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COMPLEX ANALYSIS 1

1.1 Complex Algebra v/

1.2 Functions of a Complex Variable v
1.3 Cau&hj’s Theorem and its Applications
1.4 Isolated Singularities and Residues

RAL EXAMS V[NAME A COMPACT SET.

WE SHOULD
GIVE HIM
AN EASY |
QUESTION.

HE'S DOING
PRETTY BAD.
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Cau&kj’s Theorem and iks Appticaﬁioms

Definition 1.3.3,
A domain D is called simply connected
if every simple closed contour encloses points of D only

A domain [ is called mu,U:LPLj connected

if ik is not simply connected

Simply connected domain mulkiply connected domain
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Theorem 1.3.2. [Cauchy's Theorem]

1f o function f(2) = u(x,y) + iv(z, y)
Ls ahabj&it: on a sémtpi.j connected domain )
and (' is a simple closed contour lying in D

then j{ fitz)dz =l
C

Prook.

with an extra hvpo&hesis
w partial derivatives of U and U are continuous

this was originally imposed bj Cauchy

but laker shown uhinecessary b'j Groursak
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STOKES THEOREM RELATES THE SURFACE INTEGRAL OF THE CURL OF A VECTOR FIELD F
OVER A SURFACE X IN EUCLIDEAN THREE-SPACE

TO THE LINE INTEGRAL OF THE VECTOR FIELD OVER TS BOUNDARY 02
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We prove theorem by direct application of Stokes’ theorem

Writing dz =dz +1idy
jq{ e . jqf (0 i) (s
C C

= 7{ (udx — v dy) + z]{ (v dx + u dy) (1.3.41.)
C G

two Line integrals are converted to surface inteqrals
Fro¢eduve that is justified because we have assumed
partial derivatives to be continuous within area enclosed by C
In applying Stokes' theorem
note that final two integrals of (1.341.) are real
ﬁ(u dr — vdy) = — / (vp + uyy)dzdy (1.3.42.)

A
and

jli(v dr + udy) = / (Up = Uy Jdzdy? " (1.3.43)

A
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we can rewrite integration around loop (1.3.41.)
as value of surface integral over enclosed area A

7{ f(z)Nd —/ (v, ) dat el —I—i/ (ug — vy) dz dy (1.3.44.)
C A

A
Recalling that f(2) has been assumed analytic
we find that both surface integrals in (1.3.44.) are zero

because application of Cauchy-Riemann conditions

malkes their integrands vanish
Exampi& 1.3.1, '

]{ 2"dz where C is a circle of radius 7 > 0 around origin z = ()
4 LA Fosi&éve_ mathematical sense (counterclockwise)
In polar coordinates 2 = re’’ and dz = ire®do

For n # —1

(1 an nkeger)

2
7{ Py — ! / exp|(i(n + 1)0]do
C 0
205 (1'3*4’5‘>

Because 27 is a period of bl i)l =1 : ] =0
0
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24t
% % e ’L/ CZ@ e 227‘- (.1"3'46‘)
< 0

independent of 1 but nonzero

Remark

The foct that (1.3.48.) is satisfied for all integers 1 = 0
is required bj Cauchy's theorem

because for these n values 2" is analytic

for all points within a circle of radius r

Cauchy's theorem does not apply for any negative integer n

because for these n w 2" is singular at 2 = ()

Theorem does nok Presaribe any particular values
for integrals of negative n
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‘Proposi&i,on 1.3.1,

Cauchy's integral theorem demands
a simply connected region of analyticity

This restriction may be relaxed by creation of a barrier:
a narrow region we exclude from the region identified as analytic

Closed conbtour () in

Conversion of
mui&éptj connected region

mui.&iptv connected region
inko simptv connected region

Cauchy's integral theorem is not valid for contour C
but we can comstruct a contour O’ for which theorem holds
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New contour ABDEFGA wever crosses barrier

that converts R into a simply connected region

f(z) is in fact continuous across barrier >

A E
| 1@ de=- [ @) S
G D,

since contour is now within a simply connected region
we use Cauchy's integral theorem and (1.3.47.)
to cancel contribution of segments along barrier

