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Equation of Motion
o Newbon’s first Llaw of motion holds in special relativistic

mechanics as well as nonrelabkivistic mechanics
o In the absence of forces, a body is at rest or moves in a

straight line at constant speed

aU T

— — 0| m Newkow’s First Law

dT
since this equation implies U is constant in any nertial frame

o The objective of relativistic mechanics is to introduce the

analoqg of Newton’s second law F = ma
o There is nothing from which this law can be derived,

but Piausibtj Lk nust so&isﬂf-j certain properties:

o This is summarized bj

1= It must satisfy the principle of relativity, ie., take the same
form in every inertial frame
2= It must reduce to the above equation when the force is zero

—

3- It must reduce to F' = ma in any nertial frame when the

speed of the particle is much less than the speed of the Light



Equation of Motion (contd)

o The choice

mw Newton’s Second Law
naturally suggests itself

o The constantk M, which characterizes the par&wt@.’s thertial
properties, is called the rest mass, and f is called the 4-force

o Requirement (1) is sotisfied because this is a 4-vector equation,
(2) is evident, and (3) is satisfied with a proper choice of T

o This is the correct law of motion for special relativistic
mechanics and the special relativistic generalization of Newton's

second law
o Bj Lmﬁrodu«t:ihg the 4--oaccelerabion 4-vector A

dU

= w 4-occelerakion

dT

the equation of motion can be written in the evocative form
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Equation of Motion (contd)

o Although this represents 4-equations, they are not all independent
d(U - U)
dr
which from Newton's second Law impliesU- A =0 orf-U =0

—l

8 The normalization of the 4-velocity means m 17

o This relation shows that there are only three independent
equations of motion the same number as in Newtonian mechanics

o The connection is discussed in more detail soon, and Newkton’s
third law will be discussed as well
Exo\myt«a

The 4-acceleration A for the world line described last class has

COMFOM@.M&S O O _, —CLSlIlh(CLT) Al(: dU / dT —acoshaT)

The 4-force required to accelerate the particle along this world
line is £ = mA where M is the particle’s rest mass
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Conservakion Laws
suppose we shoob 2 balls with mass ma and me wikh vetoci&v WA

and us onto each other. During the collision, some mass is
transferred from A onto B and we end up with two particles
with mass mc and mp with velocities uc and up

Assume that the 3-momentum is conserved in frame S

(@) Now qo ko frame S-bar that is moving with v relative ko §
Prove that the 3-momentum is also conserved in S-bar, if you
use the Gralilean velocity addition rule

(b) Use Einstein’s velocity addition rule. Is the 3-momentum skill

conserved in S-bar? (o) Gralilean velocity addition
e )

I-momentum also

conserved it S-bar
U J
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(b)Y now with Einskein’s veto«t:a&j addition rule v and u only
x-Airection h

- J

ok, let’s nvestigate with the equation a head on collision of
two equal masses A and B with equal velocily uaz-us=v.
After er-j collide, &kej qget stuck together, hence the collision
Ls “Comyte.%ei.aj tnelastkic”
Q— O (O ucp(=0)
before after
4 A

in S: 3-momenbtum conserved

U J
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now wikth Einskein’s vetwci&v summakion in S-bar:

2m 4 stuck
—

mu-mu= 2m, Ug,

N
bef ore af ter

S-momenbum s not conserved '

What about the 4-momenbum?
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Emergv*MomeM&um

o The equation of motion leads naturally to the relativistic ideas of
energy and momentum

o If the 4-momentum is defined by

p=mU n- 4-momenbum

then the equation of motion can be written ‘

o An important property of the 4-momentum follows from its
definition amd Ehe Mormai.ua&m&x of the 4-velocity

= p P = —m" {m rest mass square

o In view of U o (”y fyu) H\e com[oov\enﬁs of the 4-momentum
are related to the 3-velocity U ta an inertial frame béj
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Energy-momentum (cont'd)
o For small speedsu < 1

r—-"—»«»nl r.“h-m
- pO = m + mﬁQ — .. mu _|_

o Thus, at swmall velocities D reduces ko the usual momentum,

and poreduces to the kinetic energy plus the rest mass

o For this reason pis also called the eherqy momentum 4-vector

and its components in an inertial frame are written

p® = (E,p) = (my, myu)

where [/ = pO is the energy and D is the 3-momentum

o Equation (rest mass squared) can be solved for the energy in

which shows how rest mass is a part of the energy of a

relabivistic F)Q‘l‘&i&i@.



