set.

The unbounded case is left as Exercise 6. O

17 Corollary A bounded subset E C R™ is measurable if and only if it has a regu-
larity sandwich F' C E C G such that F is an F,-set, G is a Gg-set, and mF = mG.

Proof If E is measurable, bounded or not, then Theorem 16 implies there is a regu-
larity sandwich with mF = mE = mG. Conversely, if there is a regularity sandwich
with mF = mG then boundedness of E implies mF < co. Measurability of F' and G
imply m(G\ F) = mG — mF = 0 and Theorem 16 then implies F is measurable. []

18 Corollary Modulo zero sets, Lebesque measurable sets are F,-sets and/or Gs-
sets.

Proof E=FUZ =G\ Z' for the zero sets Z =E\ F and Z/ =G\ E. O
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Inner Measure, Hulls, and Kernels

Consider any bounded A C R", measurable or not. m*A is the infimum of the
measure of open sets that contain A. The infimum is achieved by a Gg-set that
contains A. We call it a hull of A and denote it as H4. It is unique up to a zero
set. Dually, the inner measure of A is the supremum of the measure of closed sets
it contains. The supremum is achieved by an F,-set contained in A. We call it a
kernel of A and denote it as K 4. It is unique up to a zero set.” We denote the inner
measure of A as mA. It equals m*(K4). Clearly m, A < m*A and m, measures A
from the inside. Also, m, is monotone: A C B implies m A < m_B.

Remark Theorem 16 implies that a bounded subset of R™ is measurable if and only
if its inner and outer measures are equal. Lebesque took this as his definition of
measurability. He said a bounded set is measurable if its inner and outer measures
are equal, and an unbounded set is measurable if it is a countable union of bounded
measurable sets. In contrast, the current definition which uses cleanness and test sets
is due to Carathéodory. It is easier to use (there are fewer complements to consider),
unboundedness has no effect on it, and it generalizes more easily to abstract measure
spaces.

19 Theorem If A C B C R™ and B is a box then A is measurable if and only if it
divides B cleanly.

Remark The theorem is also valid for a bounded measurable set B instead of a box,
but it’s most useful for boxes. It means you don’t need to check clean division of all
test sets, just clean division of one big box.

20 Lemma If A is contained in a box B then mB = m, A+ m*(B\ A).

Proof If K C A is closed then B \ K is open and contains B \ A. Measurability
implies
mB =mK +m(B\ K).

Maximizing mK minimizes m(B\ K) and vice versa. O

Proof of Theorem 19 Lemma 20 implies

mA + m*(B\ A) = mB.

'If A is unbounded we need to take a little more care. It is not enough to achieve the infimum or
supremum if they are co. Rather, we demand that H4 is minimal in the sense that if H D A and is
measurable then Ha \ H is a zero set. Similarly, we demand maximality of K4 in the sense that if
K C A and is measurable then K \ K4 is a zero set. See Exercise 6.
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If A divides B cleanly then
m*A+m B\ A) = mB.

Finiteness of these four quantities permits subtraction, so mA = m*A and A is
measurable. The converse is obvious because a measurable set divides every test set
cleanly. ]

5 Products and Slices

Regularity of Lebesgue measure has a number of uses such as in Exercises 69, 21, 22,
23, and 73. Here are some more.

21 Measurable Product Theorem If A C R" and B C R¥ are measurable then
A x B is measurable and
m(A x B) =mA-mB.

By convention 0- 0o =0 =00 0.

22 Lemma If A and B are bozes then Ax B is measurable and m(Ax B) = mA-mB.
Proof A x B is a box and the product formula follows from Corollary 15. 0

23 Lemma If A or B is a zero set then A x B is measurable and m(A x B) =
mA-mB = 0.

Proof We assume A, B C R and mA = 0. If e > 0 and £ € N are given then we
cover A with open intervals I; whose total length is so small that the total area of the
rectangles I; x [/, f] is < €/2°. The union of all these rectangles covers A x R and
has measure < e. The e-Principle implies m*(4 x R) = 0. Since A x B C A x R it
follows that A x B is a zero set. All zero sets are measurable so we have m(A x B) =
mA-mB = 0. O

24 Lemma FEvery open set in n-space is a countable union of disjoint open cubes
plus a zero set.

Proof Take n = 2, accept all the open unit dyadic squares that lie in U, and reject
the rest. Bisect every rejected square into four equal subsquares. Accept the interiors
of all these subsquares that lie in U, and reject the rest. Proceed inductively, bisecting
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Figure 141 An open set is a countable union of dyadic cubes.

the rejected squares, accepting the interiors of the resulting subsquares that lie in U,
and rejecting the rest. In this way U is shown to be the countable union of disjoint,
accepted, open dyadic squares, together with the points rejected at every step in the
construction. See Figure 141. Rejected points of U lie on horizontal or vertical dyadic
lines. There are countably many such lines, each is a zero set, and so the rejected
points in U form a zero set. 0

25 Lemma IfU andV are open then U XV is measurable and m(U xV') = mU-mV .

Proof We assume U,V C R. Since U XV is open it is measurable. Lemma 24 implies
that U = |, [; U Zy and V = L], J; U Zv, where I; and J; are open intervals while
Zyr and Zy are zero sets. Then

UxV = UIiXJj Uz
.3
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where Z = (Zy x V) U (U x Zy) is a zero set by Lemma23. Since

(Z m(fz’)) Zm(Jj) = Zm(fz')m(Jj) = Zm(Ii x Jj)
we conclude that m(U x V) =mU - mV. O

Proof of the Measurable Product Theorem We assume A, B C I are measur-
able where [ is the unit interval. We claim that the hull of a product is the product
of the hulls and the kernel of a product is the product of the kernels. Since hulls are
Gs-sets their product is a Gs-set and is therefore measurable. Similarly, the product
of kernels is measurable. Clearly

KixKp C AxB C Hyx Hpg

and (Hq X Hp)\ (K4 x Kp) = (Ha\ K4) x (Hp \ Kg). Measurability of A and B
implies m(Ha\ K4) = m(Hp\ Kp) = 0 so Lemma 23 gives

m(KA X KB) = m(HA X HB).

Since A x B is sandwiched between two measurable sets of the same finite measure,
it is measurable and its measure equals their common value. That is,

(3) m(Kaqx Kg) = m(Ax B) = m(Hs x Hp).

Let U, and V,, be sequences of open sets in I converging down to H4 and Hp.
Then U,, xV,, is a sequence of open sets in I? converging down to H 4 x Hg. Downward
measure continuity implies m(U,, x V;,) = m(Ha x Hp). Lemma 25 implies m(U,, x
Vo) = m(Uy) - m(Vy,). Since m(Uy,) — mA and m(V,,) — mB we conclude from (3)
that m(A x B) = mA - mB. O

Recall from Chapter 5 that the slice of E C R x R¥ at # € R™ is the set
E, = {y eR¥: (z,y) € E}.

Among other things the next theorem lets us generalize the Measurable Product
Theorem to nonmeasurable sets. See Exercise 73.

26 Zero Slice Theorem If E C R™ x R* is measurable then E is a zero set if and
only if almost every slice of E is a (slice) zero set.
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Proof As above, it is no great loss of generality to assume n = k = 1 and F is
contained in the unit square. Suppose that E is measurable and m(E,) = 0 for
almost every x. We claim mE = 0.

Let Z = {x : E, is not a zero set}. Z is a zero set. The slices FE, for which E,
is not a zero set are contained in Z x R which, as proved above, is a zero set in R?.
Then E\ (Z x R) is measurable, has the same measure as E, and so it is no loss of
generality to assume that every slice E, is a zero set.

It suffices to show that the inner measure of E is zero. For measurability implies
myF = m*E. Let K be any compact subset of E and let ¢ > 0 be given. The slice
K, is compact and it has slice measure zero. Therefore it has an open neighborhood
V(z) such that m(V(z)) < e. Compactness of K implies that for all 2’ near 2 we have
K, C V(z). For otherwise there is a sequence (x,,yy) in K with (z,,yn) — (x,7)
and y ¢ K,. Closedness of K implies (z,y) € K, so y € K, a contradiction. Hence
if U(x) is small then for all 2’ € U(z) we have 2/ x K,» C W(x) = U(z) x V(x). See
Figure 142.

U(x)

Figure 142 The open set V (z) contains the slice K, and has small
measure. If 2’ lies in a small enough neighborhood U(x) of = then the set
' x Ky lies in W(x) = U(xz) x V(z). These sets 2/ x K, are shown in the
enlarged picture as vertical segments in K.
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We can choose these small open sets U(x) from a countable base of the topol-
ogy of R, for instance the intervals with rational endpoints. This gives a countable
covering of K by thin product sets W; = U; x V; such that m(V;) < € for each i. We
disjointify the covering by setting

UZ{:Ui\(UlU...UUi_l).

The sets U/ are measurable, disjoint, and since E is contained in the unit square they
all lie in the unit interval. Hence their total one-dimensional measure is < 1. The
sets W/ = U] x V; are disjoint, are measurable, and cover K. Theorem 21 implies
m(W/) = m(U}) - m(V;) so their total planar measure is < > m(U/) - € < e. Hence
mK = 0, which implies m E = 0 and completes the proof that E is a zero set.

Conversely, suppose that E is a zero set. Regularity implies there is a Gg-set
G D F with mG = 0 and it suffices to show that almost every slice of G is a zero
set. The slices of a Gs-set are G-sets and in particular each slice G, is measurable.
Let X(a) = {x : m(G;) > a}. We claim that m*(X(a)) = 0. Each G, contains a
compact set K (x) with m(K(x)) = m(G,).

Let U be any open subset of I? that contains G. If z € X(a) then z x K(z) is
a compact subset of U and there is a product neighborhood W (z) = U(z) x V(x)
of x x K(z) with W(x) C U. Since K(z) C V(x) we have m(V (z)) > a. Again we
can assume the neighborhoods U(x) belong to some countable base for the topology
of R. This gives a countable family {U;} that covers X(«). As above, set U/ =
Ui\ (U U---UU;_1). Disjointness and Theorem 21 imply

mU

v

S mU x Vi) = > m(U]) - m(Vi)

Since mG = 0 there are open sets U D G D E with arbitrarily small measure. Thus
X (o) is a zero set and so is Uyen X (1/€). That is, m(E,) = 0 for almost every z. [J

Remark Measurability of E is a necessary condition in Theorem 26. See Exercise 25.



406 Lebesgue Theory Chapter 6

6 Lebesgue Integrals

Following J.C. Burkill, we justify the maxim that the integral of a function is the
area under its graph. Let f : R — [0, 00) be given.

Definition The undergraph of f is

Uf = {(z,y) e Rx [0,00): 0 <y < f(x)}.

The function f is (Lebesgue) measurable if Uf is measurable with respect to
planar Lebesgue measure, and if it is then the Lebesgue integral of f is the measure
of the undergraph

[ £ =mu)

Figure 143 The geometric definition of the integral is the measure of the

undergraph.
See Figure 143.

Burkill refers to the undergraph as the ordinate set of f. The notation for the
Lebesgue integral intentionally omits the usual “dz” and the limits of integration to
remind you that it is not merely the ordinary Riemann integral f; f(x)dx or the
improper Riemann integral f2_ f(x) dx.

Since a measurable set can have infinite measure we permit [ f = oo.

In this section we deal with functions of one variable. The multivariable case in which f : R® — R
offers no new ideas, only new notation.
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Definition The function f : R — [0, c0) is Lebesgue integrable if (it is measurable
and) its integral is finite." The set of integrable functions is denoted by L!, £, or £.

The three basic convergence theorems for Lebesgue integrals are the Monotone
Convergence Theorem, the Dominated Convergence Theorem, and Fatou’s Lemma.
Their proofs are easy if you look at the right undergraph pictures. We write f,, — f
a.e. to indicate that nh_}rgo fn(z) = f(x) for almost every =z, i.e., for all = not belong-

ing to some zero set.* (See Chapter 3 for previous use of the phrase “almost every”
in connection with Riemann integrability.) However, we often abuse the notation
by dropping the “a.e.” for clarity. This is rarely a problem since Lebesgue theory
systematically neglects zero sets; as Theorem 5 states, zero sets have no effect on
measurability or measure, and thus no effect on integrals.®

27 Monotone Convergence Theorem Assume that (fy,) is a sequence of measur-
able functions f, : R — [0,00) and f, T f a.e. asn — co. Then

[t

Proof Obvious from Figure 144. O

Definition The completed undergraph of f: R — [0,00) is
Uf = {(x,9) €Rx [0,00): 0 <y < fla)}.
It is the undergraph plus the graph.

28 Proposition ﬁf is measurable if and only if Wf is measurable, and if measurable
then their measures are equal.

Proof For n € N let Ty, : R? — R? send (x,y) to (x, (1 4+ 1/n)y). The matrix that
represents Ty, is

1 0

0 1+1/n

fThus the integral of a measurable nonnegative function exists even if the function is not in-
tegrable. To avoid this abuse of language the word “summable” is sometimes used in place of
“integrable” to indicate that [ f < oco.

You may also come across the abbreviation “p.p.” for the French presque partout.

§ As informal notation one might try decorating the standard symbols “—”, “=", “¥”_etc. with
small zeros indicating “up to a zero set.” Thus f, 2 f would indicate a.e. convergence, A Z B

]
would indicate set equality except for a zero set, V would indicate for almost every, and so on. But

really, would you benefit very much from formulas like f, > f % g?
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f
Jn

Figure 144 f, T f implies Uf,, T Uf. Upward measure continuity
(Theorem 6) then implies [ f, = m(Uf,) t m(Uf) = [ f.

By Corollary 8 T4, is a meseomorphism and m(7,(Uf)) = (1 + 1/n)m(Uf). The
intersection 7, (Uf) is Uf except for points (z,0) of the z-axis at which f(z) = 0.
The z-axis is a planar zero set and has no effect on measurability. Therefore u fis
measurable.

Similarly, Uf is the union of the sets T_n(ﬁ f) except for points on the z-axis
and so measurability of U f implies measurability of Uf. Upward measure continuity
implies that

m(Uf) = lim (1—1/m)m(Uf) = mUf)

n—o0

which completes the proof. O

29 Corollary If (f,) is a sequence of integrable functions that converges monotoni-
cally downward to a limit function f almost everywhere then

[

Proof Since m(ﬁ( fn)) = [ fn is finite, downward measure continuity is valid. Propo-
sition 28 then implies

/mzmmmnzm@wm¢mmv=mmﬂ=/f
as n — 0o. Il

Definition If f,, : X — [0,00) is a sequence of functions then the lower and upper
envelope sequences are

f, (@) =inf{fx(z) : k > n} Folx) =sup{fa(z) : k > n}.
We permit f,,(x) = oo.
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30 Proposition U(f,) = U U(fy) and U(f ) = ;Q U(fe).

k>n -
Proof We have

(z,y) € U(f,) <=y <sup{fi(z) : k > n}
<= 3¢ > n such that y < fo(z)
<= 3/ > n such that (x,y) € U(fy)

— (z,y) € U U(fr)-
k>n
The other equality is checked the same way. O
31 Dominated Convergence Theorem If f, : R — [0,00) is a sequence of mea-
surable functions such that f, — f a.e. and if there exists a function g : R — [0, 00)
whose integral is finite and which is an upper bound for all the functions f, then f

is integrable and [ fn — [ f as n — oco.

Proof Obvious from Figure 145. O

Figure 145 Dominated convergence. Proposition 30 implies the envelope
functions are measurable. Due to the dominator g they are integrable. The
Monotone Convergence Theorem and Corollary 29 imply their integrals
converge to [ f. Since U(f ) C U(f,) C ﬁ(?n) the integral of f,, also

In
converges to [ f.
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Remark If a dominator g with finite integral fails to exist then the assertion fails.
For example, the sequence of steeple functions shown in Figure 89 on page 214, have
integral n and converge at all x to the zero function as n — oco. See Exercise 33.

