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Expansion of the Universe Age and size of the Universe

Rate of change for proper distance between us and distant galaxy

ḋp = ȧr =
ȧ
a

dp (1)

@ present time (t = t0) + there is linear relation
between proper distance to galaxy and its recession speed

v(t0) = H0 dp(t0) (2)

where
v(t0) ≡ ḋp(t0) (3)

and

H0 =

(
ȧ
a

)
t=t0

(4)

in agreement with Hubble’s Law
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Expansion of the Universe Age and size of the Universe

In expanding universe wavelength of radiation is proportional to a

λ0/λem = a0/a(tem) (5)

Redshift of a galaxy

z =
λ0 − λem

λem
=

a0

a(tem)
− 1 (6)

expresses how much scale factor changed since light was emitted

Light detected today was emitted at some time tem

According to (6) + 1-to-1 correspondence between z and tem

z can be used instead of t to parametrize history of universe

A given z corresponds to time
when our universe was 1 + z times smaller than now
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Expansion of the Universe Age and size of the Universe

Expressions for a(t) are rather complicated
One cannot directly invert (6) to express t ≡ tem in terms of z
It is useful to derive general integral expression for t(z)
Differentiating (6)

dz = − a0

a2(t)
ȧ(t)dt = −(1 + z)H(t)dt (7)

from which follows that

t =
∫ ∞

z

dz
H(z)(1 + z)

(8)

Integration constant has been chosen
so that z→ ∞ corresponds to initial moment of t = 0

Since photons travel on null geodesics of zero proper time
we see directly from FRW metric

r = −
∫ cdt

a(t)
= −

∫
c

dt
dz

(1 + z) = c
∫ dz

H(z)
(9)
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Expansion of the Universe Age and size of the Universe

For the moment + set c = 1 and take ρ = ρmc2

To obtain expression for H(z, H0, Ωm,0) rewrite Friedmann
equation

H2(z) +
k

a2
0R0

(1 + z)2 = Ωm,0H2
0

ρm(z)
ρm,0

(10)

At z = 0 + this reduces to

k
a0R0

= (Ωm,0 − 1)H2
0 (11)

allowing to express current value a0R0
in a spatially curved universe (k 6= 0)

in terms of H0 and Ωm,0

Taking this into account

H(z) = H0

(
(1−Ωm,0)(1 + z)2 + Ωm,0

ρm(z)
ρm,0

)1/2

(12)
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Expansion of the Universe Age and size of the Universe

Hubble’s Law + approximation for small redshift

Taylor expansion

a(t) = a(t0) + (t− t0)ȧ(t0) +
1
2
(t− t0)

2 ä(t0) + · · ·

= a(t0)

[
1 + (t− t0)H0 −

1
2
(t− t0)

2q0H2
0 + · · ·

]
(13)

q0 ≡ −ä(t0)a(t0)/ȧ2(t0) + deceleration parameter
If expansion is slowing down + ä < 0 and q0 > 0
For not too large time-differences

we can use Taylor expansion of a(t) and write

1− z ≈ 1
1 + z

=
a(t)
a(t0)

≈ 1 + (t− t0)H0 (14)

Hubble’s law + z = (t0 − t)H0 = d/cH0
is valid as long as z� H0(t0− t)� 1

Deviations from its linear form arises for z & 1
and can be used to determine q0
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Expansion of the Universe Angular diameter and luminosity distances

2.5 Kinematic tests 61

observer

l

χem

ϕ0 tem

∆θ

θ0 + ∆θ

χ = 0
t = t0

ϕ0 = const

θ0 = const

Fig. 2.11.

tem propagate along radial geodesics and arrive today with an apparent angular
separation !θ . The proper size of the object, l, is equal to the interval between the
emission events at the endpoints:

l =
√

−!s2 = a(tem) #(χem) !θ, (2.68)

as obtained from metric (2.2). The angle subtended by the object is then

!θ = l
a(tem) #(χem)

= l
a(η0 − χem) #(χem)

, (2.69)

where we have used the fact that the physical time tem corresponds to the conformal
time ηem = η0 − χem . If the object is close to us, that is, χem ≪ η0, then

a(η0 − χem) ≈ a(η0) , #(χem) ≈ χem,

and

!θ ≈ l
a(η0) χem

= l
D

.