: f(2)dz = /ABD f(2)dz _|-/ f(2)dz=0 (1.34%)

EFG
Note that A and D are only infinitesimally separated

Remaming ABDA C| and EFGE as —C we have
flzld = Flz)dz (1.3.49.)
C1 <

C1 and C5 are both traversed counterclockwise w positive direction
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Cc:«roi.i.arv 1.3.1

This resulk calls for some interpretation

We have shown that integral of an analytic function over a
closed contour surrounding an island of non-analyticity

can be subjected to ahy continuous deformation within region
of analyticity without changing value of integral

The notion of continuous deformation means that
the change in contour must be able to be carried out
via a series of small steps w which precludes processes

whereby we jump over a point or region of non-analyticity

Since we already lhown that inteqgral of an analytic function
over a contour in a simply connected region of analyticity
has value zero w we cai make more general statement:

The integral of an analytic function over a closed path
has a value that remains unchanged over all possible continuous
deformations of the contour within the region of analyticity
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Cc«rottmj 1.3.2.

Using example 1.3.1 + closed contours in a region of analyticity

can be deformed continuously without altering value of integral
we have valuable and useful resulk

integral of (2 — zg) around any counterclockwise closed path C
that encloses zp has for any integer N the values

e i Ifig = —1
]i(z — %) dz = { 27 At 1. (1.3.50.)

Theorem 1.3.3. [Cauchy's Integral Formula]

Let f be analytic in a simply connected domain D
and let C be a simpte_ closed conbkour i.'ji,ng eh&ire_bj within D

If 20 is ahy point within C )

g i

e 2 ()

bz — dz
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Prook.

Let D be a simply connected domain
C a simple closed conkour in D
20 an interior point of C

C be a circle centered ak 20
with radius small enough that it is interior to C

By principle of deformation of contours m we can write

) dz8= (2) {1 el 3.52.)

(e T4 Clz—ZO

We wish to show that value of integral on right is 270 f(2g)
To this end we add and subtract constant f(zg) in numerator:

(2) e G e )

C, % — %0 @5 St ()

:f(zo)]{c 1 ot f(Z)—f(Zo)dZ

12—20 'y =20

dz (1.3.83)
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Substituting (1.3.50) into (1.3.563) we obtain

() 2 i &= fleo) ' (Esad

Ci < — %0 @y < A0
Since f is continuous at 20 = for any arbitrarily smatl € > 0
there exists a § > 0 such that|f(2) — f(20)] < € whenever |2 — 20| <0

In particular m if we choose circle O to be |z — 29| =§/2 <6

then bv ML -Lsf\equau?:j

the absolute value of integral on right side of (2.3.54.) satisfies

ilz) =7 20) € 0
e i ) 3.586,
2 e dz =57 772 e (1.3.88.)

This can be made arbitrarily small by taking

radius of circle (7 to be sufficiently small
this can happen only i integral is zero

Cauchy integral formula (1.3.51.)
follows from (1.3.64.) by dividing both sides by 27ri
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Corollary 1.3.3.
Cauchy's integral formula may be used to obtain
an expression for derivative of )
Differentiating (1.3.51.) with respect to 2o
and interchanging differentiation and integration

(1.3.86.)

4, _]{( f(2) dz (1.3.67)

- 2mi z— 2p)

£ (z0) = 22 ]4( T d: (ass)

. z — zg)™t1

Derivatives of f(2) are automatically analytic at all orders

Summarj
Let C be a simple closed curve conkained in a stmply conneckted domain

and f an analytic function defined on C
£(2) 2o ), if n =0 and z is enclosed by C

7{ dz = ¢ 2mif(™(z)/n!, if n > 1 and z is enclosed by C
o (z — zg)ntt ; .
0 if zy is not enclosed by C
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Exampt& 1.3.2. To evaluate