32 Corollary The pointwise limit of measurable functions is measurable.

Proof U( fn) is measurable and converges upward to Uf. O

33 Fatou’s Lemma If f, : R — [0,00) is a sequence of measurable functions then

/ liminf f,, < liminf / fn-

Proof The assertion is really more about liminfs than integrals. The liminf of the
sequence (fy) is f = lim fn, where fn is the lower envelope function. Since [, 71 I,
n—oo — " —

the Monotone Convergence Theorem implies [ in t [ f, and since in < fn we have
J f <liminf [ f,. O

Remark The inequality in Fatou’s Lemma can be strict as is shown by the steeple
functions. See Exercise 33.

Having established the three basic convergence theorems for Lebesgue integrals
using mainly pictures of undergraphs, we collect some integration facts of a more
mundane character.

34 Theorem Let f,g: R — [0,00) be measurable functions.

(a) If f<gthen [ < [g.
(b) If R = UpZ, X and each Xy, is measurable then

/fngkf-

(¢) If X C R is measurable then mX = [ Xxx.

(d) If mX =0 then [, f =0.

(e) If f(z) = g(z) almost everywhere then [ f = [g.

(f) If ¢ >0 then [cf =c [ f.

(9) The integral of f is zero if and only if f(x) =0 for almost every x.
(h) [f+9=[f+[g

Proof Assertions (a) — (g) are obvious from what we know about measure.
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(a) f < g implies Uf C Ug implies m(Uf) < m(Ug).

(b) The product X, x R is measurable and its intersection with Uf is Uf|x,. Thus
Uf = UrZ, Uf|x, and countable additivity of planar measure gives the result.

) The planar measure of the product U(Xx) = X X% [0,1) is mX.

(d) Uf is contained in the product X x R of zero planar measure.

—
o

(e) Almost everywhere equality of f and g means there is a zero set Z C R such
that if x ¢ Z then f(x) = g(x). Apply (b), (d) to R=ZU(R\ Z).

(f) According to Theorem 9 scaling the y-axis by the factor ¢ scales planar measure
correspondingly.

(g) The Zero Slice Theorem (Theorem 26) asserts that Uf is a zero set if and only if
almost every vertical slice is a slice zero set. The vertical slices are the segments

[0, fz).
(h) This requires a new concept and a corresponding picture. See Theorem 35,
Corollary 36, and Figure 146. O

Definition If f: R — R then f-translation 77 : R? — R? sends the point (x,%) to
the point (z, y + f(x)).

T} slides points along the vertical lines x x R and
TpoTy = Trrg = TyoTy
so T is a bijection whose inverse is T_y.

35 Theorem If f : R — [0,00) is integrable then Ty preserves planar Lebesgue

measure; i.e., it 1S a meseometry.

Proof We must show that Ty bijects the class M of Lebesgue measurable subsets of
R? to itself and m(TyE) = mE for all E € M.

Consider Figure 146. It demonstrates that for any two nonnegative functions on
R we have two ways to express U(f + ¢), namely

UfuTi(Ug) = U(f+g) = ToUf)UUg.

First we consider the function

h ifzxel
g(z) = ,
0 otherwise

where [ is an interval in R and h is a positive constant. See Figure 147. The un-
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Figure 146 The undergraph of a sum

dergraph of g is the rectangle R = I x [0,h). The T-image of R is the same as the
T fr-image, where fr(z) = f(z)-xs(x). Thus we can assume that f(z) =0 for = ¢ I.
The map T} is vertical translation by the constant h and since Lebesgue measure is
translation invariant we get measurability of Ty(Uf). Then Uf U TR = T,(Uf) U R
implies T R is measurable and

m(Uf) +m(TfR) = m(T,(Uf)) +mR.

Since m(Uf) < oo, subtraction is legal and we get m(TyR) = mR. If we translate R
vertically by k then we have a rectangle T, R = I x [k, h+k) and Ty(TyR) = T o Tf R
implies that T sends each rectangle I x [c, d) to a measurable set of the same measure.

We claim that T never increases outer measure. If S C R? and € > 0 is given
then we cover S with countably many rectangles R; such that

Zm(Rz) < m*S e

Then TS is covered by countably many measurable sets T¢(R;) with total measure
< m*S + e. From countable subadditivity and the e-Principle we deduce m*(T+S) <
m*S. The same is true for T_ since

T_f:’l,Z)OTfOQ/}

where 1 : R? — R? is the meseometry sending (z,y) to (z,—y). Neither Ty nor its
inverse increase outer measure, so Theorem 7 implies 7' is a meseometry. O
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f+yg

/U\JUU\JU\J\ 7,01f)
L

uf i 1
 R=1x[0,h) |

Figure 147 T translates R upward by f and Tj translates Uf upward by
h.

36 Corollary If f: R — [0,00) and g : R — [0,00) are integrable then

[t+a=[1+[o

Proof Since U(f +g) = Uf U T (Ug) and Ty is a meseometry we see that f 4 g is
measurable and m(U(f + g)) = m(Uf) + m(Ug). That is, the integral of the sum is
the sum of the integrals. O

Remark The standard proof of linearity of the Lebesgue integral is outlined in Ex-
ercise 47. It is no easier than this undergraph proof, and undergraphs at least give
you a picture as guidance.

37 Corollary If fi. : R — [0,00) is a sequence of integrable functions then

g/fk:/gfk-

Proof Let F,(z) = >1_, fr(x) be the n'® partial sum and F(z) = Y32, fx(z).
Then F,(z) T F(z) as n — oo. The Monotone Convergence Theorem implies [ F,, —
J F. Corollary 36 implies > [ fx = [ > p_; fx and the assertion follows. O

Until now we have assumed the integrand f is nonnegative. If f takes both
positive and negative values we define

) fle) iff(z) >0 ) —flx) if f(z) <0
fr(z) = { 0 if fz) <0 f-(x) = { 0 if f(z)>0
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Then fi > 0and f = fi — f—. See Exercise 28. If fi are integrable we say that f is
integrable and define its integral as

[r= 8-t

38 Proposition The set of measurable functions f : R — R is a vector space, the
set of integrable functions is a subspace, and the integral is a linear map from the
latter into R.

The proof is left to the reader as Exercise 32.

7 Italian Measure Theory

In Chapter 5 the slice method is developed in terms of Riemann integrals. Here we
generalize to Lebesgue integrals. If E C RF x R” and & € R* then the x-slice through
a point = € R¥ is

E, = {yeR": (z,y) € E}.

The y-slice is EY = {z : (x,y) € E}. Similarly, the x-slice and y-slice of a function
f:E—Rare f :y— f(x,y) and fY:z+— f(z,y).

Remark In this section we frequently write dx and dy to indicate which variable is
the integration variable.

39 Cavalieri’s Principle If E is measurable then almost every slice E, of E is
measurable, the function x — m(E;) is measurable, and its integral is

(4) mE = / m(Ey) da.

(Note that mE refers to (k + n)-dimensional measure while m(Ey) refers to n-
dimensional measure.)

See Figure 148.

Proof We take k = 1 = n. The proof of the Zero Slice Theorem (Theorem 26)
contains the hard work; if E is a zero set then it asserts that almost every slice F,
is a zero set, and since the integral of a function that vanishes almost everywhere is
zero we get (4) for zero sets.
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Figure 148 Slicing a planar set

(4) is obvious for boxes, and hence it holds also for open sets. After all, an open

set is the disjoint union of boxes and a zero set, and slicing preserves disjointness.

The Dominated Convergence Theorem promotes (4) from open sets to bounded

Gs-sets.

(4) holds for bounded measurable sets since each is a bounded Gs-set minus a

zero set. The general measurable set E is a disjoint union of bounded measurable
sets, E = ] E;, so countable additivity gives (4) for E.

O]

The proof of Cavalieri’s Principle in higher dimensions differs only notationally

from the proof in R2. See also Appendix B of Chapter 5 and Exercise 44.

40 Corollary The y-slices of an undergraph decrease monotonically as y increases,

and the following formulas hold:

(Uf)* = U s

y>a

UfH)* = N U

y<a

Every horizontal slice of a measurable undergraph is measurable.

Proof Monotonicity and the formulas follow from

(W) =
(W) =

{z:a< fz}
{z:a< fo}

{z : Jy > a such that y < fz}
{z : Yy < a we have y < fx}.
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We fix an arbitrary a and ask: Are the slices (Uf)* and (ﬁ f)* measurable? Cava-
lieri’s Principle implies that almost every horizontal slice of a measurable undergraph
is measurable. Thus, there exist y, | a such that (Uf)Y" is measurable. By mono-
tonicity, (Uf)* = U,,(Uf)Y" gives measurability of (Uf)*. Similarly for the completed
undergraph. O

41 Corollary Undergraph measurability is equivalent to the more common definition
using preimages.

Proof We say that f: R — [0,00) is preimage measurable if for each a € [0, 00)
the preimage fP™[a,00) = {z : fx > a} is a measurable subset of the line. (See also
Appendix A.) Since

fPla,0) = {r:a < fa} = (ﬁf)a

by Corollary 40, we see that undergraph measurability implies preimage measurabil-
ity. The converse follows from the equation

uf = U fpre[a’oo) X [O’Q)'
0<acQ O

As a consequence of Cavalieri’s Principle in 3-space we get the integral theorems
of Fubini and Tonelli. It is standard practice to refer to the integral of a function f
on R? as a double integral and to write it as

[ 1= [ty dod.

It is also standard to write the iterated integral as

[ #was]ae = [ |[ o]

42 Fubini-Tonelli Theorem If f : R? — [0,00) is measurable then almost every
slice f1(y) is a measurable function of y, the function x — [ fy(y)dy is measurable,
and the double integral equals the iterated integral,

[ - [ [ [ 1) dy} dr.

Proof The result follows from the simple observation that the slice of the undergraph
is the undergraph of the slice,
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Figure 149 Slicing the undergraph

See Figure 149. For (5) implies that mo((Uf)z) = mao(Ufz) = [ f(z,y) dy, and then

Cavalieri gives
//f(w,y) dxdy

ma(Uf) = / fma ((Uf),)] de

_ /[/f(g:,y)dy] da. 0

43 Corollary When f : R? — [0,00) is measurable the order of integration in the
iterated integrals is irrelevant,

/[/f(m’y)dy] dv = //f($’y)d$dy = / [/f(l‘»?/)dm] dy.

(In particular if one of the three integrals is finite then so are the other two and all
three are equal.)

Proof The difference between “x” and “y” is only notational. In contrast to the
integration of differential forms, the orientation of the plane or 3-space plays no role
in Lebesgue integration so the Fubini-Tonelli Theorem applies equally to z-slicing
and y-slicing, which implies that both iterated integrals equal the double integral. [J
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The multidimensional version of Cavalieri’s Principle yields similar multi-integral
results. See Exercise 54.

When f takes on both signs a little care must be taken to avoid subtracting co
from oo.

44 Theorem If f : R? — R is integrable (the double integral of f exists and is finite)
then the iterated integrals exist and equal the double integral.

Proof Split f into its positive and negative parts, f = fi — f_, and apply the
Fubini-Tonelli Theorem to each separately. Since the integrals are finite, subtraction
is legal and the theorem follows for f. O

See Exercise 53 for an example in which trouble arises if you forget to assume
that the double integral is finite.

8 Vitali Coverings and Density Points

The fact that every open covering of a closed and bounded subset of Euclidean space
reduces to a finite subcovering is certainly an important component of basic analysis.
In this section we present another covering theorem, this time the accent being on
disjointness of the sets in the subcovering rather than on finiteness. The result is
used to differentiate Lebesgue integrals.

Definition A covering V of a set A in a metric space M is a Vitali covering if for
each point p € A and each r > 0 there is V € V such that p € V. C M,p and V is not
merely the singleton set {p}.

For example, if A = [a,b], M =R, and V consists of all intervals [«, 5] with o <
and o, 5 € Q then V is a Vitali covering of A.

45 Vitali Covering Lemma A Vitali covering of a bounded set A C R™ by closed
balls reduces to an efficient disjoint subcovering of almost all of A.

More precisely, given € > 0, V reduces to a countable subcollection {V}} such that
(a) The Vj, are disjoint.
(b) mU <m*A + ¢, where U = LI}, Vi.
(¢) A\U is a zero set.
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Condition (b) is what we mean by {V}} being an “efficient” covering — the extra
points covered form an e-set. The sets Uy = V3 U--- U Vy “nearly” cover A in the
sense that given € > 0, if N is large then Uy contains A except for an e-set. After
all, U = |J Uy contains A except for a zero set. See also Appendix E.

Boundedness of A is an unnecessary hypothesis. Also, the assumption that the
sets V € V are closed balls can be weakened somewhat. We discuss these improve-
ments after the proof of the result as stated.

Proof of the Vitali Covering Lemma Given € > 0, there is a bounded open set
W O A such that mW < m™A + €. Define

Vi={VeV:VcW} and d; = sup{diamV :V € V;}.

V1 is still a Vitali covering of A. Since W bounded d; is finite. Choose V; € V; with
diam Vj > d;/2 and define

Vo =4{VeV:VNV, =0} and dy = sup{diamV :V € Vy}.
Choose Vo € Vo with diam Vo > da/2. In general,

Vi, = {VGVk_l VNU1 = @}
dr = sup{diamV : V € V;}

d
Vi € Vi, has diam V;, > ?k

where Up_1 = Vi U ... U Vi_1. This means that Vi has roughly maximal diameter
among the V' € V that do not meet Uy_1. By construction, the balls V} are disjoint
and since they lie in W we have m(lJ Vi) < mW < m™A + ¢, verifying (a) and (b).
It remains to check (c).

If at any stage in the construction Vi = () then we have covered A with finitely
many sets Vi, so (c¢) becomes trivial. We therefore assume that Vi, Vs, ... form an
infinite sequence. Additivity implies that m(l] Vi) = > mVi. Since each Vj is
contained in W the series converges. This implies that diam V, — 0 as k — oo; i.e.,

(6) dp, — 0ask — oc.

For each N € N we claim that
[oe)
(7) Ui D A\Un_:
k=N

where 5V}, denotes the ball Vj dilated from its center by the factor 5. (These dilated
balls need not belong to V.)
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Take any a € A\ Uy_1. Since Uy_1 is compact and V; is Vitali, there is a ball
B €V such that a € Band BNUy_1 = 0. That is, B € V. Assume that (7) fails.
Then, for all £ > N we have

a & 5Vg.

Therefore B ¢ 5Vy. Figure 150 shows that due to the choice of Vi with roughly
maximal diameter, the fact that 5V fails to contain B implies that Vv is disjoint

from B, so B € V1. This continues for all k£ > N; namely for all k£ > N we have
B e V.

Figure 150 The unchosen ball B

Ahal

B was available for choice as the next Vi, k& > N, but it was never chosen.
Therefore the chosen Vi has a diameter at least half as large as that of B. The latter
diameter is fixed, but (6) states that the former diameter tends to 0 as k — oo, a
contradiction. Thus (7) is true.

It is easy to see that (7) implies (c). For let § > 0 be given. Choose N so large

that
(o)
Z m Vk < —-—
k=N
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where n = dimR"™. Since the series > m(V}) converges this is possible. By (7) and
the scaling law m(tE) = t"mE for n-dimensional measure we have

m A\NUx-1) < D m(V) = 5" m(Vk) <4
k=N k=N
Since ¢ is arbitrary, A\ U = ,(A\ Uy) is a zero set. O

Remark A similar strategy of covering reduction appears in the proof in Chapter
2 that sequential compactness implies covering compactness. Formally, the proof is
expressed in terms of the Lebesgue number of the covering but the intuition is this:
Given an open covering U of a sequentially compact set K, you choose a subcovering
by first taking a U; € U that covers about as much of K as possible, then taking
Uy € U that covers about as much of the remainder of K as possible, and so on.
If finitely many of these sets U, fail to cover K then you take a sequence x, €
K\ (U U---UU,—1) and prove that it has no subsequence which converges in K.
(The contradiction shows that in fact finitely many of the U,, you chose actually did
cover K.) In short, when reducing a covering it is a good idea to choose the biggest
sets first. This is exactly the Vitali outlook.