We see that in this case !θ is inversely proportional to the distance, as expected.
However, if the object is located far away, namely, close to the particle horizon,
then η0 − χem ≪ η0, and

a(η0 − χem) ≪ a(η0) , #(χem) → #
(
χp

)
= const.

The angular size of the object,

!θ ∝ l
a(η0 − χem)

,

`

(✓0, �0)

(✓0 + �✓, �0)

�✓

(t1, %1)

(t0, %0 = 0)

Light source of size ` at $ = $1 and t = t1
subtending angle ∆θ at origin ($ = 0, t = t0)

Proper distance ` between two ends of object is related to ∆θ by

∆θ =
`

a(t1)$1
(15)

Angular diameter distance
dA =

`

∆θ
(16)

so that + dA = a(t1)$1 =
$1

1 + z
(17)

L. A. Anchordoqui (CUNY) Astronomy, Astrophysics, and Cosmology 3-29-2016 8 / 22



Expansion of the Universe Angular diameter and luminosity distances

Angular diamter distance as function of redshift
Recall light travel on null geodesics + following similar derivation

dA(z) =
c fk

(
H0
√
|Ωk,0|

∫ z
0 dz/H(z)

)
H0
√
|Ωk,0| (1 + z)

(18)

with

fk(x) =


sin x for k = +1
x for k = 0
sinh x for k = −1

(19)

For flat universe filled with dust + angular diameter is

∆θ(z) =
`H0

2c
(1 + z)3/2

(1 + z)1/2 − 1
(20)
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Expansion of the Universe Angular diameter and luminosity distances

At low redshifts (z� 1) + ∆θ decreases in inverse proportion to z
reaches a minimum at z = 5/4 and then scales as z for z� 12.5 Kinematic tests 63

z

∆θ

z = 5/4

Fig. 2.12.

directions in the sky differs; this temperature difference depends on the angular
separation. The power spectrum is observed to have a series of peaks as the angular
separation is varied from large to small scales. The “first acoustic peak” is roughly
determined by the sound horizon at recombination, the maximum distance that a
sound wave in the baryon–radiation fluid can have propagated by recombination.
This sound horizon serves as a standard ruler of length ls ∼ H−1(zr ). Recombin-
ation occurs at redshift zr ≃ 1100. Since !0zr ≫ 1, we can set χem(zr ) = χp in
(2.70) and in a dust-dominated universe, where #

(
χp

)
= 2(a0 H0!0)−1 (see (2.9)),

we obtain

$θr ≃ zr H0!0

2H (zr )
≃ 1

2
z−1/2

r !
1/2
0 ≃ 0.87◦!

1/2
0 . (2.73)

We have substituted here H0/H (zr ) ≃
(
!0z3

r

)−1/2, as follows from (2.61). Note that
in Euclidean space, the corresponding angular size would be $θr ≃ tr/t0 ≈ z−3/2

r ,
or about 1000 times smaller.