Energy-momentum (contd)
o Indeed, for a particle ot rest the previous equation reduces to
E = mc® more usual uniks

o This must be the most famous equation in relativity if not
one of the most famous ones in all of physics

o An important application of special relativistic kinematics
oceurs i Fmr&ici.e reactions, where the total 4--momenbum is
conserved in particle collisions, corresponding to the law of
energy conservation and the conservation of total 3-momentum

o In a particular inertial frame the connection between the

relativistic equation of motion and Newton's laws can be made

more @.xpLE,CE,E bv defining the 3-force Fas jp = ﬁ
5

o This has the same form as Newbton's Llaw bub with the relativistic
expression for the 3-momentum

o Solving problems in the mechanics of special relativity is, therefore,
essentially the same as solving Newton's equation of motion
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Energy-Momentum (contd)

o The only difference arises from the different relation of
monmentum to velocity

o Newkon’s third Law applies to the force F Just as it does in
dp
dt

total 3-momentum of a system of particles is conserved in
all inertial frames

o Evidently f = dp/dr = (dp/dt)(dt/dr) = vF

o The 4-force can be written in terms of the 3-force as

Newtonian mechanics because = F’; Lk impiies that the

w 4-force in terms of 3-force

where 1 is the par&ici&’s 3-velocity
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Energy-Momentum (contd)

o The time component of the equation of motion is

which is a familiar relation
from Newkonian mechanics

o This time component of the equation of motion is a
consequence of the other three

o Thus, in terms of the 3-force, the equation of motion
talke the same form as they do in usual Newbtonian
mechanics but with the relativistic expressions for energy
and momentum

o Newklownian mechanics is the Low-»vemf::&v &ppraximaﬁam
ko s[aetiat relabivistic mechawnics
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Particle Collisions

v In a classical collision process, momentum and wmass are

always conserved, whereas kinetic energy is (in general) not

v A "sticky” collision generates heat at the expense of kinetic
enerqgy

vV An "explosive” collision generates kinetic enerqgy at the

expense of chemical energy (or some other kind)

v 1f the kinetic energy is conserved, as in the ideal

collision of two billiard balls, we call the process elastic
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Relativistic Particle Collisions

v In kthe relakivistic case momenbum and kokal enerqy are
atwavs conserved bub mass and kinetic enerqgy (i general)

are ok

vV Once again we call the process elastic U the kinetic enerqgy
s conserved

v In such a case the rest energy (being the total minus the

kinetic) is also conserved, and therefore so koo is the mass

Note: Particle Fhvsi«cis&s have come to regard a collision as
elastic ov\tv when the very same par&mt&s comes oult as wenk U

therefore m e~ — e would be comsidered elastic
but eTTT = e @ would nok

w even though the wmasses are identical in the two reactions
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Examyt& I w Inelastic collision

Two lumps of clay (with rest mass m each) collide head-on with ¥c/9
What is the mass of the composite Lump?

®¥c/9 xc/9 .
ﬁ befc;:nre< » >
Q after

M

In this case conservation of momentum is trivial: zero before, zero after

The energy of each Lu.mp prior to &ke collision is
2

= 2.2mc?

(8/9)20 \/ (8/9

and the energy of the composite Lump after the collision is Mc?
(since iks at rest)
So conservation of energy says m2.2 me’ + 2.2 mc’ = Mc?