Removing the assumption that A is bounded presents no problem. Express R™
as I D; U Z, where the D; are the open unit cubes defined by the integer lattice and
Z is the zero set of hyperplanes having at least one integer coordinate. If A C R" is
unbounded then A = | ] A; U (AN Z), where A; = AN D;. Given a Vitali covering V
of A by closed balls, we set

V, = {VeV:VcD}

It is a Vitali covering of the bounded set A; and therefore reduces to a disjoint (e/2¢)-
efficient covering {V;; : k € N} of almost all of A;. Thus V reduces to a disjoint
e-efficient covering {V; ;, : i,k € N} of almost all of A.

A further generalization involves the shapes of the sets V € V. If | |, is any norm
on R" then its closed ball of radius r at p is

B,(r.p) = {x € R":Ja| <1}

The preceding proof of the Vitali Covering Lemma goes through word for word when
we substitute balls with respect to the norm | |>|< for Euclidean balls. Even the factor
5 remains the same. If | | is the taxicab norm then this gives the following result.
See also Exercise 61.
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46 Vitali Covering Lemma for Cubes A Vitali covering of A C R™ by closed
cubest reduces to an efficient disjoint subcovering of almost all of A.

Density Points

Let E C R™ be measurable. For p € R", define the density of E at p as

5(p, E) = im TENQ)
Qlx mQ@
if the limit exists, m being Lebesgue measure on R™. The notation ) | p indicates
that @ is a cube which contains p and shrinks down to p. It need not be centered
at p. Clearly 0 < § < 1. Points with § = 1 are called density points of E. The
fraction that we’re taking the limit of is the “relative measure” or concentration of
FE in Q. I like to write the concentration of F in @) as in chemistry,

m(ENQ)
mQ
Existence of §(p, E) means that for each € > 0 there exists an ¢ > 0 such that if @ is

any cube of edgelength < ¢ that contains p then the concentration of F in @ differs
from §(p, E) by < e.

— [E:q].

Remark Demanding that that the cubes be centered at p produces the concept of
balanced density. Balls or certain other shapes can be used instead of cubes. See
Exercise 58, Exercise 61, the end of the preceding section, and Figure 151.

47 Lebesgue Density Theorem If E is measurable then almost every p € E is a
density point of E.

Interior points of E are obviously density points of FE, although sets like the
irrationals or a fat Cantor set have empty interior, while still having plenty of density
points.

Proof of the Lebesgue Density Theorem Without loss of generality we assume
FE is bounded. Take any a, 0 < a < 1, and consider

E, = {peE:)(E,p) <a}

TThe cubes are Cartesian products I1 X --- X I,,, where the I; are closed intervals, all of the same
length.
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Nick PucH

Figure 151 An artist’s rendering of a density point

where J is the lower density, liréliinf [E : Q]. We will show that E, has outer measure
P

Z€ero.

By assumption, at every p € F, there are arbitrarily small cubes in which the
concentration of F is < a. These cubes form a Vitali covering of F, and by the
Vitali Covering Lemma we can select a subcollection @1, @2, ... such that the Qj are
disjoint, cover almost all of E,, and nearly give the outer measure of E, in the sense
that

Zm(@k) < mN(E,) +e
k

(E, turns out to be measurable but the Vitali Covering Lemma does not require us
to know this in advance.) We get

m*(Ea) =Y m*(Ea N Qx)
k

IN

S mENQR) < ady m(Qr) < a(m(E,)+e)
k k

which implies that m*(E,) < ae/(1—a). Since € > 0 is arbitrary we have m*(E,) = 0.
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The E, are monotone increasing zero sets as a T 1. Letting a = 1 — 1/¢ with
{=1,2,..., we see that the union of all the E, with a < 1 is also a zero set, say Z.
Points p € E\ Z have the property that as @) | p, the liminf of the concentration
of £ in @ is > a for all @ < 1. Since the concentration is always < 1 this means
the limit of the concentration exists and equals 1 for all p € E'\ Z; i.e., almost every
point of F is a density point of E. O

48 Corollary If E is measurable then for almost every p we have

Xp(p) = Hm(E: Q).

Proof For almost every p € E we have gin[E : @] = 1 and for almost every ¢ € E°©
p
we have grin[Ec : Q] = 1. Measurability of E implies [E : Q] + [E° : Q] = 1, which
q
completes the proof. O

A consequence of the Lebesgue Density Theorem is that measurable sets are not
“diffuse” — a measurable subset of R can not meet every interval (a,b) in a set of
measure ¢ - (b — a) where c is a constant, 0 < ¢ < 1. Instead, a measurable set must
be “concentrated” or “clumpy.” See Exercise 56. Also, looking at the complement
E° of E, we see that almost every point = € E° has 6(E,z) = 0. Thus, almost every
point of F is a density point of F and almost every point of E¢ is not.

Think of the set of density points of F as the measure-theoretic interior of F,
the set of density points of E¢ as the measure-theoretic exterior of F, and the
remaining set as the measure-theoretic boundary of E. We denote the last set as
Om(E). Regularity of Lebesgue measure and the Lebesgue Density Theorem imply
that measurability of E is equivalent m(0,,(E)) = 0.

As you might expect, Cavalieri’s Principle meshes well with density points. Recall
that the slice of the undergraph is the undergraph of the slice,

(Uf)e =Ufe  (Wf)Y =UF,
where fo(y) = f(z,y) = f¥(z).
49 Theorem Density points slice well.

Proof We assume that f : R” — [0,00) is measurable and (p,y) € Uf has y > 0.

Figure 152 shows that (p,y) is a density point of Uf if and only if p is a density point
of U(fY). O
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"‘me {y !l)?
R
Q+
|
® Yy =Q Xy
(p.y)
Q-
Qx{y—1{}

Figure 152 The undergraph Uf consists of segments x x [0, fz). In order
that the union of these segments has high concentration in @4, the
segments must first cross the bottom face of @, namely @ x {y}, with
high concentration there. Similarly, if they reach @ x {y} with high
concentration then they first cross Q— with high concentration.

50 Corollary (dp(Uf)NUSf)Y = dp(UfY)NUSY.

Proof dp(Uf) refers to the (n 4 1)-dimensional density points of Uf while dp(UfY)
refers to the n-dimensional density points of UfY. The proof is left as Exercise 52. [
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9 Calculus a la Lebesgue

In this section we write the integral of f over a set A as [, f(x) dm. In dimension 1
we write it as [, f(t)dt or as ff f(t)dt when A = («, ).

Definition The average of a locally integrable function f : R™ — R over a mea-
surable set A C R™ with finite positive measure is

fr@an= - | fyam.

By “locally integrable” we mean “integrable on a small enough neighborhood of each
point in R™.” One can also write the average of f over A as [f : A]. If Xg is the
characteristic function of E then [xg : A] = [E : A].

The following result is also called Lebesgue’s Fundamental Theorem of Cal-
culus.

51 Average Value Theorem If f : R" — R is locally integrable then for almost
every p € R™ we have

i ]{2 f(x)ydm = f(p),

where | p means that Q is a cube which contains p and shrinks down to p.

52 Lemma If g : R™ — [0,00) is integrable then for every a > 0 the set X («,g) =

{p :limsup + g > a} has outer measure
Qlp

miX(g,0) < — / g.

(07

Proof The set X(a,g) is covered by arbitrarily small cubes on which the average
value of g exceeds «. By Vitali’s Covering Lemma we have

UQZDX(Q,O()

up to a zero set, where the average of g on Q; is > a. Hence o - m(Q;) < / g and

i

a-mi(X(g.0) € Ya-m@) < Z/,.g < /s

Dividing the first and last terms by « gives the assertion. O
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Proof of the Average Value Theorem Since f is locally integrable, R™ is cov-
ered by open sets on which f is integrable. It follows that f is integrable on each
compact cube in R”. Since R" is the monotone union of cubes of integer radius, it is
no loss of generality to assume f is integrable on some large cube X and identically
zero outside X.

Fix a > 0. Theorem 49 implies that almost every point p in every horizontal slice
of Uf is a density point of the slice. As @ | p the concentration of {x : fz > fp— a}

in @ converges to 1, which implies lirél jnf ][ f > fp — a. Since this is true for each
P JQ

lim inf ][ f >
Qlp Jg

To handle the limsup we first assume f is bounded, say f(z) < M for all z € X.
Then M — f > 0 is integrable on X and fQ(M —f)=M — JCQ f. Thus

a=1,1/2,1/3,... we have

almost everywhere.

liminf][(M—f) > M — fp
Qlr Jg
for almost every p € R™. The relation between liminf and limsup gives

limsup][ f—hmsup][(f—M)—l—M
Qlp Qlp

Qlp

lim =
Qip]é f

for almost every p when f is bounded.

:—liminf]{g(M—f)+M < fp

which gives

For the general integrable f : X — [0, 00) we set
fl) i f(z) <n
falz) = .
n if f(z)>n

Then f, is bounded and f, T f as n — oo. Accordingly for each n there is a zero
set Z,, such that for all p ¢ Z,, we have g]in][ fn = fu(p). Let Z be the zero set
PJQ

UZ.. lfp¢ Zy then for all n € N we have
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The function g, = f — f, is nonnegative, integrable, and g, | 0 as n — co. We
fix @ > 0 and apply Lemma 52 to g,. The Dominated Convergence Theorem implies
[ gn — 0 and we get

1
m (X (a,gn)) < /gn — 0 as n— o
o'

where X (a,g,) = {p € R" : limsup ][ gn > a}. These sets nest downward as n
Qlp
increases, so downward measure continuity implies that their intersection is a zero

set Z(a) =N, X(a, gn).

Consider each p ¢ Z(a) U Z. Since p ¢ Z(«) there is some n such that p ¢
X (o, gn). Hence

lim sup][ gn < Q.
Qlp JQ

Since p ¢ Z, the average of f,, over @) converges to f,p as @ | p. Thus

lim sup f < limsup ][ fn + limsup ][ Jn
Qlp Qlp Qlp JQ

<fap+ta < fp+a
The union of the sets Z(«) with o = 1,1/2,1/3,... is a zero set Zy. Thus, if
p ¢ ZyU Zy then for all £ € N we have

1
fo < tmintf £ < mswf £ o< fpeg
Qir Jg Qlp Jq k

from which it follows that for almost every p € R™ the average of f over ) converges
to fpas @ | p. O

53 Corollary If f: [a,b] — R is Lebesgue integrable and

_ /;f(t)dt

is its indefinite Lebesque integral then for almost every x € |a,b] the derivative F'(x)

exists and equals f(x).

Remark Here and below the domain of our function is R and we make essential use

of its one-dimensionality.
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Proof In dimension 1, a cube is a segment, so Theorem 51 gives

F(zx+h) - F(z) .
el SIRCE

almost everywhere as h | 0. The same holds for [z — h, z]. O

Corollary 53 does not characterize indefinite integrals. Mere knowledge that a
continuous function G has a derivative almost everywhere and that its derivative is
an integrable function f does not imply that G differs from the indefinite integral of
f by a constant. The Devil’s staircase function H is a counterexample. Its derivative
exists almost everywhere, H'(z) is almost everywhere equal to the integrable function
f(x) =0, and yet H does not differ from the indefinite integral of 0 by a constant.
The missing ingredient is a subtler form of continuity.

Definition A function G : [a,b] — R is absolutely continuous if for each ¢ > 0
there exists 0 > 0 such that whenever I3, ..., I, are disjoint intervals in [a, b] we have

Zb—al<5 = Z|G G(a;)| < e.

54 Proposition FEvery absolutely continuous function is uniformly continuous. If
(I;) is a sequence of disjoint intervals (a;, b;) C [a,b] then the following are equivalent
for a function G : [a,b] — R.

(a) Ve > 036 >0 such that Y b —a; <3 = > |G(b) — G(a;)| <.

i=1 i=1
(b) Ye >0 38 > 0 such that Zbi —a; <6 = Z‘G(bl) — G(a;)| < e.
= 1 i=1
(¢c) Ye >0 33 >0 such thath )< = Zm
i= 1
(d) Ve >0 36 >0 such thath ) <o = Zm
i=1

Also, if G is absolutely continuous and Z is a zero set then GZ is a zero set. Finally,
if G is absolutely continuous and € > 0 is given then there exists § > 0 such that if £
is measurable then GE is measurable and mE < 6 = m(GE) < €

Proof Assume G is absolutely continuous. For each ¢ > 0 there exists § > 0 such
that if > b; —a; < 0 then > |G(b;) — G(a;)| < e. Apply this with just one interval
(t,z). Then |t — x| < d implies |G(t) — G(z)| < €, which is uniform continuity.
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(a) = (b). (a) is the definition of absolute continuity. In the definition take €/2 in
place of e. The resulting  depends on € but not on n. Thus Y .2, b; — a; < ¢ implies
Yo bi—a; < & implies Y " [G(b;) — G(ai)| < €/2 implies Y2, |G(b;) — G(ai)| <
€/2 < ¢, which is (b).

(b) = (¢). m(G(L;)) = |G(ti) — G(si)|, where G(¢;) and G(s;) are the maximum
and minimum of G on [a;, b;]. Let J; be the interval between s; and t;. Then J; C I;
implies m(J;) < m(Z;) implies Y ;' m(J;) < ¢ implies Y ;" | |G(t;) — G(s;)] < e.
Thus Y1 |G(t:) — G(s:)] = Y iy m(G(J;)) < €, which is (c).

(¢) = (d). This is just like (a) = (b).
(d) = (a). Since m(l;) = b;—a; and |G(b;) — G(a;)| < m(G(I;)) this is immediate.

Assume Z C [a,b] is a zero set and G is absolutely continuous according to (d).
For each € > 0 there exists § > 0 such that > m(I;) < ¢ implies > m(G(I;)) < e.
There is an open U C [a, b] of measure < § that contains Z. Every U is a countable
disjoint union of open intervals I;. Their total length is mU < §. Thus GZ C U G(1)
and by (d) we have m(GZ) <> m(G(L;)) < e so m(GZ) = 0.

Assume E C [a,b] is measurable and G is absolutely continuous according to (d)
with €, 0 as above. Regularity of Lebesgue measure implies there are compact subsets
K, C E such that K,, T FF C E, where Z = E'\ F' is a zero set. (F is an Fjy-set.)
Continuity implies G(K,,) is compact. Since G(K,) T GF, GF is measurable. Since
GZ is a zero set, GE = GF U GZ is measurable. If mE < ¢ then there is an open
U=UWIL > E with mU = > m(l;) <. Then GE C JG(I;) and by (d) we have

m(GE) <> m(G(I;)) < € as desired. O

55 Theorem Let f : |a,b] — R be Lebesque integrable and let F be its indefinite
integral F(z / f(t)

(a) For almost every x the derivative F'(x) exists and equals f(x).
(b) F is absolutely continuous.

(¢) If G is an absolutely continuous function and G'(x) = f(x) for almost every x
then G differs from F' by a constant.

As we show in the next section (Corollary 62), the tacit assumption in (c) that
G'(x) exists is redundant. Theorem 55 then gives the following characterization of
indefinite integrals. It is also called Lebesgue’s Main Theorem.
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56 Lebesgue’s Antiderivative Theorem Fuvery indefinite integral is absolutely con-
tinuous and conversely, every absolutely continuous function has a derivative almost
everywhere and up to a constant it is the indefinite integral of its derivative.

Proof of Theorem 55 (a) This is Corollary 53.