The remarkable aspect of this result is that the angular diameter depends directly
only on !0, which determines the spatial curvature, and is not very sensitive to
other parameters. As we will see in Chapter 9, this is true not only for a dust-
dominated universe, as considered here, but for a very wide range of cosmological
models, containing multiple matter components. Hence, measuring the angular
scale of the first acoustic peak has emerged as the leading and most direct method
for determining the spatial curvature. Our best evidence that the universe is spatially
flat (!0 = 1), as predicted by inflation, comes from this test.
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Expansion of the Universe Angular diameter and luminosity distances

Relation between monochromatic flux density and luminosity
Assume isotropic emission + photons emitted by source
pass with uniform flux density any sphere surrounding source
Shift origin and consider FRW metric as being centred on source
Because of homogeneity

same comoving distance $1 between source and observer
Photons from source pass through sphere of proper surface area

4πa2
0$2

1
Redshift still affects flux density in four further ways

Photon energies are redshifted
reducing flux density by factor 1 + z

Photon arrival rates are time dilated
reducing flux density by factor 1 + z

Bandwidth dν is reduced by a factor 1 + z
increasing energy flux per unit bandwidth by one power of 1 + z

Observed photons at frequency ν0
were emitted at frequency (1 + z)ν0
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Expansion of the Universe Angular diameter and luminosity distances

Overall + flux density is luminosity at frequency (1 + z)ν0
divided by total area and divided by (1 + z)

Fν(ν0) =
Lν([1 + z]ν0)

4πa2
0$2

1(r)(1 + z)
=

Lν(ν0)

4πa2
0$2

1(1 + z)1+α
(21)

(second expression assumes power-law spectrum L ∝ ν−α)
Integrate over ν0 to obtain bolometric formulae

F =
L

4πa2
0$2

1(1 + z)2
(22)

Luminosity distance dL is defined to satisfy relation

F =
L

4πd2
L

(23)

If we normalize scale factor today a0 = 1

dL = (1 + z)$1 = (1 + z)2dA (24)
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The force awakens

L. A. Anchordoqui (CUNY) Astronomy, Astrophysics, and Cosmology 3-29-2016 13 / 22



The force awakens

Independent cosmological observations have unmasked
presence of some unknown form of energy density
related to otherwise empty space + which appears to dominate
recent gravitational dynamics of universe

and yields a stage of cosmic acceleration

We still have no solid clues as to nature of such dark energy
(or perhaps more accurately dark pressure)

Cosmological constant is simplest possible form of dark energy
because it is constant in both space and time

and provides good fit to experimental data as of today
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The force awakens Supernova Cosmology

Expansion history determined using as standard candle
any class of objects of known intrinsic brightness
that can be identified over a wide distance range

As light from such beacons travels to Earth
expansion stretches not only distances between galaxy clusters
but also wavelengths of photons en route

Recorded redshift and brightness of each these candles
provide a measurement of total integrated exansion
since time light was emitted

Collection of measurements over sufficient range of distances
would yield an entire historical record of universe’s expansion
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The force awakens Supernova Cosmology

SNe Ia are best cosmological yard sticks in market
They are precise distance indicators
because they have a uniform intrinsic brightness
due to similarity of triggering white dwarf mass + MCh = M�
and consequently amount of nuclear fuel available to burn
This makes SNe Ia best (or at least most practical)
example of standardizable candles in distant universe
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The force awakens Supernova Cosmology

Apparent magnitude m of celestial object
measure of its apparent brightness as seen by observer on Earth
The smaller the magnitude + the brighter a star appears
Magnitude scale originates in Hellenistic practice

of dividing stars visible to the naked eye into six magnitudes
Brightest stars in night sky were said to be m = 1

faintest were m = 6 (limit of human visual perception)
Pogson formalized system + apparent magnitude in band x

mx −mx,0 = −2.5 log10(Fx/Fx,0) (25)

Difference in magnitudes+ ∆m = m1 −m2
can be converted to relative brightness

I2

I1
= 2.5∆m
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The force awakens Supernova Cosmology

Observed magnitude (and relative brightness) versus redshift

lowed up. This approach also made it possible to use the
Hubble Space Telescope for follow-up light-curve observa-
tions, because we could specify in advance the one-square-
degree patch of sky in which our wide-field imager would
find its catch of supernovae. Such specificity is a require-
ment for advance scheduling of the HST. By now, the
Berkeley team, had grown to include some dozen collabo-
rators around the world, and was called Supernova Cos-
mology Project (SCP). 