2% 49
we factorize denominator as 2% + 9 = (z — 37)(z + 3i)

7{ 4z with C the circle |z =22 =4 (1.3.59.)
C

31 is cntv POEME within closed conbtour
at which the integrand fails to be analytic

Y 30)
2249 o 23

(1.3.60)

bj wriking

| we con idem&bfj f(z) = z/(z A Si)

From Cauchy's integral formula we have

z .
7{1 BT 9dz =T (1.3.61.)
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Exo\mpie 1.3.3. To evaluate

3
3
]é ZZ +_ dz (1.3.62.)
S

with ('

C is not a simpie closed conktour

but we can think of it as union of 2 simple closed contours C1U (s

We rewribe (1.3.62.) as
3 3 3
7{ Z+, dz—jI{ Z_I_?dz—kj[
c #(z — 1)? C, A A c, #(
:_]{ (23+3)/(z—i)2dz+]{
= O < Ca

where we have comsidered bthat C7 is circulabed clockwise

whereas (5 is circulated counterclockwise
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To evaluate first integral >

we idem&ixfj 20 = 0, Flz)ie=(z” - 3 T

§ e
- Ch

> (1.3.63.)

To evaluate second integral

we E,ciem&bfj 70 = ety fo) (20 S RN oLk i) — (27;3 s 3)/,22

(22 +3)/z o 2 - '
jéz (z ) & T(QZ o) SEEC2EBUR(1.564.)

It follows thak

23
j{ 5z = —4m + 121
c #(
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Theorem 1.3.4. [Cauchy's estimate]
Let [ be analytic on a simply connected domain D and D

for some R > 0 closed ball Bg(z) € D with Cr(20) = {2: |z — 20| = R}
£ |f(2)] £ Mg, Vz € Cr(zp) ™ then
5 ’I?,'MR

B Vn >0 (1.3.66.)

Prook.
According to Cauchy's integral formula we have

: ! /
f( )(ZO) & 2l7'('7/ 7{73(20) (Z — iz;n—l—l % (1‘3&3?‘)

then

17 (z0)] = Sz

) D

I
CR(Zo) (Z A5 ZO) 27T CR(Z()) ’Z 7T ZO’

n! MR n'MR
il oy
on Rnt1°" R

dz

)
)n+1

(1.3.6%.)
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Corollary 1.3.4. [Liouville's theorem]

I f(z)is anhalytic and bounded in entire complex plane
then it is a cownstant

Proof.
To prove this we will prove that [ is the zero function

Suppose f:C—=C is everywhere analytic and is bounded bj M
te. [f(2)] £ M for everyz € C

Fix an arbitrary point 2o € C

Since [ is analytic everywhere m it is i particular analytic

on a neighborhood of closed ball Br(20)for any value of R > 0
By Cauchy’s estimate there exists Mpr = max{|f(2)| in |z — 20| = R} < M

M
and thus ’f/(ZO)’ < < Vil =0 (1.3.69.)

Since expression on left is a nonnegative constant

letting R — 0o on right yields 0 < |f'(20)] < 0 ohenece F(20) =0
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Theorem 1.3.5. [Fundamental Theorem of Algebra]

Every polynomial / (2) of degree n > 1has a root in C
Prook.
Suppose P(Z) =it an—lzn_l s i (e U Poijvwmmi

with no root i C Fhen P_l(z) must be auatyj&r: on whole C
Since

P(2)

Z’I’L

Un—1

=

ag
e - - el TS al —> 00 (1.3.70.)
z

it follows that |P(2)| — 00 and hence|l/P(2)] — 0 as|z| — o

(prove of a well known fact: polynomials are unbounded functions)

Consequently P_l(z) is a bounded function

Hence w bj Liouville's Eheorem

P_l(,z) would have to be constank which s a contradiction

Monday, September 12, 16




i L-—-Lmequ&ti&j then gives

e o) L)
211 %c (=i (Caizn)”

d(‘
< Tt g
Nar(R_ZBR i R

ise A< PREGHS R S (0> S s o0
e (w/e f):c:vtr\ctu,d.e. that |p,(2)] 20 as 1 — o©

d" M B
R (R.3.%4.)