(b) Without much loss of generality we assume f > 0. We first suppose that f is
bounded, say 0 < f(z) < M for all x. For each € > 0 the choice of § = ¢/M gives

Y m(F(L)) < Y Mm() < e

whenever I; are disjoint subintervals of [a, b] having total length < §. Proposition 54
implies that F' is absolutely continuous.

Now assume f is unbounded and € > 0 is given. Choose M so large that

m({(z,y) e Uf: fx > M}) < €/2.
Define the functions
fx iffxe>M
g9(x) = _
0 otherwise
and fyy = f — g. The integral of g is < €/2 since it is the measure of Uf outside

the rectangle [a,b] x [0, M]. Let Fij; and G be the indefinite integrals of fy; and g.
Clearly f = fa + ¢ implies F' = Fjy + G. See Figure 153.

Figure 153 [g=m(Ug) and [ f = [g+ [ far = m(Ug) + m(U(far)).

Since fys is bounded there exists § > 0 such that

Zm ) <o = ZmFM i) < €/2

where the I; are disjoint intervals in [a,b]. Then > m(I;) < 0 implies
> m(F z/fmg:z/fmz/[g
= Zm (Fy (L)) + Zm
< €/2 —i—/ g <€
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which completes the proof that F' is absolutely continuous.

(¢) The Lebesgue proof resembles the Riemann proof in Chapter 3 — the Vitali
Covering Lemma replaces the Lebesgue Number Lemma. We assume G is absolutely
continuous and G'(z) = f(x) almost everywhere. When F is the indefinite integral
of f we want to show that H = F — (G is constant.

It is easy to see that sums and differences of absolutely continuous functions are
absolutely continuous, so H is absolutely continuous and H'(z) = 0 almost every-
where. Fix any 2™ € [a, b] and define

X = {z €[a,2" : H'(2) exists and H'(x) = 0}.
By assumption mX = z*— a.
It is enough to show that for each € > 0 we have
|H (2™ — H(a)| < e.

Absolute continuity implies there is a § > 0 such that if I; = [a;,b;] C [a,b] are
disjoint intervals then

Zb—al<5 = Z|H H(a;)| < ¢/2.

Fix such a §. Each z € X is contained in arbitrarily small intervals [z, z+h] C [a, 2
such that
H(x+ h) — H(x)
h

€

2(b—a)

<

These intervals form a Vitali covering V of X and the Vitali Covering Lemma implies
that countably many of them, say V; = [z;,z; + h;], disjointly cover X up to a zero
set. Thus their total length is Y h; = 2™ — a and it follows that there is an N such
that

N
Zhj > zf—a—06.
j=1

Since |H(x + h) — H(z)| < he/2(b — a) on each V-interval we have

al (x*—a)
H(xz; + hj) — H(z;)| < b—az 7a)§e/2.

uMz
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The N + 1 intervals I; = [aj,b;] complementary to the (interiors of the) intervals
Vi,...,Vn have total length < § so Z;V:o |H(bj) — H(a;)| < €/2 by absolute conti-
nuity. Thus

7j=1 7=0
N N
§Z|H(x]+h]) H(xj)‘+Z|H(bJ)_H(a])|
7j=1 Jj=0
<€
which completes the proof that G differs from F by a constant. O
See Figure 154.
Ij Ij+1
aj bj ajy1 bin
a xvj x,; —T— hi i e b
S Vit

J

Figure 154 The complementary intervals V; and I;

10 Lebesgue’s Last Theorem

The final theorem in Lebesgue’s groundbreaking book, Lecons sur lintégration, is
extremely concise and quite surprising.

57 Theorem A monotone function has a derivative almost everywhere.

Note that no hypothesis is made about continuity of the monotone function.
Considering the fact that a monotone function [a, b] — R has only a countable number
of discontinuities, all of jump type, this may seem reasonable, but remember — the
discontinuities may be dense in [a,b]. If the monotone function happens to be an
indefinite integral then differentiability was proved in Theorem 55.

We assume henceforth that f is nondecreasing since the nonincreasing case can
be handled by looking at — f.
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Lebesgue’s proof of Theorem 57 used the full power of the machinery he had
developed for his new integration theory. In contrast, the proof given below is more
direct and geometric. It relies on the Vitali Covering Lemma and the following form
of Chebyshev’s inequality from probability theory.

The slope of f over [a, b] is

f(0) — f(a)
b—a

S =

58 Chebyshev Lemma Assume that f : [a,b] — R is nondecreasing and has slope
s over I = [a,b]. If I contains countably many disjoint subintervals Iy, and the slope

of f over I, is > S > s then
s
I < =1I|.
S IRl < S

k

Proof Write I}, = [ag, bg]. Since f is nondecreasing we have
FO) = fla) = > fbe) = flar) = > S(by —ax).
k k

Thus s |I| > S |Ix| and the lemma follows. O

Remark An extreme case of this situation occurs when the slope is concentrated in
the three subintervals drawn in Figure 155.

Proof of Lebesgue’s Last Theorem Not only will we show that f/(z) exists al-
most everywhere, but we will also show that f’(x) is a measurable function of x
and

b
(8) /fwMwaam»

To estimate differentiability one introduces upper and lower limits of slopes called
derivates. If h > 0 then [z, x + h| is a “right interval” at x and (f(x+h) — f(x))/h
is a “right slope” at x. The limsup of the right slopes as h — 0 is called the
right maximum derivate of f at x. It is denoted as D'ght max £(3)  The lim inf
of the right slopes is the right minimum derivate of f at z and is denoted as
Dright min £y - Similar definitions apply to the left of 2. Think of D8t max f(g) a5
the steepest slope at the right of x and D8t min £(2) as the gentlest. See Figure 156.
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a I "2 13 b

Figure 155 Chebyshev’s Inequality for slopes

flx+h)

f(x)

f(x=h)

. x-h left interval s ox right interval . ox+h

Figure 156 Left and right slopes
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There are four derivates. They exist at all points of [a,b] but they can take the
value co. We first show that two are equal almost everywhere, say the left min and
the right max. Fix any s < S and consider the set

E = Es;s = {x € a,}] . Dleft minf(x) < s < S < Drisht A ()}
We claim that

9) m*E = 0.

At each x € E there are arbitrarily small left intervals [z — h, x] over which the
slope is < s. These left intervals form a Vitali covering £ of E. (Note that the point x
is not the center of its L-interval, but rather it is an endpoint. Also, we do not know
a priori that F is measurable. Luckily, Vitali permits this.) Let € > 0 be given. By
the Vitali Covering Lemma there are countably many disjoint left intervals L; € £
that cover F, modulo a zero set, and they do so e-efficiently. That is, if we write

L = LI intLi
7

then E\ L is a zero set and mL < m*E + e.

Every y € LN E has arbitrarily small right intervals [y, y + ¢] C L over which the
slope is > S. (Here it is useful that L is open.) These right intervals form a Vitali
covering R of L N E, and by the Vitali Covering Lemma we can find a countable
number of disjoint intervals R; € R that cover L N E modulo a zero set. Since
LN E = FE modulo a zero set, R = L] R; also covers £ modulo a zero set. By the
Chebyshev Lemma we have

* - . 5L S im*
m*E < mR = ZRXC:L IRj| < ng < S(ME + o).
7 2 i 7

Since the inequality holds for all € > 0, it holds also with € = 0 which implies that
m*E = 0 and completes the proof of (9). Then

{.r . Dleft minf(x) < Dright maXf<$)} _ U EsS
{(5,5)€QxQ:s<S}
is a zero set. Symmetrically, {x : D' minf(3) > pright max £33} §5 4 zero set, and
therefore D'eft min () — pright max £2) almost everywhere. Mutual equality of the
other derivates, almost everywhere, is checked in the same way. See Exercise 64.

So far we have shown that for almost every x € [a,b] the derivative of f at x
exists although it may equal oco. Infinite slope is not really acceptable and that is
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the purpose of (8) — for an integrable function takes on a finite value at almost every
point.

The proof of (8) uses a cute trick reminiscent of the traveling secant method from
Chapter 3. First extend f from [a,b] to R by setting f(z) = f(a) for x < a and
f(z) = f(b) for > b. Then define g, (z) to be the slope of the secant from (z, f(x))
to (x +1/n, f(xr +1/n)). That is,

flz+1/n) - f(z)

i = n(f(w+1/n) — f())

gn(x) =

See Figure 157. Since f is almost everywhere continuous it is measurable and so is

a X x+,l-! x x+5 X x-i-% b
Figure 157 g, (z) is the slope of the right secant at x.

gn. For almost every x, g,(x) converges to f'(z) as n — co. Hence f’ is measurable
and clearly f’ > 0. Fatou’s Lemma gives

b b b
/ f(z)dz = / liminf g, (z)dz < liminf/ gn(x) dz.

n—oo n—oo

The integral of g, is

b b+1/n a+l/n
/a gn(z)dr = n/b flx)dx — n/a f(z)dz.



438 Lebesgue Theory Chapter 6

The first integral equals f(b) since we set f(z) = f(b) for z > b. The second integral
is at least f(a) since f is nondecreasing. Thus

b
/ gu(x)dz < 1(b) - f(a),

which completes the proof of (8). As remarked before, since the integral of f’ is finite,
f'(x) < oo for almost all z, and hence f is differentiable (with finite derivative) almost
everywhere. O

59 Corollary A Lipschitz function is almost everywhere differentiable.

Proof Suppose that f : [a,b] — R is Lipschitz with Lipschitz constant L. Then for
all z,y € [a,b] we have

[f(y) = f(@)] < Ly —2|.

The function g(z) = f(z) + Lz is nondecreasing. Thus ¢’ exists almost everywhere
and so does f' =g — L. O

Remark Corollary 59 remains true for a Lipschitz function f : R®™ — R, it is
Rademacher’s Theorem, and the proof is much harder.

Definition The variation of a function f : [a,b] — R over a partition X : a =
rg < -+ < xp = bis the sum Y ;| |Agf|, where Apf = f(xr) — f(xg—1). The
supremum of the variations over all partitions X is the total variation of f. If the
total variation of f is finite then f is said to be a function of bounded variation.

60 Theorem A function of bounded variation is almost everywhere differentiable.

Proof Up to an additive constant, a function of bounded variation can be written
as the difference f(z) = P(x) — N(x), where

P(z) = Sup{ZAkf:a:xo<...<xn:xandAkf20}
k

N(z) = —inf{ZAkf:a:xo< . <zp=xand Agf < 0}.
k

See Exercise 67. The functions P and N are monotone nondecreasing, so for almost
every x we have f'(z) = P'(z) — N'(z) exists and is finite. O

61 Theorem An absolutely continuous function is of bounded variation.
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Proof Assume that F : [a,b] — R is absolutely continuous and take e = 1. There is
a 0 > 0 such that if (a;, b;) are disjoint intervals in [a, b] with total length < ¢ then

Zbi—ai <4 = Z‘F(bz)_F(az)‘<1

Fix a partition X of [a, b] with M subintervals of length < ¢. For any partition Y : a =
Yo < ... < yn = bof[a,b] we claim that >, |Apf| < M, where Apf = f(yx)—f(yr—1)-
We may assume that Y contains X since adding points to a partition increases the
sum Y |Agf|. Then

STIAF] = D TIAF] + ...+ > |ALF
Y Y1

Yn

where Y refers to the subintervals of Y that lie in the j' subinterval of X. The
subintervals in Y; have total length < 4, so the variation of F' over them is < 1 and
the total variation of F'is < M. O

62 Corollary An absolutely continuous function is almost everywhere differentiable.

Proof Absolute continuity implies bounded variation implies almost everywhere dif-
ferentiability. O

As mentioned in Section 9, Theorem 55 plus Corollary 62 express Lebesgue’s
Main Theorem,

Indefinite integrals are absolutely continuous and
every absolutely continuous function has a derivative

almost everywhere of which it is the indefinite integral.



440 Lebesgue Theory Chapter 6

Appendix A Lebesgue integrals as limits

The Riemann integral is the limit of Riemann sums. There are analogous “Lebesgue
sums” of which the Lebesgue integral is the limit.

Let f: R — [0,00) be given, take a partition Y : 0 = yp < y1 < y2 < ... on the
y-axis, and set
X, = {x eER:y—1 < f(l') < yi}.

(We require that y; — oo asi — o0.) If f is measurable we define the lower Lebesgue
sum as

L(f,Y) = Y yi1-mX,.
=1

L represents the measure of “Lebesgue rectangles” X; x [0,y;—1) in the undergraph.
If f is measurable! then L 1 | f as the Y-mesh tends to 0. It is natural to define the
upper Lebesgue sum as Y y; - m(X;) and to expect that it converges down to f f as
the Y-mesh tends to 0. If m({z : fz > 0}) < oo then this is true. However, if f(z)
is a function like e=%* then there’s a problem. The first term in the upper Lebesgue
sum is always oo even though the integral is finite. The simplest solution is to split
the domain into cubes ), work on each separately, and add the results. Then

L(fo,Y) < /Qngme,Y),

where L(fQ,Y) =372, yi-1-m(XiNQ), U(fQ,Y) =372 yi-m(XiNQ), and fq is
the restriction of f to ). As the Y-mesh tends to 0 the lower and upper Lebesgue
sums converge to the integral, just as in the Riemann case.

Upshot Lebesgue sums are like Riemann sums and Lebesgue integration is like Rie-
mann integration, except that Lebesgue partitions the value axis and takes limits
while Riemann does the same on the domain axis.

Appendix B Nonmeasurable sets

If ¢t € R is fixed then t-translation is the mapping = — x + t. It is a homeomorphism
R — R. Think of the circle S' as R modulo Z. That is, you identify any z with
x +n for n € Z. Equivalently, you take the unit interval [0,1] and you identify 1

"We are using the undergraph definition of measurability. Corollary 41 implies that the sets X;
are measurable so the lower Lebesgue sum makes sense.
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with 0. Then t-translation becomes rotation by the angle 2xt, and is denoted as
R, : St — S'. If t is rational then this rotation is periodic, i.e., for some n > 1, the
n™ iterate of R, R® = Ro---oR, is the identity map S' — S'. In fact the smallest
such n is the denominator when ¢ = m/n is expressed in lowest terms. On the other
hand, if ¢ is irrational then R = R; is nonperiodic; every orbit O(z) = {R*(z) : k € Z}
is denumerable and dense in S*.

63 Theorem Let t be irrational and set R = R;. If P C S contains exactly one

point of each R-orbit then P is nonmeasurable with respect to linear Lebesgue measure
on St.

Proof The R-orbits are disjoint sets, there are uncountably many of them, and they
divide the circle as S' = Ll,,c; R"(P). Translation is a meseometry. It preserves
outer measure, measurability, and measure. So does rotation. Can P be measurable?
No, because if it is measurable with positive measure then we would get
o0
m(S') = Z m(R"P) = oo,
n=—oo
a contradiction, while if mP = 0 then m(S1) = Y. _m(R"P) = 0, which contradicts
the fact that m[0,1) = 1. O

But does P exist? The Axiom of Choice states that given any family of nonempty
disjoint sets there exists a set that contains exactly one element from each set. So
if you accept the Axiom of Choice then you apply it to the family of R-orbits and
you get an example of a nonmeasurable set P, while if you don’t accept the Axiom
of Choice then you're out of luck.

To increase the pathology of P we next discuss translations in more depth.
64 Steinhaus’ Theorem If E C R is measurable and has positive measure then
there exists a 6 > 0 such that for all t € (=6,0), the t-translate of E meets E.
See also Exercise 57.
65 Lemma If F C (a,b) is measurable and disjoint from its t-translate then
2mF < (b—a) + |t].

