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V: Space-time
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H--Aimensional spaaewﬁime

An evenlk i the 4-dimensional conktinuum spaaew&éme
s a poim& wikth coordinakes

BN EEn ) BB

or equivalently T (bl 1 = 0132, 3)

Recall Fhe summabion convenkion

Wherever there are repea&ed upper and lower hdices
summation is implied, e.q.

(" 3 )

a, b = Z a, b

p=0
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The mebric of space-time is glven bj e e Ad s AT

i 1.0 0 0\|[ —1000\
~ 0 1 00 R 0 1 0 0
T],MI/ — O O 1 O IHVGISG p— 77“ p— O O 1 O
0O 0 0 1 O 0 0 1

Hence bhe mebric ds® = —(dz’)* + (dz')? + (dz?)? + (dz°)?
This metric is unusual for a geometbry in that it is not
positive definite:

for spacelike displacements it is positive

and for timelike displacements it is negative
This metric is related to your proper time T by o

Indices are raised and lowered with Muv, e.q. fa, is a vector
i v

Ehen Gy =gyt

This extends to tensors in space-time ete. Upper indices are

referred to as contravariant and lower indices as covariant
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Representation of a Lorentz transformation
A Lorentz Eransformation preserves ds”

We represent a Lorentz transformation by
ZE/M =35 A’LL,/,CEV nuy T AU,uATl/naT

That is, a Lorentz transformation is the equivalent of an
orthogonal matrix in the 4-dimensional space-time with
indefinite metric

Conditions
@ det A = 1- rules out reflections (v — —1)

0
o No>0 - {sochronous
For the special case of a Lorentz transformation

tavolving a boost along the x-axis EETRESY 0 0
N _57 S g 0

i 0 0 0

0 e 1
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Space-time diagrams
Minkowski-Diagrams (and world Lines)
Time-Llike component (cbt) is vertical position, space is horizontal
and velocity is reciprocal of slope

Your future at ¢

Particle
at rest

By Living (=making decisions) we permanently narrow the accessibility of
our fubture. The motion through space-time is called a world Line,

You see that in order to go to the past you need to reach infinite
vei.oci&v (rather than c;-mv Light vetcmi,&y) and this is reod.tv impossibiﬁ
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Relakiviskic Kinemalbics and SPW@Q“TEMQ

Having introduced the idea of 4-vectors, let’s now kurn to their use
for describing the motion of a particle in space-time terms.

A particle follows a timelike word line through spa&e&me This curve
can be specified by giving three spatial coordinates I as a function
of time in a particular inertial frame. However, the 4-dimensional
way of describing a worldline is to give all 4 coordinates of the
particle % as a single-valued function of a parameter that varies
along the worldline.

Many parame&ers are pmssibiﬁ, but a naktural one is the proper time
that gives the spm::e&ima distance T along the world Line measured
both positively and negatively from some arbitrary starting point

A world Line is then described bv the equations

DF T — )
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4“\/@10&&&3

The 4-velocity is the four vector U whose components U are the
derivatives of the position along the world Line with respect to the

proper Eine parame&er 4

B dx®

UY = —
dr |

\_
The 4*\/&1.0&&&3 U is thus tangent to the world Line at each F.»OEME
because a displacement is given bj Ar® — u“AT

The four components of the 4-velocity can be expressed L

terms of the 3-velocity w & @
el

r S N

(" —»\ — dl 1 R

U»:Ccli_l O W repta&e dr - U = ) u2d :\/1_u_22u

N v i 6_2 t ¢
N—— ——
Q dr p.
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What is the otk component for this 4-vector
(the o component for the disrata&emem& 4-vector was cb):

Therefore: U = U = (v, Wﬂf)

The 4-velocityU(T) at any point along a |
particle’s worldline is the unit timelike |
tangent 4-vector at that Fom& |
it Lies inside the Light cone of that pom&
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An immediate consequence of this resulk is thak

U U - dx®™ dx” o
3 ) N 7704 B - &
| dr dt

so that the 4-*\/@.1.@6&&3 LS atwavs a btime~lilke 4--vector
whose Lorentz transformation is given by

| 0% =4(U° - pU") |
U =(U - pU°) |
L 02 = U2 |
| 0% = 0 |
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If you change from a system $ to S-bar, that moves with V
relative to § along a common x-axis, only the velocities
along the x-axis are affected, the velocity components in the
y and z directions are not affected.

let us first write dowin the transformation rules for the dx¥
(the components of the displacement)

since proper timme is Lhvariant
(30&4,1' owi clock qoes the same, it does
not matter whether you are in $ or S-bar)

1
& V1—V2/c?