A community effort
Meanwhile, the whole supernova community was making
progress with the understanding of relatively nearby su-
pernovae. Mario Hamuy and coworkers at Cerro Tololo
took a major step forward by finding and studying many
nearby (low-redshift) type Ia supernovae.7 The resulting
beautiful data set of 38 supernova light curves (some
shown in figure 1) made it possible to check and improve
on the results of Branch and Phillips, showing  that type
Ia peak brightness could be standardized.6,7

The new supernovae-on-demand techniques that per-
mitted systematic study of distant supernovae and the im-
proved understanding of brightness variations among
nearby type Ia’s spurred the community to redouble its ef-
forts. A second collaboration, called the High-Z Supernova
Search and led by Brian Schmidt of Australia’s Mount
Stromlo Observatory, was formed at the end of 1994. The
team includes many veteran supernova experts. The two
rival teams raced each other over the next few years—oc-
casionally covering for each other with observations when
one of us had bad weather—as we all worked feverishly to
find and study the guaranteed on-demand batches of 
supernovae.

At the beginning of 1997, the SCP team presented the
results for our first seven high-redshift supernovae.8 These
first results demonstrated the cosmological analysis tech-
niques from beginning to end. They were suggestive of an
expansion slowing down at about the rate expected for the
simplest inflationary Big Bang models, but with error bars
still too large to permit definite conclusions.

By the end of the year, the error bars began to tighten,
as both groups now submitted papers with a few more su-
pernovae, showing evidence for much less than the ex-
pected slowing of the cosmic expansion.9–11 This was be-
ginning to be a problem for the simplest inflationary
models with a universe dominated by its mass content.

Finally, at the beginning of 1998, the two groups pre-
sented the results shown in figure 3.12,13

What’s wrong with faint supernovae? 
The faintness—or distance—of the high-redshift super-
novae in figure 3 was a dramatic surprise. In the simplest

56 April 2003    Physics Today http://www.physicstoday.org

26

24

22

20

18

16

14
0.01 0.02 0.04 0.1

0.2 0.4 0.6 1

O
B

SE
R

V
E

D
 M

A
G

N
IT

U
D

E

22

21

20
0.2 0.4 0.6 1.0

Accelerating
universe

Decelerating
universe

with
 vacuum

energ
y

with
out vacuum energy

M
as

s 
de

ns
it

y

0

rc

Em
pt

y

REDSHIFT z

0.8 0.7 0.6 0.5
LINEAR SCALE OF THE UNIVERSE RELATIVE TO TODAY

Supernova Cosmology
Project

High-Z Supernova
Search

Hamuy et al.

0.0001

0.001

0.01

0.1

1

R
E

L
A

T
IV

E
 B

R
IG

H
T

N
E

SS

Exploding White Dwarfs

Aplausible, though unconfirmed, scenario would explain
how all type Ia supernovae come to be so much alike,

given the varied range of stars they start from. A lightweight
star like the Sun uses up its nuclear fuel in 5 or 10 billion
years. It then shrinks to an Earth-sized ember, a white dwarf,
with its mass (mostly carbon and oxygen) supported against
further collapse by electron degeneracy pressure. Then it
begins to quietly fade away.

But the story can have a more dramatic finale if the white
dwarf is in a close binary orbit with a large star that is still
actively burning its nuclear fuel. If conditions of proximity
and relative mass are right, there will be a steady stream of
material from the active star slowly accreting onto the white
dwarf. Over millions of years, the dwarf’s mass builds up
until it reaches the critical mass (near the Chandrasekhar
limit, about 1.4 solar masses) that triggers a runaway ther-
monuclear explosion—a type Ia supernova.