Proof F and its t-translate have equal measure, so if they do not intersect then their
total measure is 2mF’, and any interval that contains them must have length > 2mF'.
If t > 0 then (a, b+ t) contains F' and its ¢-translate, while if ¢ < 0 then (a + ¢, b)
contains them. The length of the interval in either case is (b — a) + [¢]. O
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Proof of Steinhaus’ Theorem By the Lebesgue Density Theorem (Theorem 47)
E has lots of density points so we can find an interval (a,b) in which E has con-
centration > 1/2. Call F' = E N (a,b). Then mF > (b — a)/2. By Lemma65 if
|t| < 2mF — (b — a) then the t-translate of F' meets F', so the ¢-translate of E meets
FE, which is what the theorem asserts. O

Now we return to the nonmeasurable set P discussed in Theorem 63. It contains
exactly one point from each R-orbit, R being rotation by an irrational ¢. Set

A= U R*P B= | R**'P,
keZ keZ

The sets A, B are disjoint, their union is the circle, and R interchanges them. Since
R preserves outer measure we have m*A = m*B.

The composite R?> = Ro R is rotation by 2t, also an irrational number. Let € > 0
be given. Since the orbit of 0 under R? is dense there is a large integer k with

IR*(0) — (—t)] < e

For R?" is the k' iterate of R?. Thus |R***1(0)| < € so R?**! is a rotation by < e.
Odd powers of R interchange A and B, so odd powers of R translate A and B off
themselves. It follows from Steinhaus’ Theorem that A and B contain no subsets of
positive measure. Their inner measures are zero.

The general formula mC = m A + m*B in Lemma 20 implies that m*B = 1.
Thus we get an extreme type of nonmeasurability expressed in the next theorem.

66 Theorem The circle, or equivalently [0,1), splits into two nonmeasurable disjoint
subsets that each has inner measure zero and outer measure one.

67 Corollary FEvery measurable set E C R™ of positive measure contains a dop-
pelginger — a nonmeasurable subset N such that m*N = mE, m,N =0, and N
“spreads itself evenly” throughout E in the sense that if E' C E is measurable then
m*(N NE') =m(E").

The proof is left to you as Exercise 50.



Appendix C Borel versus Lebesgue 443

Appendix C Borel versus Lebesgue

A valid criticism of Lebesgue theory as described in this chapter is that it conflicts a
bit with topology, and problems arise if you try to think of Lebesgue measure theory
in category terms. For example, not all homeomorphisms are meseomorphisms and
composition of Lebesgue measurable functions can fail to be Lebesgue measurable.
See Exercise 79.

To repair these defects Armand Borel proposed replacing the o-algebra M of
Lebesgue measurable sets with a smaller one, B C M, and restricting Lebesgue
measure to it. B is simply the intersection of all o-algebras that include the open
sets. There is one such o-algebra, namely M, so B exists and is contained in M.
It includes all Gs-sets (countable intersections of open sets), all Gs,-sets (countable
unions of Gs-sets), etc. Thus &5 C Bss C Bss5 C -+ C B, where b5 is the collection
of all Gg-sets, 85, is the collection of all Gg,-sets, etc. Likewise F, C Fo,5 C--- C B
for F,-sets, F,s-sets, etc. See Exercise 8.

A set is Borel measurable if it belongs to B, and a nonnegative function is
Borel measurable if its undergraph is a Borel measurable set. Equivalently a function
is Borel measurable if the preimage of a Borel set is always Borel. The measure of
FE € B is its Lebesgue measure and the integral of a Borel measurable function is its
Lebesgue integral. All continuous functions are Borel measurable and the composition
of Borel measurable functions is Borel measurable. That’s good.

However, B has its own defects, the main one being that it is not complete. That
is, not all subsets of a zero set are Borel measurable. (Recall that every subset of
a zero set is Lebesgue measurable.) In the same vein, the limit of a sequence of
Borel measurable functions that converge almost everywhere can fail to be Borel
measurable. See Exercise 80.

I chose not to use the Borel approach in this chapter because it adds an extra
layer of complication to the basic Lebesgue theory. You could not state the Monotone
Convergence Theorem as “if f,, is (Borel) measurable and f, * f then [ f, * [ f.”
No. You would also need to assume f is Borel measurable.

But the real reason I chose M over B is that I like pathology. The fact that there
are ugly zero sets — zero sets carried by homeomorphisms to nonmeasurable sets — is
eye-opening. I want you to see them as part of the Lebesgue picture.

Here are a couple of relevant remarks from mathoverflow in answer to the ques-
tion “Why do probabilists take random variables to be Borel (and not Lebesgue)
measurable?”
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Yuval Peres: One reason is that probabilists often consider more than
one measure on the same space, and then a negligible set for one measure
(added in a completion) might be not negligible for the other. The situa-
tion becomes more acute when you consider uncountably many different
measures (such as the distributions of a Markov process with different
starting points.)

Terry Tao: This is also a reason why the Borel sigma algebra on the
domain is often preferred in ergodic theory. (A closely related reason is
because of the connection between ergodic theory and topological dynam-
ics; a topological dynamical system has a canonical Borel sigma algebra
but not a canonical Lebesgue sigma algebra.) On the other hand, a signif-
icant portion of ergodic theory is also concerned with almost everywhere
convergence (wrt some reference invariant measure, of course), and then
it becomes useful for the domain sigma algebra to be complete...

Appendix D The Banach-Tarski Paradox

If the nonmeasurable examples in Appendix B do not disturb you enough, here is a
much worse one. You can read about it in Stan Wagon’s book, The Banach-Tarski

Paradox. Many other paradoxes are discussed there too.

The solid unit ball in 3-space can be divided into five disjoint sets, Ai,..., A4s,
and the A; can be moved by rigid motions to new disjoint sets A, whose union is two
disjoint unit balls. The Axiom of Choice is fundamental in the construction, as is
dimensionality greater than two. The sets A; are nonmeasurable.

Think of this from an alchemist’s point of view. A one inch gold ball can be cut
into five disjoint pieces and the pieces rigidly re assembled to make two one inch gold
balls. Repeating the process would make you very rich.
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Appendix E Riemann integrals as undergraphs

The geometric description of the Lebesgue integral as the measure of the undergraph
has a counterpart for Riemann integrals.

68 Theorem A function f : [a,b] — [0, M] is Riemann integrable if and only if the
topological boundary of its undergraph is a zero set, m(O(Uf)) = 0.

Remark Recall from page 424 that the measure-theoretic boundary of a set E is
Om(F) = {p: p is a density point of neither F nor E°}

and measurability of F is equivalent to 0,,(E) being a zero set. A function f : [a,b] —
[0, M] is Lebesgue integrable if and only if Uf is measurable, i.e., if and only if d,, (Uf)
is a zero set. Combined with Theorem 68 this gives a nice geometric parallel between
Riemann and Lebesgue integrability:

f is Riemann integrable <= m(9(Uf)) = 0.
f is Lebesgue integrable <= m(d,,(Uf)) = 0.

Remark Since O(Uf) = USf \ int(Uf), equivalent to m(d(Uf)) = 0 is m(int(Uf)) =
m(Uf).

69 Lemma If X is a metric space, f: X — [0,00), and

f(x) = liminf f(t)  F(x) = lmsup (1)

- t—x
then Uf = int(Uf) and Uf = US.

Proof Take any (z,y) € Uf. Then y < f(x) and for all (¢,s) near (z,y) we have
s < f(t). Thus (¢,s) € Uf, (z,y) € int(Uf), and Uf C int(Uf). The proof of the

reverse inclusion is similar, so Uf = int(Uf). See Figure 158.

The proof that UF = UF is slightly different. If (z,y) € Uf then y < f(x) so there
exists t, — x such that f(t,) — f(x). Choose y, < f(t,) such that y, — y. Thus
(tn, yn) € WS, (tn,yn) — (2,9), (z,y) € Uf, and Uf c UF. Conversely, if (z,y) € Uf
then there exists (t,,y,) € Uf such that (t,,y,) — (z,y). Then y, < f(t,) and
limsup f(t,) > nh_)rgo yn = y. Thus, y < f(x), (z,y) € Uf, and Uf C US, giving

n—oo

equality, ﬁ? = USf. See Figure 158. O
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Figure 158 The shaded region is contained in the interior of Uf.

Proof of Theorem 68 Applying Lemma69 to f : [a,b] — [0, M] gives
Uf =int(Uf) and UF = UJ.

Since open sets and closed sets are measurable, this implies f and f are measurable
functions. Thus

m(OUf) = mAFN int(Uf)) = m(F) — mUf) = /[ Ra:

The integral is zero if and only if f = f almost everywhere, i.e., if and only if f is
continuous almost everywhere, i.e., by the Riemann-Lebesgue Theorem (Theorem 23
in Chapter 3) if and only if f is Riemann integrable. O

70 Corollary If f is Riemann integrable then it is Lebesque integrable and the two
integrals are equal.

Proof Since
interiorUf C Uf C closureUf,

equality of the measures of its interior and closure implies that Uf is measurable, and
it shares their common measure. Since the Lebesgue integral of f is equals m(Uf)
the proof is complete. O

Remark The undergraph definition of integrals has a further expression in terms of
Jordan content: The Riemann integral of a function f : [a,b] — [0, M] is the Jordan
content of its undergraph, J(Uf), provided that J(Uf) exists. See Exercises 11 - 14.
In brief, Undergraphs lead to natural pictorial ways of dealing with integrals, both
Riemann and Lebesgue.
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Appendix F Littlewood’s Three Principles

In the following excerpt from his book on complex analysis, Lectures on the Theory
of Functions, J.E. Littlewood seeks to demystify Lebesgue theory. It owes some of
its popularity to its prominence in Royden’s classic text, Real Analysis.

The extent of knowledge [of real analysis] required is nothing like as great
as is sometimes supposed. There are three principles, roughly expressible
in the following terms: Every (measurable) set is nearly a finite sum of
intervals; every function (of class L") is nearly continuous; and every
convergent sequence of functions is nearly uniformly convergent. Most of
the results of the present section are fairly intuitive applications of these
ideas, and the student armed with them should be equal to most occasions
when real variable theory is called for. If one of the principles would be
the obvious means to settle a problem if it were “quite” true, it is natural
to ask if the “nearly” is near enough, and for a problem that is actually
soluble it generally is.

Littlewood’s First Principle expresses the regularity of Lebesgue measure
(Theorem 16). Given ¢ > 0, a measurable £ C [a,b] contains a compact subset
covered by finitely many intervals whose union differs from E by a set of measure
less than e. In that sense, E is nearly a finite union of intervals. I like very much
Littlewood’s choice of the term “nearly,” meaning “except for an e-set,” to contrast
with “almost,” meaning “except for a zero set.”

Littlewood’s Second Principle refers to “functions of class L*,” although
he might better have said “measurable functions.” He means that if you have a
measurable function and you are given ¢ > 0 then you can discard an e-set from
its domain of definition and the result is a continuous function. This is Lusin’s
Theorem: a measurable function is nearly continuous.

Proof of Lusin’s Theorem We assume that f: R — R is measurable and € > 0 is
given. We use the fact that R has a countable base Y = {Y7,Y>,... } for its topology.
(This means every open subset of R can be expressed as a union of some of the
members of Y. For instance, we could take Y to be the collection of all open intervals
with rational endpoints.)

Using the preimage definition of measurability we know that fP™(Y}) is measur-
able so there exists a sandwich K C fP*(Yy) C Uy where K} is closed, Uy is

TReprinted from Lectures on the Theory of Functions by J.E. Littlewood (1994) by permission of
Oxford University Press.



448 Lebesgue Theory Chapter 6

open, and m(Up\ Ky) < ¢/2F. Thus S = J(Up \ K}) is an open set with mS < e. We
claim that g = f|x is continuous, where K is the closed set R™ \ S. By De Morgan’s

Law we have -
K = 5= N (K, UU)
k=1

and therefore
Y=Yy NK C UgnK

=U; N n(Kjl_lUJC) C Ukﬁ(Kkl_lUlg>
j=1

=UxNK, = K C ¢g"(Yg).
Hence ¢gP*¢(Yy) = Up, N K is open in K.

Now if V is an arbitrary open subset of R then it is the union of some members
of Y, say V' = Uyer vy Yo, where L(V)) C N. Then g*"*(V)) = Uyer 1) 97 (Ye) is open
in K which gives continuity of g. O

Littlewood’s Third Principle concerns a sequence of measurable functions
fn i ]a,b] — R that converges almost everywhere to a limit. Except for an e-set the
convergence is actually uniform, which is Egoroff’s Theorem: Almost everywhere
convergence implies nearly uniform convergence.

Proof of Egoroff’s Theorem Set
X (k,0) = {x € [a,b] : Vn > k we have |f,(x) — f(x)] < 1/¢}.

Fix ¢ € N. Since f,(z) — f(x) for almost every x we have U, X (k,¢) U Z({) = [a, b]
where Z({) is a zero set.

Let € > 0 be given. By measure continuity m(X(k,¢)) — b —a as k — oo.
This implies we can choose k1 < ko < ... such that for X, = X (ky,¢) we have
m(X§) < ¢/2°. Thus m(X¢) < e where X = ), X

We claim that f, converges uniformly on X. Given o > 0 we choose and fix ¢
such that 1/¢ < o. For all n > k; we have

reX = xz€Xi=Xke,t) = |fulx)— flzx)| <1/l < 0.

Hence f, converges uniformly to f off the e-set X¢. (We used o to avoid writing e
with two different meanings.) O]

See also Exercise 83.
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Appendix G Roundness

The density of a set E at p is the limit, if it exists, of the concentration of F in a ball
or cube that shrinks down to p. What if you used another shape such an ellipsoid or
solid torus? Would it matter? The answer is “somewhat.”

Let us say that a neighborhood U of x is K-quasi-round if it can be sandwiched
between balls B C U C B’ with diam B’ < K diam B. A ball is 1-quasi-round while
a square is v/2-quasi-round.

It is not hard to check that if x is a density point with respect to balls then it also
a density point with respect to K -quasi-round neighborhoods of x, provided that
K is fixed as the neighborhoods shrink to z. See Exercises60 and 61. When the
neighborhoods are not quasi-round, the density point analysis becomes marvelously
complicated. See Falconer’s book, The Geometry of Fractal Sets.

Appendix H Money

Riemann and Lebesgue walk into a room and find a table covered with hundreds of
U.S. coins. (Well, ...) How much money is there?

Riemann solves the problem by taking the coins one at a time and adding their
values as he goes. As he picks up a penny, a nickel, a quarter, a dime, a penny, etc.,
he counts: “1 cent, 6 cents, 31 cents, 41 cents, 42 cents, etc.” The final number is
Riemann’s answer.

In contrast, Lebesgue first sorts the coins into piles of the same value (partitioning
the value axis and taking preimages); he then counts each pile (applying counting
measure); and he sums the six terms, “value v times number of coins with value v,”
and that is his answer.

Lebesgue’s answer and Riemann’s answer are of course the same number. It is
their methods of calculating that number which differ.

Now imagine that you walk into the room and behold this coin-laden table. Which
method would you actually use to find out how much money there is — Riemann’s or
Lebesgue’s? This amounts to the question: Which is the “better” integration theory?
As an added twist suppose you have only sixty seconds to make a good guess. What
would you do then?
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Exercises

1.

*8.

10.

11.

(a) Show that the definition of linear outer measure is unaffected if we demand
that the intervals [; in the coverings be closed instead of open.

(b) Why does this immediately imply that the middle-thirds Cantor set has
linear outer measure zero?

(c) Show that the definition of linear outer measure is unaffected if we drop
all openness/closedness requirements on the intervals I in the coverings.

(d) What about planar outer measure? Specifically, what if we demand that
the rectangles be squares?

. The volume of an n-dimensional box is the product of the lengths of its edges

and the outer measure of A C R" is the infimum of the total volume of countable
coverings of A by open boxes.

(a) Write out the proof of the outer measure axioms for subsets of R".

(b) Write out the proof that the outer measure of a box equals its volume.

. A line in the plane that is parallel to one of the coordinate axes is a planar zero

set because it is the Cartesian product of a point (it’s a linear zero set) and R.
(a) What about a line that is not parallel to a coordinate axis?
(b) What is the situation in higher dimensions?