&

Thursday, October 7, 2010



H—accelerakion
The relabtion bebween bEhe 4-accelerakion A —
d? "

dt2
JU s dU d dvy d
A=gl i —vdt(vc,vu)=v< e, 1u+va>

P _ U
dr2 s dr

LS mwore tmmytiﬁa&acﬁx

and khe 3-accelerabion g =

7 s @1 o0
v = ¥(u)
Bub in the instantaneous rest frame of the particle (w=0)

this expression simplifies to A = (0,a)

since the derivative of 7 contains a factoru

Thus A =0 if and only if the proper acceleration a w

maqgnitude of the three-acceleration in the rest frame vanishes
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Simitarbj

(A A=0a?) (U-A=0)

U and A have analogues not mr\i.j i classical kinematics,

namelyll and a, but also in the differential geometry of curves:

They are the analogues (with respect to the particle’s worldline)
of the unit tangent vector dx’/dl

and PTEM&E«PQL normal vector dZQEi/dlchF a quae curve gji = ;137’([)
Thus, o is a measure of the curvature of the worldline

(because we have kaken T rather than [as the garame&em
the actual curvature of the worldline is a/c” )

A* =8 [(Wu +va)” — 1262}
Using ﬁzvguu/cz - G — Ty

[042 _ fYQ |:/°y2u2 _I_ QW/WUU_I_,YQCLQ e /3/262} — ’YGUQ’I:LZ/CQ _|_,Y4a2 — /y6 |:a/2 L C—Q(U % a)Qﬂ
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Rectkilinear moltion wikth cownstank proper accelerakion

We can inteqrate d—[’y(u)u] at once, choosing t = 0 when u =0 =
; at = y(u)u

Squaring, solving for u, inteqrating once more and setting the
constant of integration equal to zero, yields the following

equation for the motion: 12 — ¢°t? = ¢* / o’

Thus, rectilinear motion with constant proper
accelerakion is called hjperbout mokion

The torrespovxding classical calculation givesiEd 627

2 : ;
T = %Ozt L.e. Parabatw motion 2

Note Ehaboy = o0 impii&s =tk

hence the proper acceleration of a photon can be taken to be infinite

Note also, that a photon emibted a disktance 62/ o behind the
Far%i«d@. whewn the lakter is momem&arav ab rest, cannot cabch up
with it (its graph is the asymptote to the particle’s hyperbola)
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Umbformlv accelerated rod

Constder wext the equation (RS

for a continuous range of positive values of the parameter X

For each fixed X it represents a particle moving with constant
proper acceleration ¢?/X in the x-direction

Altogether it represents, a rigidly moving rod

By the rigid motion of a bocij one unhderstands a motion during
which every small volume element of the body shrinks always in
the direction of iks motion in proportion to its instantaneous
Lorentz factor relative to a given inertial frame

Thus every small volume element preserves its dimensions in

iks own nstantaneous rest frames, which shows that the
definition is intrinsic, e, frame-independent

We can find by implicit differentiation of @ the velocity u and
the corresponding factor of a point moving so that Xzconstant:
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We can find by implicit differentiation of @ the velocity u and
the corresponding Lorentz factor of a point moving so that

. _

Consider the motion of 2 points whose parameters X differ by dX
w ot any fixed time t we have

At every instant b = constant the 2 points are separated by a
coordinate distance dx inversely propor&o&mt to their Lorentz
factor and consequently the element bounded bv these points
moves rigidtj » dX is recognized as the proper length
(Lorentz-Fitzgerald contraction shortens it)
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A simyi.@. accelerated wordline

A particle moves on the x-axis along a worldline described
parametrically by (we adopt natural units where the ¢ = 1Y

’—--———-.—-———s-—---—» «w—-——-————-————-}

¢ t(0) =a 'sinho z(0) = a ' cosho ‘
v

where a is a constant with the dimension of inverse length
The parameter 0 ranges from —0o0 ko +o0

For each value of 0, the parametric equations determine a
point (t, ) in spacetime

(The Y- and z - dimensions are unimportant for this example
and will be suppressed in what follows)

As O varies, the world Line is swept out

Thursday, October 7, 2010



A simple accelerated wordline (contd)

The wordline is the hyperbola m plEe e 2

It could alternatively specified by giving = a_Q)%
but the parametric specification is more evenhanded between 1
and 1

The wordline is accelerated because is not straight

‘Proper time 7 alowng the wordline is related to 0 w

dr* =dt* S de = (0 coshiido e = SRl pde) —(a 'do)”

10, and the

wordline can be expressad with proper time as the parameter

Fixing T ko be zero when 0 is zero, T = a

e

t(t) = a” ' sinh(at) £{T) =% cosh(at)
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4-velocity of a simple wordline
The 4--*\/@.1.0&;&3 U 0{ the wordline

([ 00 = at /dT ' U1 da
Thucorre&i ma SR A

e
L dr o/dr — tanh(ar) |

dt dt/dr

This never exceeds the speed onf tugh& (|u1\ =k)

buk a[pproatkes itk ab T = 00
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A simple accelerated wordline (contd)

This spacetime diagram shows the worldline s[aea:i,&eci
parametrically in terms of proper time T

The points label values of aT from -1 to 1 in steps of 1

4-velocilty vectors U are shown for these points at half size

The next values of AT of 1.5 and -1.§ are off the graph

The points are equidistant along the curve in the geometry of
spacetime and the 4-vectors are all of equal length