This slow, relentless approach to a sudden cataclysmic
conclusion at a characteristic mass erases most of the orig-
inal differences among the progenitor stars. Thus the light
curves (see figure 1) and spectra of all type Ia supernovae
are remarkably similar. The differences we do occasionally
see presumably reflect variations on the common theme—
including differences, from one progenitor star to the next,
of accretion and rotation rates, or different carbon-to-oxy-
gen ratios.

Figure 3. Observed magnitude
versus redshift is plotted for

well-measures distant12,13 and
(in the inset) nearby7 type Ia su-
pernovae. For clarity, measure-
ments at the same redshift are

combined. At redshifts beyond
z = 0.1 (distances greater than
about 109 light-years), the cos-

mological predictions (indi-
cated by the curves) begin to

diverge, depending on the as-
sumed cosmic densities of

mass and vacuum energy. The
red curves represent models

with zero vacuum energy and
mass densities ranging from the
critical density rc down to zero
(an empty cosmos). The best fit

(blue line) assumes a mass 
density of about rc /3 plus a

vacuum energy density twice
that large—implying an accel-

erating cosmic expansion.

the

d

d

for well-measured distant and (in the inset) nearby SNe Ia

L. A. Anchordoqui (CUNY) Astronomy, Astrophysics, and Cosmology 3-29-2016 18 / 22



The force awakens Supernova Cosmology

Faintness (or distance) of high-redshift supernovae
comes as a dramatic surprise
In (simplest) standard cosmological models
expansion history + determined entirely by its mass density
The greater density + the more expansion is slowed by gravity
In past + high-mass-density universe
would have been expanding much faster than it does today
We shouldn’t have to look far back in time to distant (faint) SNe Ia
to find given integrated expansion (redshift)
Conversely + in low-mass-density universe
we would have to look farther back
But + there is a limit to how low mean mass density could be
After all + we are here and stars and galaxies are here
All that mass surely puts a lower limit on how far-that is
to what level of faintness we must look to find a given redshift
However + high-redshift SNe Ia
are fainter than would be expected even for empty cosmos
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The force awakens Supernova Cosmology

If these data are correct
obvious implication is that three simplest models of cosmology

must be too simple

Next-2-simplest model include expansionary term in eq. of motion
driven by the cosmological constant Λ

which competes against gravitational collapse

Best fit to 1998 supernova data implies
in present epoch vacuum energy density ρΛ

is larger than energy density attributable to mass ρm

Cosmic expansion is now accelerating
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The force awakens Supernova Cosmology

History of cosmic expansion as measured by high-redshift SNe Ia

cosmological models, the expansion history of the cosmos
is determined entirely by its mass density. The greater the
density, the more the expansion is slowed by gravity. Thus,
in the past, a high-mass-density universe would have been
expanding much faster than it does today. So one should-
n’t have to look far back in time to especially distant (faint)
supernovae to find a given integrated expansion (redshift). 

Conversely, in a low-mass-density universe one would
have to look farther back. But there is a limit to how low
the mean mass density could be. After all, we are here, and
the stars and galaxies are here. All that mass surely puts
a lower limit on how far—that is, to what level of faint-
ness—we must look to find a given redshift. The high-
redshift supernovae in figure 3 are, however, fainter than
would be expected even for an empty cosmos.

If these data are correct, the obvious implication is
that the simplest cosmological model must be too simple.
The next simplest model might be one that Einstein en-
tertained for a time. Believing the universe to be static, he
tentatively introduced into the equations of general rela-
tivity an expansionary term he called the “cosmological
constant” (L) that would compete against gravitational col-
lapse. After Hubble’s discovery of the cosmic expansion,
Einstein famously rejected L as his “greatest blunder.” In
later years, L came to be identified with the zero-point
vacuum energy of all quantum fields.