. The proof of Lemmall was done in the plane. The key insight was that a

square S contains a disc A such that mA/mS > 1/2. Find a corresponding
inequality in n-space and write out the n-dimensional proofs of the lemma and
Theorem 9 carefully.

. Prove that every closed set in R or R” is a Gs-set. Does it follow at once that

every open set is an Fj-set? Why?

. Complete the proofs of Theorems 16 and 21 in the unbounded, n-dimensional

case. [Hint: How can you break an unbounded set into countably many disjoint
bounded pieces?]

Show that inner measure is translation invariant. How does it behave under
dilation? Under affine motions?

Prove that R\ Q is an F,s-set but not an F,-set. [Hint: Baire.] Infer that
F, # F,5. You can google “Descriptive Set Theory” for further inequalities like
this.

. Theorem 16 implies that if E is measurable then its inner and outer measures

are equal. Is the converse true? [Proof or counterexample.]

For an arbitrary set M define w : 2™ — [0,00] as w(S) = #(S), where 2M
is the power set of M (the collection of all subsets of M) and #(S) is the
cardinality of S. Prove that w is an abstract outer measure and all sets S C M
are measurable. [This is counting measure. It makes frequent appearances
in counterexamples in abstract measure theory.]

The outer Jordan content of a bounded set A C R is the infimum of the
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total lengths of finite coverings of A by open intervals,

n n
J*A = inf {Z |Ix| : each I is an open interval and A C {J Ik} .
k=1 k=1

The corresponding definitions of outer Jordan content in the plane and n-space
substitute rectangles and boxes for intervals.
(a) Show that outer Jordan content satisfies
(i) J*0) = 0.
(i) If A C B then J*A < J*B.
(i) Tf A = U7, Ay then J*A < 30 J*4,.
k=1
(b) (iii) is called finite subadditivity. Find an example of a set A C [0, 1] such
that A = Upo, Ak, J*Ax = 0 for all k, and J*A = 1, which shows that
finite subadditivity does not imply countable subadditivity and that J*is
not an outer measure.
(c) Why is it clear that m™A < J*A, and that if A is compact then mA = J*A?
What about the converse?
(d) Show that the requirement that the intervals in the covering of A be open
is irrelevant.
12. Prove that
J*A = JA = mA
where A is the closure of A.
13. If A, B are compact prove that

JAUB) + JANB) = J*A + J*B.

[Hint: Is the formula true for Lebesgue measure? Use Exercise 12.]
14. The inner Jordan content of a subset A of an interval [ is

JxA = |I| = JXI\ A).

(a) Show that
JxA = m(interior A).

(b) A bounded set A with equal inner and outer Jordan content is said to have
content or to be Jordan measurable, and we write J A = JA = J *A,
even though J is not a measure. (Is this any worse than functions with
infinite integrals being nonintegrable?)

(¢) Infer from Theorem 68 and the Riemann-Lebesgue Theorem that f :
[a,b] — [0, M] is Riemann integrable if and only if its undergraph is Jordan
measurable, and in that case its Riemann integral equals J(Uf).
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*15

16
17

**18

**19

20.
*21.

22.

Construct a Jordan curve (homeomorphic copy of the circle) in R? that has
positive planar measure. [Hint: Given a Cantor set in the plane, is there a
Jordan curve that contains it? Is there a Cantor set in the plane with positive
planar measure? (Take another look at Section9 in Chapter 2.)]
Write out the proofs of Lemmas 23, 24, and 25 in the n-dimensional case.
Write out the proofs of the Measurable Product Theorem (Theorem 21) and
the Zero Slice Theorem (Theorem 26) in the unbounded, n-dimensional case.
Suppose that F is measurable.

(a) If E C R and € > 0 is given, prove there exists a fat Cantor set F' C FE

such that mE < m(F') + e. [Hint: Review Exercise 2.151.]

(b) Do the same in R"™.

(c) Do the same in R and R" if E is nonmeasurable but m £ > 0. [Hint:
Consider linear Lebesgue measure m; on the interval I and planar Lebesgue
measure my on the square I?. Construct a meseometry I — I2. Thus meseome-
try disrespects topology: (I, M(I),m;) is meseometric to (12, M(I?),ms). [Hint:
You might use the following outline. The inclusion I\ Q — [ is injective and
preserves mi. You can convert it to a bijection o : I N\ Q — I by choosing a
countable set L C I\ Q and then choosing any bijection o : L — LU (QNI).
Then you can set a(r) = ap(x) when x € L and a(x) = x otherwise. Why
is « is a meseometry? (Already this shows that nonhomeomorphic spaces can
have meseometric measure spaces.) In the same way there is a meseometry
B: 12\ Q? — I?. Then let A =1\ Q. Express z € A as a base-2 expansion

r = (aja2a3a4a5a6. . .)

using the digits 0 and 1. It is unique since x is irrational. Then consider the
corresponding base-4 expansion

o(x) = ((ara2)(asaq)(asag) . ..)

using the digits (00), (01), (10), and (11). Prove that o(A4) = I?\ Q? and o
preserves measure. Conclude that 7= B0 0 o a~! is a meseometry I — I 2.}
Generalize Exercise 19 with R in place of I and then with R™ in place of R.
Suppose that U,V C R" are open. If a homeomorphism 7' : U — V and
its inverse send Lebesgue zero sets to Lebesgue zero sets prove that it is a
Lebesgue meseomorphism (U, M(U),m|y) — (V,M(V), m|y). [Note that the
homeomorphism 7" : R — R which sends the fat Cantor set to the standard
Cantor set sends zero sets to zero sets but 7! does not.|

If U,V C R™ are open and T : U — V is a Lipeomorphism (i.e., a Lipschitz
homeomorphism with Lipschitz inverse) use Exercise21 to show that 7" is a
meseomorphism with respect to Lebesgue measure.
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23. Use Exercise 22 and the n-dimensional Mean Value Theorem to prove that a
diffeomorphism 7' : U — V is a meseomorphism. [Pay attention to the fact
that U and V are noncompact.]

24. (a) I T:R — R is a continuous meseometry prove that 7" is rigid.

(b) What if T is discontinuous?
(c) Find a continuous nonrigid meseometry 7 : R? — R2. [Hint: Divergence.]

25. Let f:R — [0,00) be given.

(a) If f is measurable why is the graph of f a zero set?
(b) If the graph of f is a zero set does it follow that f is measurable?

**(c) Read about transfinite induction and go to stackexchange to see that there
exists a nonmeasurable function f : [a,b] — [0,00) whose graph is non-
measurable.

(d) Infer that the measurability hypothesis in the Zero Slice Theorem (Theo-
rem 26) is necessary since every vertical slice graph of the function in (c)
is a zero set (it is just a single point) and yet the graph has positive outer
measure.

(e) Why can a graph never have positive inner measure?

(f) How does (c) yield an example of uncountably many disjoint subsets of
the plane, each with infinite outer measure?

(g) What assertion can you make from (f) and Exercise 197

26. Theorem 35 states that Ty is a meseometry when f : R — [0,00) is integrable.
Prove the same thing when f : R — [0,00) is measurable. What about a
measurable function R” — R? [Hint: Express f as ZZ i Jik, where the support
of firis [t —1,i) N fP*([k — 1,k)). Why is f; integrable and how does this
imply that T is a meseometry?]

27. Using the undergraph definition, check linearity of the integral directly for the
two measurable characteristic functions, f = Xr and g = Xg.

28. The total undergraph of f : R — R is Uf = {(x,y) : y < f(z)}.

(a) Using undergraph pictures, show that the total undergraph is measurable
if and only if the positive and negative parts of f are measurable.

(b) Suppose that f : R — (0, 00) is measurable. Prove that 1/f is measurable.
[Hint: The diffeomorphism 7" : (z,y) — (x,1/y) sends Uf to U(1/f).]

(c¢) Suppose that f,g: R — (0,00) are measurable. Prove that f - g is mea-
surable. [Hint: 7" : (z,y) — (x,logy) sends Uf and Ug to U(log f) and
U(log g). How does this imply log fg is measurable, and how does use of
T (z,y) = (x,¢Y) complete the proof?]

(d) Remove the hypotheses in (a)-(c) that the domain of f,g is R.

(e) Generalize (c) to the case that f, g have both signs.
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29.

30.

31.

32.
33.

34.

35.

36.

37.

38.
39.

A function f: M — R is upper semicontinuous if

lim zp =2 = limsup f(zr) < f(2).
k—o0 k—o0

(M can be any metric space.) Equivalently, limsup fy < fx.
y—x

(a) Draw a graph of an upper semicontinuous function that is not continuous.

(b) Show that upper semicontinuity is equivalent to the requirement that for
every open ray (—oo,a), the preimage fP*(—o00,a) is an open set.

(c) Lower semicontinuity is defined similarly. Work backward from the fact
that the negative of a lower semicontinuous function is upper semicontin-
uous to give the definition in terms of lim infs.

Given a compact set K C R x [0, 00) define

g(z) = {max{yi(w,y)el( ifKﬁ.(:er)yé@
0 otherwise.

Prove that ¢ is upper semicontinuous.
Prove that a measurable function f is sandwiched as v < f < v, where u is
upper semicontinuous, v is lower semicontinuous, and v — u has small integral.
[Hint: Exercise 30 and regularity.]
Prove Proposition 38.
Suppose that f : [a,b] — R™ converges almost everywhere to f as k — oo.

(a) Verify that the Dominated Convergence Theorem fails if there is no inte-

grable dominating function g.

(b) Verify that the inequality in Fatou’s Lemma can be strict.
If f, : R — [0,00) is a sequence of integrable functions, f, | f a.e. as n — oo,
and [ f, | 0. Prove that f =0 almost everywhere.
Find a sequence of integrable functions fy : [a,b] — [0, 1] such that f; fe =0
as k — oo but it is not true that fi(z) converges to 0 a.e.
Show that the converse to the Dominated Convergence Theorem fails in the
following sense: There exists a sequence of functions fi : [a,b] — [0, 00) such
that fr — 0 almost everywhere and ff fr = 0 as k — oo, but there is no
integrable dominator g. [Hint: Stare at the graph of f(x) =1/z.]
Suppose that a sequence of integrable functions fj converges almost everywhere
to f as k — oo and f; takes on both positive and negative values. If there exists
an integrable function g such that for almost every x we have |fx(x)| < g(z),
prove that [ fr — [ f as k — oo.
If f and g are integrable prove that their maximum and minimum are integrable.
Suppose that f and g are measurable and their squares are integrable. Prove
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40.

41.

*42.

43.
44.
45.

that fg is measurable, integrable, and

/ fg < \/F \/ﬁ-
[Hint: Exercise 28 helps.]

Find an example where Exercise 39 fails if “square integrable” is replaced with
“integrable.”

Suppose that f is a sequence of integrable functions and Y [ |fx| < co. Prove
that ) fr is integrable and

/gszg/fk-

Prove that

1 20 30 41 5l

[e.e]
. o, L 2t 3t 4 50
/Oe cosvr =1 st T8 10T

Prove that g(y) = [;° e *sin(z + y) dx is differentiable.

Write out the proof of the multidimensional Cavalieri’s Principle (Theorem 39).
As in Corollary 41 we say that a function f : R — R is preimage measurable
if for each a € R the set fP*([a,0)) = {z € R : a < f(x)} is Lebesgue
measurable. This is the standard definition for measurability of a function.
Prove that the following are equivalent conditions for preimage measurability
of f:R—R.

(a) The preimage of every closed ray [a,c0) is measurable.

(b) The preimage of every open ray (a,oc) is measurable.
The preimage of every closed ray (—oo, a] is measurable.
The preimage of every open ray (—oo,a) is measurable.
The preimage of every half-open interval [a, b) is measurable.
The preimage of every open interval (a,b) is measurable.
The preimage of every half-open interval (a, b] is measurable.

)
)
)
)
)
(h) The preimage of every closed interval [a, b] is measurable.
) The preimage of every open set is measurable.
) The preimage of every closed set is measurable.
) The preimage of every Gs-set is measurable.

)

The preimage of every F,-set is measurable.
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*46.

*47.

*48.

Here is a trick question: “Are there any functions for which the Riemann in-
tegral converges but the Lebesgue integral diverges?” Corollary 70 would sug-
gest the answer is “no.” Show, however, that the improper Riemann integral

fol f(z)dx of

Tsin~ ifx #0
x

flz) =
0 ite =20

exists (and is finite) while the Lebesgue integral is infinite. [Hint: Integration

by parts gives
1 1
— / cos L da.
a a T

Why does this converge to a limit as a — 07? To check divergence of the
Lebesgue integral, consider intervals [1/(k + 1), 1/k]. On such an interval the
sine of 7/x is everywhere positive or everywhere negative. The cosine is +1 at
one endpoint and —1 at the other. Now use the integration by parts formula
again and the fact that the harmonic series diverges.|

Lre  ox T
— sin —dx = x cos —
o T T T

A nonnegative linear combination of measurable characteristic functions is a
simple function. That is,

P(z) = Z ¢i - Xp;(2)

where F1, ..., E, are measurable sets and cy, ..., ¢, are nonnegative constants.
We say that ) ¢;X g, “expresses” ¢. If the sets E; are disjoint and the coefficients
¢; are distinct and positive then the expression for ¢ is called canonical.
(a) Show that a canonical expression for a simple function exists and is unique.
(b) It is obvious that the integral of ¢ = )" ¢;Xp, (the measure of its un-
dergraph) equals ) ¢;m(E;) if the expression is the canonical one. Prove
carefully that this remains true for every expression of a simple function.
(¢) Infer from (b) that [ ¢+ = [ ¢+ [ for simple functions.
(d) Given measurable f,g : R — [0,00), show that there exist sequences of
simple functions ¢, T f and ¥, T g as n — oo.
(e) Combine (c) and (d) to revalidate linearity of the integral.
In fact this is often how the Lebesgue integral is developed. A “preintegral”
is constructed for simple functions, and the integral of a general nonnegative
measurable function is defined to be the supremum of the preintegrals of lesser
simple functions.
The Devil’s ski slope. Recall from Chapter 3 that the Devil’s staircase function
H :[0,1] — [0, 1] is continuous, nondecreasing, constant on each interval com-
plementary to the standard Cantor set, and yet is surjective. For n € Z and
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*49.

*50.

o1.

52.
53.

z € [0,1] we define H(z 4+ n) = H(x) +n. This extends H to a continuous
surjection R — R. Then we set

- Hk(x).

Hy(z) = ﬁ(3k$) and J(x) = 4k

k=0

Prove that J is continuous, strictly increasing, and yet J' = 0 almost every-
where. [Hint: Fix a > 0 and let

S, = {x: J'(z) exists, J'(z) > a, and

x belongs to the constancy intervals of every Hy}.

Use the Vitali Covering Lemma to prove that m*(S,) = 0.]
Prove that f : R — R is Lebesgue measurable if and only if the preimage of
every Borel set is a Lebesgue measurable. What about f : R” — R?
(a) Prove Corollary 67: Each measurable £ C R with mE > 0 contains a
nonmeasurable set N with m*N = mE, m,N = 0, and for each measurable
E' C E we have m(E") = m*(NNE'). (N is a “doppelgnger” of E.) [Hint:
Try N = PN E when E C [0,1) and P is the nonmeasurable set from
Theorem 66.]
(b) Is N uniquely determined (modulo a zero set) by E?
Generalize Theorem 66 and Exercise 50 to R™. [Hint: Think about P x P and
its complement in 72

Remark There are even worse situations. R" is the disjoint union of #R sets
like P. This fact involves “Bernstein sets” and transfinite induction. See also
Exercise 25.