Hewhwce M = 4.4 m

Notice that this is greater than the sum of the initial masses!
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In the classical analysis of such a collision, we say that kinetic
energy was converted into thermal enerqy m the composite Lump

is hotter than the two colliding pieces
o This is of course true in the relativistic picture too w but what is

the thermal energy?

o Ib's the sum of the total random kinetic and potential energies
of all the atoms and molecules in the substaince

o Relativity tell us that these microscopic energies are represeihted i
the mass of the object: a hot potato is heavier than a cold potato,
and a compressed spring is heavier than a relaxed spring

o Not by much w it's true internal energy U contributes U/ c? to the

oSS afid G very large number bj eve.rjdav standards

o You can never get two lumps of clay going anywhere near fast
enough to detect the non-conservation of mass in their collision

o In the realm of elementary particles, however, the effect can be

very striking, e.q. = T
m.o = 2.4 x 10728 kg'and M+ = 911310 ke

the rest enerqgy s converted almost éh&iretv tnbto kinebic enerqgy
w less than 1% of the original mass remains
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Example 11 m Elastic collision: Compton scattering

A photon of energy £, bounces off an electron that is
initially ot rest

Find the energy £ of the outgoing photon, as a function of
the scattering angled

before w

Photon ]

Electron
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momentum conservalbion

1 1 1 1
pp,b +pe,b =pp,a+pe,a

0+0=p, ,sinb+p,, sin(— ¢)
Pra sinf = Do Sin(¢)

after the collision the photon has an energy & smaller than Eo
And the momentum is given bv E=pc
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Conservation of momentum in the horizontal direction qives

| | | |
pp,b+pe,b_pp,a+pe,a

E,/c+0=p,  cos6+ pe,aéos(— ¢)= Ecos@ + pe,a\/l —sin’ ¢ cos?(¢) = 1 — sin? ¢
c :

and we have an expression for the sin fw sin 0 = sin(¢)

Pe.aC

2

Pe €

solving for p*c?, reason will become clear soon

E E*
Eo/c=—cost9+pe,a\/1— sin” 0

C

E,—Ecos0 = pe,ac\/l—

2 2

D€
(EO —Ecos@)2 = p. ¢’ —E’sin’ 0

(EO —Ecos@) = pl.c’|1- sin” 0)

sin? +cos” =1
_N.

pl.c’=(E,—~Ecos)f + E*sin’ @ = E} —2E,Ecos6 + E* cos’ 0 + E*sin> 0 = E; —2E,E cos + E’
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tally w conservation ot enerqy says thak
J g,

replace p*c? and solve for £

(Fo +mct = HiE E(Q) o FoE +Esmice = Bl ES— FEmc® +ilagme: — Emc:+ m2ct
= mie L B 0F Ecosl el

2E,mc*> -2E,E -2Emc’® = -2E,E cosf
E,mc* = E,E + Emc® — E,E cos = E(E, + me* — E, cos0 )

E mc’ 1

= L= 2 = 2 p n
EO +mc” — E,cos6 ) E, mc~  E,cosO

E mc* ¥ E mc*> E.mc’
0 0 0 Ehab s LE
1 _ 1 ' P
1 1 cosf® 1

1
+—— l—cosO )+ —
mc®  E, mcz( ) E,

W
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the answer Looks nicer when expressed in terms of

holton wavelength
P g = iy — h§

1 (1—cosé’)+L

mc’ E,
1

(1 — cos9)+ *
hc

1

2
mc

Electron

1 A
= (1—cosH)+h—2

:)L=)Lo+i(1—cos8) h
me —— is called the Compton
MC wavelength of an electron

Two obviocus cases:

case 1w () =0
photon goes right through, does not interact with electron,

no scattering, no loss of energy

case 2 m () = 180° head on tollisi,oz\ 2h
R A= g - et = =)
maximum energy Eransfer 0 mc( { B -

wavelength of outqoing photon maximal (emergj minimal)
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St mMary

Fivme nobt thvartank

proper Eine tavariank

proper veLocE,Ej noktk thvartank nob conserved

relabtivistic 4- wmomenbtum ol tvaritank conserved

non-relakiviskic energy ok Uavariank nok conserved

relativistic energy not tnvariant conserved

reskt mwass tavariank nok conserved

charge Uavariank conserved
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