It turns out that invoking a cosmological constant al-
lows us to fit the supernova data quite well. (Perhaps there
was more insight in Einstein’s blunder than in the best ef-
forts of ordinary mortals.) In 1995, my SCP colleague Ariel
Goobar and I had found that, with a sample of type Ia su-
pernovae spread over a sufficiently wide range of dis-
tances, it would be possible to separate out the competing
effects of the mean mass density and the vacuum-energy
density.14

The best fit to the 1998 supernova data (see figures 3
and 4) implies that, in the present epoch, the vacuum en-
ergy density rL is larger than the energy density attribut-
able to mass (rmc2). Therefore, the cosmic expansion is now
accelerating. If the universe has no large-scale curvature,

as the recent measurements of the cosmic microwave back-
ground strongly indicate, we can say quantitatively that
about 70% of the total energy density is vacuum energy
and 30% is mass. In units of the critical density rc, one
usually writes this result as

WL ! rL/rc " 0.7 and Wm ! rm/rc " 0.3.

Why not a cosmological constant?
The story might stop right here with a happy ending—a
complete physics model of the cosmic expansion—were it
not for a chorus of complaints from the particle theorists.
The standard model of particle physics has no natural
place for a vacuum energy density of the modest magni-
tude required by the astrophysical data. The simplest es-
timates would predict a vacuum energy 10120 times greater.
(In supersymmetric models, it’s “only” 1055 times greater.)
So enormous a L would have engendered an acceleration
so rapid that stars and galaxies could never have formed.
Therefore it has long been assumed that there must be
some underlying symmetry that precisely cancels the vac-
uum energy. Now, however, the supernova data appear to
require that such a cancellation would have to leave a re-
mainder of about one part in 10120. That degree of fine tun-
ing is most unappealing.

The cosmological constant model requires yet another
fine tuning. In the cosmic expansion, mass density be-
comes ever more dilute. Since the end of inflation, it has
fallen by very many orders of magnitude. But the vacuum
energy density rL, a property of empty space itself, stays
constant. It seems a remarkable and implausible coinci-
dence that the mass density, just in the present epoch, is
within a factor of 2 of the vacuum energy density.

Given these two fine-tuning coincidences, it seems
likely that the standard model is missing some funda-
mental physics. Perhaps we need some new kind of accel-
erating energy—a “dark energy” that, unlike L, is not con-
stant. Borrowing from the example of the putative
“inflaton” field that is thought to have triggered inflation,
theorists are proposing dynamical scalar-field models and
other even more exotic alternatives to a cosmological con-

http://www.physicstoday.org April 2003    Physics Today 57
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Figure 4. The history of cosmic 
expansion, as measured by the
high-redshift supernovae (the black
data points), assuming flat cosmic
geometry. The scale factor R of the
universe is taken to be 1 at pres-
ent, so it equals 1/(1 + z). The
curves in the blue shaded region
represent cosmological models in
which the accelerating effect of
vacuum energy eventually over-
comes the decelerating effect of
the mass density. These curves as-
sume vacuum energy densities
ranging from 0.95 rc (top curve)
down to 0.4 rc. In the yellow
shaded region, the curves repre-
sent models in which the cosmic
expansion is always decelerating
due to high mass density. They as-
sume mass densities ranging (left to
right) from 0.8 rc up to 1.4 rc. In
fact, for the last two curves, the ex-
pansion eventually halts and re-
verses into a cosmic collapse.

L. A. Anchordoqui (CUNY) Astronomy, Astrophysics, and Cosmology 3-29-2016 21 / 22



The force awakens Supernova Cosmology

To accommodate SNe Ia data + new term in Friedmann eq.

H2 =
8π

3
G

ρ

c2 −
kc2

a2R2
0
+

Λc2

3
(26)

Λ term also modifies aceleration equation

ä
a
=

Λc2

3
− 4πG

3c2 (ρ + 3P) (27)

H(z) is now given by

H(z) = H0

√
Ωm,0(1 + z)3 + Ωk(1 + z)2 + ΩΛ (28)

Ωm,0 + ΩΛ + Ωk = 1

Ωk + dimensionless density that measures curvature of space
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