Prove Corollary 50 from Theorem 49.
Consider the function f : R? — R defined by

1
Yy
_ ) -1
fzy) = — f0<y<z<l
T
0 otherwise.

(a) Show that the iterated integrals exist and are finite (calculate them) but
the double integral does not exist.
(b) Explain why (a) does not contradict Corollary 43.
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54. Do (A) or (B), but not both.
(A) (a) State and prove Cavalieri’s Principle in dimension 4.
(b) Formulate the Fubini-Tonelli theorem for triple integrals and use (a)
to prove it.
(B) (a) State Cavalieri’s Principle in dimension n + 1.
(b) State the Fubini-Tonelli Theorem for multiple integrals and use (a) to
prove it.
How short can you make your answers?
55. (a) What are the densities (upper, lower, balanced, and general) of the disc
in the plane and at which points do they occur?
(b) What about the densities of the square?
*#k(c) What about the densities of the fat Cantor set?
56. Suppose that P C R has the property that for every interval (a,b) C R we have
m*(P N (a,b)) 1

b—a 2
(a) Prove that P is nonmeasurable. [Hint: This is a one-liner.]
(b) Is there anything special about 1/27
57. Formulate and prove Steinhaus’ Theorem (Theorem 64) in n-space.
58. The balanced density of a measurable set E at z is the limit, if exists, of the
concentration of ¥ in B where B is a ball centered at x that shrinks down to
x. Write dpalanced (2, F) to indicate the balanced density, and if it is 1, refer to
x as a balanced density point.
(a) Why is it immediate from the Lebesgue Density Theorem that almost
every point of F is a balanced density point?
(b) Given a € [0,1], construct an example of a measurable set £ C R that
contains a point x with dpajanced (2, F) = a.
(c) Given a € [0,1], construct an example of a measurable set £ C R that
contains a point x with é(x, E) = .
**(d) Is there a single set that contains points of both types of density for all
a€[0,1]7
59. Prove that the density points of a measurable set are the same as its balanced
density points. [Hint: Exercise 62 is relevant.]

*60. Density is defined using cubes @) that shrink down to p. What if p need not
belong to ), but its distance to ) is on the order of the edgelength ¢ of Q7
That is, d(p, Q) < K/ for some constant K as £ — 0. (Q is a satellite of p.)
Do we get the same set of density points?

*61. As indicated in Appendix F, U C R" is K-quasi-round if it can be sandwiched
between balls B C U C B’ such that diam B’ < K diam B.

(a) Prove that in the plane, squares and equilateral triangles are (uniformly)
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quasi-round. (The same K works for all of them.)

(b) What about isosceles triangles?

(c) What about annuli of inner radius r and outer radius R such that R/r <
10, and what about balanced density for such annuli? [Hint: Draw a
picture.]

(d) Formulate a Vitali Covering Lemma for a Vitali covering V of A C R? by
uniformly quasi-round sets instead of discs.

(e) Prove it.

(f) Generalize to R™.

[Hint: Review the proof of the Vitali Covering Lemma.]
*62. Consider a measure-theoretic definition of K-quasi-roundness of a measurable
W C R" as
diam (W)™
mW

(a) What is the relation between the two definitions of quasi-roundness?
(b) Fix a point p € R™ and let Wi be the family of measurable sets containing
p which are K-quasi-round in the measure-theoretic sense. Prove that p
is a density point of a measurable set F if and only if the concentration of
E in W tends to 1 as W € W shrinks to p. [Hint: Each W could be a
fat Cantor set, but take heart from the realization that if 99% of a set is
red then 10% of it is quite pink.]
63. Let E C R™ be measurable and let x be a point of 0F, the topological boundary
of E. (That is, x lies in both the closure of E and the closure of E€.)
(a) Is it true that if the density 6 = §(z, E) exists then 0 < § < 17 Proof or
counterexample.
(b) Is it true that if 6 = d(x, F') exists and 0 < 0 < 1 then x lies in JE? Proof
or counterexample.
(c) What about balanced density?
64. Choose a pair of derivates other than the right max and left min. If f is
monotone write out a proof that these derivates are equal almost everywhere.
65. Exercise 3.34 asks you to prove that the set of critical values of a C'! function
f:R — R is a zero set. (A critical point of f is a point p such that f'(p) =0
and a critical value of f is a ¢ € R such that fp = ¢ for some critical point p.)
Give it another try.

< K.

(a) What are the critical points and critical values of the function sin z?

(b) If f : [a,b] — R is C' why are the sets of critical points and critical values,
cp(f) and cp(f), compact?

(¢) How can you cover cv(f) with finitely many intervals of small total length?
[Hint: Mean Value Theorem as an inequality.]

(d) How can you go from [a,b] to R?
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66.

*67.

*68.

*69.

Construct a monotone function f : [0,1] — R whose discontinuity set is exactly
the set QN [0, 1], or prove that such a function does not exist.

In Section 10 the total variation of a function f : [a,b] — R is defined as the
supremum of all sums Y, |A;f|, where P partitions [a,b] into subintervals
[zi—1, x;) and A;f = f(x;) — f(zi—1). Assume that the total variation of f is
finite (i.e., f is of bounded variation) and define

mzm{me}

L G

T = Az Az =

Pt sgp{zk: f f>0}
Nf:—i%f{zk:Aif:Aifgo}

where P ranges through all partitions of [a, z]. Prove that

(a) f is bounded.

(b) TF, P¥, NZ are monotone nondecreasing functions of x.

(c) T? = P¥ 4+ NZ.

(@) f(z) = f(a) + PF — N
Assume that f : [a,b] — R has bounded variation. The Banach indicatrix is
the function

y = Ny = #f7(y).
Ny is the number of roots of f = y. The horizontal line [a,b] x y meets the
graph of f in N, points.
(a) Prove that N, < oo for almost every y.
(b) Prove that y — N, is measurable.
(c) Prove that

d
T = / N, dy
C

where ¢ < min f and max f < d.

(a) Assume that A, T A as n — oo but do not assume that A,, is measurable.
Prove that m*A4,, — m*A as n — oo. (This is upward measure continuity
for outer measure. [Hint: Regularity gives Gs-sets G, D A, with m(G),) =
m*(A,). Can you make sure that G,, increases as n — oo? If so, what can
you say about G = J G,,7])

(b) Is upward measure continuity true for inner measure? [Proof or counterex-
ample.]

(c) What about downward measure continuity of inner measure? Of outer
measure?
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*70. Let A C R™ be arbitrary, measurable or nonmeasurable.
(a) Prove that the hull and kernel of A are unique up to zero sets.
(b) Prove that A “spreads itself evenly” through its hull in the sense that for
each measurable E we have m (AN E) =m(HsNE).
(¢) Prove the following version of the Lebesgue Density Theorem. For almost
every p € H, we have

i TANQ)
Qlp me
[Hint: Review the proof of the Lebesgue Density Theorem. Taking E = @
in (b) is useful in proving (c).]

71. True or false: If H4 is a measurable hull of A then H4 \ A is a zero set.

72. If N is a doppelgnger of a measurable set E (Corollary 67 and Exercise 50) prove
that E is a measurable hull of N. (Thus N is something like a “nonmeasurable
kernel of E.”)

*73. Prove that the outer measure of the Cartesian product of sets which are not
necessarily measurable is the product of their outer measures. [Hint: If H4 and
Hp are hulls of A and B use the Zero Slice Theorem to show that their product
is a hull of A x B/]

*74. What about the inner measure of a product?

75. Observe that under Cartesian products, measurable and nonmeasurable sets
act like odd and even integers respectively.

(a) Which theorem asserts that the product of measurable sets is measurable?
(Odd times odd is odd.)

(b) Is the product of nonmeasurable sets nonmeasurable? (Even times even is
even.)

(c) Is the product of a nonmeasurable set and a measurable set having nonzero
measure always nonmeasurable? (Even times odd is even.)

(d) Zero sets are special. They correspond to the number zero, an odd number
in this imperfect analogy. (Zero times anything is zero.)

*76. Exercise 3.18 asks you to prove that given a closed set L C R, there is a C*
function 5 : R — [0,00) whose zero locus {z : S(z) = 0} equals L. Give it
another try. Can you also do it in R"?

77. Suppose that F' C [0,2] is a fat Cantor set of measure 1. Prove that there is
a C'°° homeomorphism % : R — R that carries [0, 2] to [0, 1] and sends F' to a
Cantor set hF' of measure zero. [Hint: Use a § from Exercise 76 and a constant
¢ to define ha as ¢ [ 5(t) dt. How does Exercise 3.34 help?]

78. Suppose that f: R — [0,00) is Lebesgue measurable and g : [0,00) — [0, 00) is
monotone or continuous. Prove that g o f is Lebesgue measurable. [Hint: Use
the preimage definition of measurability and Exercise 45.]



462 Lebesgue Theory Chapter 6

79. (a) For a bijection h verify that X4 = Xpa © h.

(b) Let A : R — R be the smooth homeomorphism supplied by Exercise 77.
Why does F' contain a nonmeasurable set P and why is hP measurable?

(¢) Why is the nonmeasurable function Xp the composition Xpp o h.

(d) Infer that a continuous function following a Lebesque measurable function
is Lebesgue measurable (Ezercise78) but a Lebesgue measurable function
following a continuous (or even smooth) function may fail to be Lebesgue
measurable.

80. Let h : [0,2] — [0,1] be the smooth homeomorphism supplied by Exercise 77
and let P C F be nonmeasurable. Set f,,(xz) =0 for all n, z.

(a) Is it true that the functions f,, are Borel measurable and converge almost
everywhere to Xpp?

(b) Is Xpp Lebesgue measurable?

(¢) Is xpp Borel measurable?

(d) Infer that if a sequence of Borel measurable functions converges almost
everywhere to a limit function then that limit function may fail to be Borel
measurable.

81. Improve the Average Value Theorem to assert that not only is it true that for
almost every p the average fQ fdm — f(p) as @ | p, but actually for almost
every p we have

lim - dm = 0.
im ][Q -t

[Hint: Apply the Average Value Theorem to each of the countably many func-
tions | f — 7| where r € Q.]

**82. Use the Improved Average Value Theorem from Exercise81 to give a second
proof of Lusin’s Theorem that does not use countable bases or preimage mea-
surability.

83. Suppose that (fi) is a sequence of measurable functions that converge almost
everywhere to f as k — oo.

(a) Formulate and prove Egoroff’s Theorem if the functions are defined on a
box in n-space.

(b) Is Egoroff’s Theorem true or false for a sequence of functions defined on
an an unbounded set having finite measure?

(¢) Give an example of a sequence of functions defined on R for which Egoroff’s
Theorem fails.

(d) Prove that if the functions are defined on R™ and € > 0 is given then there
is an e-set S C R™ such that for each compact K C R", the sequence of
functions restricted to K NS¢ converges uniformly.
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84. Why does Lusin’s Theorem imply that if f : B — R is measurable and B C R"
is bounded then f is nearly uniformly continuous? What if B is unbounded
but has finite measure?

*85. Show that nearly uniform convergence is transitive in the following sense. As-
sume that f, converges nearly uniformly to f as n — oo, and that for each fixed
n there is a sequence f,, ; which converges nearly uniformly to f,, as k — oo.
(All the functions are measurable and defined on [ab].)
(a) Show that there is a sequence k(n) — oo as n — oo such that f, ()
converges nearly uniformly to f as n — oco. In symbols

nulim nulim f,x = f = nulim f, z) = /.
n—oo  k—oo ’ n—oo '

(b) Why does (a) remain true when almost everywhere convergence replaces
nearly uniform convergence? [Hint: The answer is one word.|
(c) Is (a) true when R replaces [a, b]?
(d) Is (b) true when R replaces [a, b]?
86. Consider the continuous functions

frok(x) = (cos(wn!x))k

for k,n € N and x € R.
(a) Show that for each x € R,

lim lim f,x(7) = Xg(=),

n—00 k—00

the characteristic function of the rationals.
(b) Infer from Exercise 24 in Chapter 3 that there can not exist a sequence
fn,k(n) converging everywhere as n — oo.
(c) Interpret (b) to say that everywhere convergence can not replace almost
everywhere convergence or nearly uniform convergence in Exercise 85.
87. (a) Prove that the measure-theoretic boundary of a measurable set E is con-
tained in its topological boundary, 9,,(E) C OF.
(b) Construct an example of a continuous function f : [a,b] — [0, M] such
that O(Uf) # O (Uf). [Hint: A picture is worth a thousand formulas.]
88. Generalize Theorem 68 to functions of several variables. That is, prove that a
bounded nonnegative function defined on a box in n-space is Riemann integrable
if and only if the topological boundary of its undergraph is a zero set.
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489,

*#90.

The L'-norm of the integrable function f : [a,b] — Ris || f|| = [ |f|. This gives
a metric on the set £ of integrable functions [a,b] — R as d;1(f,9) = ||f — gll-
We say that f, — g Ll-converges to g if || f, — g|| — 0.

(a) Prove that £ is a complete metric space.

(b) Prove that R is dense in £ where R is the set of Riemann integrable
functions.

(c) Infer that £ is the completion of R with respect to the L'-metric. (This
constructs Lebesgue integrals with minimal reference to Lebesgue mea-
sure.)

(d) What happens if we replace [a, b] with a box in R"?

A theory of integration more general than Lebesgue’s is due to Arnaud Den-
joy. Rediscovered by Ralph Henstock and Jaroslav Kurzweil, it is described
in Robert McLeod’s book, The Generalized Riemann Integral. The definition
is deceptively simple. Let f : [a,b] — R be given. The Denjoy integral of
f, if it exists, is a real number I such that for each ¢ > 0 there is a function
0 :la,b] — (0,00) and

< €

> () Az, — 1
k=1

for all Riemann sums with Az < 6(t;), £ = 1,...,n. (McLeod refers to the
function ¢ as a “gauge” and to the intermediate points t; as “tags”.)
(a) Verify that if we require the gauge §(¢) to be continuous then the Denjoy
integral reduces to the Riemann integral.
(b) Verify that the function

1

— ifo<ax<1
flz) = ¢V

100 ifz=0

has Denjoy integral 2. [Hint: Construct gauges () such that §(0) > 0
but lim §(¢) =0.]
t—0+t

(c) Generalize (b) to include all functions defined on [a,b] for which the im-
proper Riemann integral is finite.

(d) Infer from (c) and Exercise 46 that some functions are Denjoy integrable
but not Lebesgue integrable.

(e) Read McLeod’s book to verify that every nonnegative Denjoy integrable
function is Lebesgue integrable and the integrals are equal; and every
Lebesgue integrable function is Denjoy integrable and the integrals are
equal. Infer that the difference between Lebesgue and Denjoy corresponds
to the difference between absolutely and conditionally convergent series
— if f is Lebesgue integrable, so is |f|, but this is not true for Denjoy
integrals.
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**91. Four types of convergence of a sequence of measurable functions (f,,) are: Al-
most everywhere convergence, L' convergence, nearly uniform convergence, and
convergence in measure. This last type of convergence requires that for each
e > 0 we have

m({z : [fn(z) —g(x)| > €}) =0
as n — oo. Consulting the tetrahedron in Figure 159, decide which oriented

edges represent implications for sequences of functions defined on [a,b], on R,
or represent implications on neither [a, b] nor R.

Ll

a.e.

In measure

Figure 159 You might label an edge that represents implication only for
functions defined on [a, b] with a single arrow, but use a double arrow if the
implication holds for functions defined on R. For example, how should you

label the edge from a.e. to n.u.?

**092. Assume that the (unbalanced) density of F exists at every point of R, not merely
at almost all of them. Prove that up to a zero set, E =R, or E = (). (This is a
kind of measure-theoretic connectedness. Topological connectedness of R
is useful in the proof.) Is this also true in R™?
*#%93. [Speculative] Density seems to be a first-order concept. To say that the density
of E at x is 1 means that the concentration of E in a ball B containing = tends
to1las B | x. That is,

m(B) — m(E N B)
mbB

But how fast can we hope it tends to 07 We could call x a double density
point if the ratio still tends to 0 when we square the denominator. Interior
points of E are double density points. Are such points common or scarce in a
measurable set? What about balanced density points? What about fractional
powers of the denominator?