It follows that infinite series

f'(20)
1!

f"(#0)

ol o 20)2 T (.3.55)

f(20) + (Z = o) oie

converges to & (Z)
In other words result in (2.3.75.)
is valid for any point 2 interior to C
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Theorem 1.3.6. [Taylor's Theorem]
Let f be analytic within a domain D and 20 be a FOEM& )

Then | has a series represev\&a&ou

> fk)
o Z / kk(!zo) A ) 375
k()

valid for the largest circle U with center ot 20 and radius R
that Lies eh&irdj within )

Proof.
Let 2 be a fixed point within circle (
and let ( denote the integration variable

Circle (' is deseribed b-j

(=2 =R m
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Use Cauchy integral formula to obtain value of [ at 2

b it
)‘%%c—zdc

= iy
2_71'2 " ZO (Z = ZO) d¢ (1.3.76)

1
T 2 C—ZO 1 —(z—20)/(C — 20)
We need the following algebraic identity

dg

1 S 2 n—1

which follows easily from

I+ ¢ g’ TS
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(1.3.7%) follows from

n
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By replacing ¢ bfj (2 —20)/(C — 20) in {1.377) we have

(-£2)
(=20

+
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Utilizing Cauchy's integral formula for derivatives

we cal write (1.3.¥0.) as

f”(zO)

5 (oo

(z — 20) +

(Z 0 Zo)n—l & ,On(z) (1.3.‘3’1.)

d¢ (1.3.%2.)

271

Now m we just need to show that fern o2y — 0
T =rEed

Since [ is &M&i:jﬁit‘i‘ D w ’f(z)l has a maximum value V[ on (
In addition m since z is inside (' we have |2 — 2ol < R

§ — 2| = | — 2p = (2800 )| = |0 = en SSaEseh |i= I d

where d = |z — 29| = distance from z ko 20 (1.3.%3.)
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i L-—-Lmequ&ti&j then gives

e o) L)
211 %c (=i (Caizn)”

d(‘
< Tt g
Nar(R_ZBR i R

ise A< PREGHS R S (0> S s o0
e (w/e f):c:vtr\ctu,d.e. that |p,(2)] 20 as 1 — o©

o i VLG
R (1.3.34.)

It follows that infinite series

f'(20)
1!

f"(#0)

9| (Z 8 ZO)2 BE (1.3.2’5.)

f(20) + (Z = o) oie

converges to & (Z)
In other words result in (1.3.75.)
is valid for any point 2 interior to C
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Theorem 1.3.7. [Moreras Theorem]

If f is continuous tn a simply connected domain D

and if j{ f(z)dz"=e0 for every simpte closed contour ' ya D

then f is analytic throughout D

Prook.
To prove theorem we integrate f(z) from 21 ko 22

Since every closed-poath integral of f(2) vanishes
this integral is independent of path

and depend.s cmi.j own its ends Fmim&s
We may therefore write

F(ZQ Zl / f dZ (1.3.71.)

where F'(z) can be called the indefinite integral of f(2)
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We Ehen conskruct the Lcieh&i.&j
F 2D e F 21 1! s
72) — T | - s war
AP g <2 — <10
where we have inkroduced anocther comptex variable ¢
Using fact that f(1) is continuous we write
(keeping only terms to first order in © — 21 )

Bitr= flalh— fll B = 2 )8 % (1,373)
which meiies thal

f'(z1)

|- red= [P E)e-a) + ol B — ) 4
Note that right-hand side of (1.3.72.) approaches zero for zo — 24
F(Zg) T F(Zl)

Z2—21 ot |

f(z1) = lim =F(z1) (1374

Equ&&iom (1.3.74.) shows that F (Z) is Qmatv&m in D

thei so also must be its derivative f(2)

Eke_rebj proving Moreras theorem
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TOBE
FNNTINNED. ...
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