— 0.



Suggested Reading

There are many books on more advanced analysis and topology. Among my favorites
in the “not too advanced” category are these.

1.

Kenneth Falconer, The Geometry of Fractal Sets.

Here you should read about the Kakeya problem: How much area is needed
to reverse the position of a unit needle in the plane by a continuous motion?
Falconer also has a couple of later books on fractals that are good.

. Thomas Hawkins, Lebesgue’s Theory of Integration.

You will learn a great deal about the history of Lebesgue integration and anal-
ysis around the turn of the last century from this book, including the fact that
many standard attributions are incorrect. For instance, the Cantor set should
be called the Smith set; Vitali had many of the ideas credited solely to Lebesgue,
etc. Hawkins’ book is a real gem.

. John Milnor, Topology from the Differentiable Viewpoint.

Milnor is one of the clearest mathematics writers and thinkers of the twentieth
century. This is his most elementary book, and it is only seventy-six pages long.

. James Munkres, Topology, a First Course.

This is a first-year graduate text that deals with some of the same material you
have been studying.

. Robert Devaney, An Introduction to Chaotic Dynamical Systems.

This is the book you should read to begin studying mathematical dynamics. It
is first rate.

One thing you will observe about all these books — they use pictures to convey
the mathematical ideas. Beware of books that don’t.

(©) Springer International Publishing Switzerland 2015 467
C.C. Pugh, Real Mathematical Analysis, Undergraduate Texts
in Mathematics, DOI 10.1007/978-3-319-17771-7
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C'! Mean Value Theorem, 289 abstract outer measure, 389

C" M-test, 297 abuse of notation, 7

C" equivalence, 302 accumulation point, 92

C" norm, 296 address string, 107

F,-set, 201, 398 adheres, 65

Gs-set, 201, 398 aleph null, 31

L'-convergence, 464 algebraic number, 51

L'-norm, 464 almost every, 407

a-Holder, 265 almost everywhere, 175

d-dense, 265 alternating harmonic series, 196

e-chain, 131 alternating multilinear functional, 352

e-principle, 21 alternating series, 195

o-algebra, 389 ambiently diffeomorphic, 378

o-compact, 262 ambiently homeomorphic, 115

o*compact, 268 analytic, 158, 248

f-translation, 411 Analyticity Theorem, 250

k-chain, 342 Antiderivative Theorem, 185, 431

p-adic metric, 136 Antoine’s Necklace, 117

p-series, 194 arc, 131

r-neighborhood, 68 area of a rectangle, 384

t-advance map, 246 argument by contradiction, 8

rr-area, 329 Arzela-Ascoli Propagation Theorem, 227

(€, 0)-condition, 65 Arzela-Ascoli Theorem, 224
ascending k-tuple, 333

absolute continuity, 429 associativity, 14, 335

absolute convergence, 192, 217 average derivative, 289

absolute property, 85 Average Integral Theorem, 426
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Baire class 1, 201

Baire’s Theorem, 256

balanced density, 422, 458

Banach Contraction Principle, 240
Banach indicatrix, 460

Banach space, 296

basic form, 331

Bernstein polynomial, 229
bijection, 31

bilinear, 287

block test, 208
Bolzano-Weierstrass Theorem, 80
Borel measurability, 443

Borel’s Lemma, 267

boundary, 92, 141

boundary of a k-cell, 343

bounded above, 13

bounded function, 98, 261
bounded linear transformation, 279
bounded metric, 138

bounded set, 97

bounded variation, 438

box, 26

Brouwer Fixed-Point Theorem, 240, 353
bump function, 200

Cantor function, 186

Cantor Partition Lemma, 113
Cantor piece, 112

Cantor set, 105

Cantor space, 112

Cantor Surjection Theorem, 108
cardinality, 31

Cauchy completion, 122

Cauchy condition, 18, 77
Cauchy Convergence Criterion, 19, 191
Cauchy product, 210

Cauchy sequence, 77
Cauchy-Binet Formula, 339, 363
Cauchy-Riemann Equations, 360
Cauchy-Schwarz Inequality, 23
Cavalieri’s Principle, 318, 414

cell, 328

center of a starlike set, 130
chain connected, 131
Chain Rule, 150, 285
Change of Variables Formula, 319
characteristic function, 171
Chebyshev Lemma, 434
class C", 158, 295

class C'°°, 295

clopen, 67

closed form, 347

closed neighborhood, 94
closed set, 66

closed set condition, 72
closure, 70, 92

cluster point, 92, 140
co-Cauchy, 119

codomain, 30

coherent labeling, 110
common refinement, 168
commutative diagram, 302
compact, 79

comparable norms, 366
Comparison Test, 192
complement, 45

complete, 14, 78

completed undergraph, 407
Completion Theorem, 119
complex analytic, 251
complex derivative, 360
composite, 31
concentration, 422
condensation point, 92, 140
condition number, 361
conditional convergence, 192, 464
cone map, 349

cone on a metric space, 139
connected, 86

connected component, 147
conorm, 281, 366
continuity in a metric space, 61
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continuously differentiable, 157

Continuum Hypothesis, 31, 137, 145

contraction, weak contraction, 240, 266

convergence, 18, 60, 191

convex, 26

convex combinations, 27, 49

convex function, 49

convex hull, 115

countable, 31

countable additivity, countable subaddi-
tivity, 384

countable additivity, subadditivity, 389

countable base, 141, 405, 447

counting measure, 450

covering, 98

covering compact, 98

critical point, critical value, 204, 459

cube, 26

Cupcake Theorem, 145

curl, 347

Darboux continuous, 154
Darboux integrable, Darboux integral, 167
de Rham cohomology, 352

De Morgan’s Law, 45
Dedekind cut, 12

Denjoy integral, 464

dense, 107

density point, 422
denumerable, 31

derivate, 434

derivative, 149

derivative (multivariable), 282
derivative growth rate, 248
determinant, 363

Devil’s ski slope, 188, 456
Devil’s staircase function, 186
diagonalizable matrix, 368
diameter in a metric space, 82
diffeomorphism, 163, 300
differentiability of order r, 157
differentiable (multivariable), 282

differentiable function, 149, 151
differential 1-form, 327

differential quotient, 149
differentiation past the integral, 290
dipole, 343

directional derivative, 369
disconnected, 86

discontinuity of the first, second kind, 204
discrete metric, 58

disjoint, 2

distance from a point to a set, 130
distance function, 58

divergence of a series, 191

divergence of a vector field, 346
division of a metric space, 109
domain, 29

Dominated Convergence Theorem, 409
domination of one series by another, 192
doppelgénger, 442

dot product, 22

double density point, 465

dyadic, 47

dyadic ruler function, 204

Egoroft’s Theorem, 448
embedding, 85

empty set, 2

envelope sequences, 408
equicontinuity, 224
equivalence relation, equivalence class, 3
Euler characteristic, 50
Euler’s Product Formula, 210
exact form, 347

exponential growth rate, 194
extension of a function, 129
exterior derivative, 337

fat Cantor set, 108, 203
Fatou’s Lemma, 410
field, 16

finite, 31

finite additivity, 390
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finite intersection property, 134 identity map, 31
fixed-point, 47, 240 Identity Theorem for analytic functions,
flow, 246 268
flux, 346 image, 30
Fréchet derivative, 284 implicit function, 297
Fubini’s Theorem, 316 Implicit Function Theorem, 298
Fubini-Tonelli Theorem, 416 improper Riemann integral, 191
function, 29 inclusion cell, 334
function algebra, 234 indicator function, 171
functional, 328 infimum, 17
Fundamental Theorem of Calculus, 183, infinite, 31

426 infinite address string, 107
Fundamental Theorem of Continuous Func- infinite product, 209

tions, 41 infinitely differentiable, 157

Inheritance Principle, 73, 74
inherited metric, 58

inherited topology, 74

initial condition for an ODE, 242
injection, 30

inner measure, 384

inner product, inner product space, 28
integer lattice, 24

Integral Test, 193

integrally equivalent, 205
integration by parts, 189

gap interval, 108, 112

Gauss Divergence Theorem, 346
Generalized Heine-Borel Theorem, 103
generic, 256

geometric series, 191

gradient, 311

grand intersection, 134

greatest lower bound, 47

Green’s Formula, 346

growing steeple, 214

Holder condition, 198 integration by substitution, 189
Hahn-Mazurkiewicz Theorem, 143 interior, 92, 140
Hairy Ball Theorem, 381 Intermediate Value Theorem, 40
harmonic series, 192 Intermediate Value Theorem for f/, 154
Hausdorff metric, 144 intrinsic property, 85
Hawaiian earring, 132 Inverse Function Theorem, 162, 301
Heine-Borel Theorem, 80, 81 inverse image, 71
Heine-Borel Theorem in a Function Space, isometry, isometric, 126

228 iterate, 138
Higher Order Chain Rule, 374
Higher Order Leibniz Rule, 199 Jacobian, 319
Hilbert cube, 143 Jordan content, 319, 450, 451
homeomorphism, 62 Jordan Curve Theorem, 144
hull, 400 Jordan measurable, 451
hyperspace, 144 jump, jump discontinuity, 49, 204

idempotent, 70 kernel, 400
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L’Hopital’s Rule, 153

Lagrange form of the Taylor remainder,
160

Lagrange multiplier, 310

least upper bound, 13

Least Upper Bound Property, 14

Lebesgue Density Theorem, 422

Lebesgue Dominated Convergence Theo-
rem, 409

Lebesgue integrability, Lebesgue integral,
406

Lebesgue measurability, Lebesgue measure,

389

Lebesgue Monotone Convergence Theo-
rem, 407

Lebesgue number, 100

Lebesgue outer measure, 383

Lebesgue’s Antiderivative Theorem, 431

Lebesgue’s Fundamental Theorem of Cal-
culus, 426

Lebesgue’s Main Theorem, 430, 439

Leibniz Rule, 149, 285

length of a vector, 23

length of an interval, 383

limit, 65

limit point, 65

limit set, 68

linear transformation, 277

Lipeomorphism, 452

Lipschitz condition, 244

locally path connected, 143

locally path-connected, 132

logarithm function, 186

lower Lebesgue sum, 440

lower sum, lower integral, 166

Lusin’s Theorem, 447

magnitude of a number, of a vector, 16,
23

Manhattan metric, 76

map, mapping, 29

maximum stretch, 279

meager subset, 256

mean value property, 151

Mean Value Theorem, 151, 288

measurability, measure, 389

measurable function, 406

Measurable Product Theorem, 401

measurable with respect to an outer mea-
sure, 389

Measure Continuity Theorem, 392

measure space, 397

measure-theoretic connectedness, 465

measure-theoretic interior, exterior, and
boundary, 424

Mertens’ Theorem, 210

meseometry, 393, 397

meseomorphism, 393, 397

mesh of a partition, 164

metric space, metric subspace, 57, 58

middle-quarters Cantor set, 203

middle-thirds Cantor set, 105

minimum stretch, 366

modulus of continuity, 264

Monotone Convergence Theorem, 407

monotonicity, 125

Moore-Kline Theorem, 112

Morse-Sard Theorem, 204

multilinear functional, 352

name of a form, 327

natural numbers, 1

nearly continuous, 447

nearly uniform convergence, 448
neighborhood, 70

nested sequence, 81

norm, normed space, 28, 279
nowhere dense, 107

ODE, 242
one-to-one, 30
onto, 30

open covering, 98
open mapping, 127
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open set, 66

open set condition, 72
operator norm, 279

orbit, 138, 441

ordered field, 16

orthant, 24

oscillating discontinuity, 205
oscillation, 177

outer measure, 383

parallelogram law, 53

partial derivative, 284

partial product, 209

partial sum, 191

partition, 113

partition pair, 164

patches, 99

path, path-connected, 90

Peano curve, 112

Peano space, 143

perfect, 94

Picard’s Theorem, 244

piece of a compact metric space, 109
piecewise continuous function, 172
Poincaré Lemma, 348

pointwise convergence, pointwise limit, 211
pointwise equicontinuity, 224, 261
Polar Form Theorem, 362

positive definiteness, 58

preimage, 71

preimage measurability, 416
proper subset, 86

pullback, pushforward, 338

quasi-round, 449

Rademacher’s Theorem, 206, 438
Radius of Convergence Theorem, 197
range, 30

rank, Rank Theorem, 301, 303

Ratio Mean Value Theorem, 152
Ratio Test, 195

rational cut, 13

rational numbers, 2

rational ruler function, 173

real number, 12

rearrangement of a sequence, 126

rearrangement of a series, 209

reduction of a covering, 98

Refinement Principle, 168

regularity hierarchy, 158

regularity of Lebesgue measure, 399

regularity sandwich, 399

retraction, 353

Riemann (-function, 210

Riemann integrability, Riemann integral,
164

Riemann measurable, 319

Riemann sum, 164

Riemann’s Integrability Criterion, 171

Riemann-Lebesgue Theorem, 175

Root Test, 194

sample points, 164
Sandwich Principle, 173
Sard’s Theorem, 204
satellite, 458

sawtooth function, 254
Schroeder-Bernstein Theorem, 36
scraps, 99

second derivative, 291
separable metric space, 141
separates points (function algebra), 234
separation, 86

shadow, 330

shear matrix, 320, 368

sign of a permutation, 363
signed area, 330

signed commutativity, 331
simple closed curve, 144
simple form, 331

simple function, 456
simple region, 377

simply connected, 347
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singleton set, 2

slice, 316, 403, 414

sliding secant method, 155
slope over an interval, 434
smooth, 157, 295

solution of an ODE, 242
somewhere dense, 107
space-filling, 112

spherical shell, 379

staircase curve, 376

starlike, 130, 351

steeple functions, 214
Steinhaus’ Theorem, 441

step function, 172

Stokes’ Curl Theorem, 347
Stokes’ Formula for a Cube, 343
Stokes’ Formula for a general cell, 345
Stone-Weierstrass Theorem, 234
subcovering, 98

subfield, 16

sublinear, 282

subsequence, 60

sup norm, 214

support of a function, 200
supremum, 17

surjection, 30

tail of a series, 192

tame, 116

target, 30

taxicab metric, 76

Taylor Approximation Theorem, 160
Taylor polynomial, 159

Taylor series, 161, 248

Taylor’s Theorem, 251

Term by Term Integration Theorem, 219
thick and thin subsets, 256
topological equivalence, 73
topological property, 71

topological space, 67

topologist’s sine circle, 132
topologist’s sine curve, 91

total derivative, 284

total length of a covering, 108, 175, 384
total undergraph, 453

total variation of a function, 438
totally bounded, 103

totally disconnected, 105
trajectory of a vector field, 243
transcendental number, 51
transformation, 29

Triangle Inequality, 16

Triangle Inequality for distance, 24
Triangle Inequality for vectors, 24
trichotomy, 16

trigonometric polynomial, 238
truncation of an address, 107

ultrametric, 136

unbounded set, 97

uncountable, 31

undergraph, 164, 406

uniform C” convergence, 295
uniform continuity, 52, 85

uniform convergence, 211, 217
uniform equicontinuity, 261

unit ball, sphere, 26

unit cube, 26

universal compact metric space, 108
upper semicontinuity, 147, 275, 454
upper sum, upper integral, 166
utility problem, 144

vanishing at a point (function algebra),
234

vector field, 243, 346

vector ODE, 242

Vitali covering, 418

Vitali Covering Lemma, 418, 422

wedge product, 334

Weierstrass Approximation Theorem, 228
Weierstrass M-test, 217

wild, 117
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Zeno’s staircase function, 174
zero locus, 268, 461

zero set, 108, 175, 315, 386
Zero Slice Theorem, 403
zeroth derivative, 157
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