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Schrödinger Equation Particle in a central potential

Prescription to obtain 3D Schrödinger equation for free particle:
substitute into classical energy momentum relation

E =
|~p |2
2m

(1)

differential operators

E→ i} ∂

∂t
and ~p→ −i}~∇ (2)

resulting operator equation

− }2

2m
∇2ψ = i} ∂

∂t
ψ (3)

acts on complex wave function ψ(~x, t)

Interpret ρ = |ψ|2 as + probability density
|ψ|2d3x gives probability of finding particle in volume element d3x
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Schrödinger Equation Particle in a central potential

Continuity equation
We are often concerned with moving particles

e.g. collision of particles
Must calculate density flux of particle beam~

From conservation of probability
rate of decrease of number of particles in a given volume

is equal to total flux of particles out of that volume

− ∂

∂t

∫

V
ρ dV =

∫

S
~ · n̂ dS =

∫

V
~∇ ·~ dV (4)

(last equality is Gauss’ theorem)
Probability and flux densities are related by continuity equation

∂ρ

∂t
+ ~∇ ·~ = 0 (5)
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Schrödinger Equation Particle in a central potential

Flux
To determine flux. . .

First form ∂ρ/∂t by substracting wave equation multiplied by −iψ∗

from the complex conjugate equation multiplied by −iψ

∂ρ

∂t
− }

2m
(ψ∗∇2ψ− ψ∇2ψ∗) = 0 (6)

Comparing this with continuity equation + probability flux density

~ = − i}
2m

(ψ∗∇ψ− ψ∇ψ∗) (7)

Example + free particle of energy E and momentum ~p

ψ = Nei~p·~x−iEt (8)

has + ρ = |N|2 and~ = |N2|~p/m
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Schrödinger Equation Particle in a central potential

Time-independent Schrödinger equation for central potential
Potential depends only on distance from origin

V(~r) = V(|~r |) = V(r) (9)

hamiltonian is spherically symmetric
Instead of using cartesian coordinates ~x = {x, y, z}

use spherical coordinates ~x = {r, ϑ, ϕ} defined by





x = r sin ϑ cos ϕ
y = r sin ϑ sin ϕ
z = r cos ϑ



⇔





r =
√

x2 + y2 + z2

ϑ = arctan
(

z/
√

x2 + y2
)

ϕ = arctan(y/x)





(10)

Express the Laplacian ∇2 in spherical coordinates

∇2 =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂

∂θ

)
+

1
r2 sin2 ϑ

∂2

∂ϕ2 (11)
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Schrödinger Equation Particle in a central potential

To look for solutions...

Use separation of variable methods + ψ(r, ϑ, ϕ) = R(r)Y(ϑ, ϕ)

− }2

2m

[
Y
r2

d
dr

(
r2 dR

dr

)
+

R
r2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂Y
∂ϑ

)
+

R
r2 sin2 ϑ

∂2Y
∂ϕ2

]
+V(r)RY = ERY

Divide by RY/r2 and rearrange terms

− }2

2m

[
1
R

d
dr

(
r2 dR

dr

)]
+ r2(V − E) =

}2

2mY

[
1

sin ϑ

∂

∂ϑ

(
sin ϑ

∂Y
∂ϑ

)
+

1
sin2 ϑ

∂2Y
∂ϕ2

]

Each side must be independently equal to a constant + κ = − }2

2m l(l + 1)

Obtain two equations

1
R

d
dr

(
r2 dR

dr

)
− 2mr2

}2 (V − E) = l(l + 1) (12)

1
sin ϑ

∂

∂ϑ

(
sin ϑ

∂Y
∂ϑ

)
+

1
sin2 ϑ

∂2Y
∂ϕ2 = −l(l + 1)Y (13)

What is the meaning of operator in angular equation?
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Schrödinger Equation Particle in a central potential

Angular momentum operator

~̂L = ~̂r× ~̂p = −i} ~̂r× ~̂∇ (14)

in cartesian coordinates

L̂x = ŷ p̂z − p̂y ẑ = −i}
(

y
∂

∂z
− ∂

∂y
z
)

L̂y = ẑ p̂x − p̂z x̂ = −i}
(

z
∂

∂x
− ∂

∂z
x
)

L̂z = x̂ p̂y − p̂xŷ = −i}
(

x
∂

∂y
− ∂

∂x
y
)

(15)

commutation relations

[L̂i, L̂j] = i} ε ijk L̂k and [L̂2, L̂x] = [L̂2, L̂y] = [L̂2, L̂z] = 0 (16)

L̂2 = L̂2
x + L̂2

y + L̂2
z
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Schrödinger Equation Particle in a central potential

We can always know:
length of angular momentum plus one of its components

E.g. + choosing the z-component

!�

3 
2 
 

- 
-2 
-3 

Fig.�28:�Graphical�representation�of�the�angular�momentum,�with�fixed�Lz�and�L2,�but�complete�uncertainty�in�Lx�and�Ly.�

as you should recognize the angular part of the 3D Schrödinger equation. We�can then write the eigenvalue equations�
for�these�two�operators:�

L̂2Φ(ϑ, ϕ) =�!2l(l +�1)Φ(ϑ, ϕ)�

and�
L̂z Φ(ϑ, ϕ) =�!mz Φ(ϑ, ϕ)�

where�we�already�used�the�fact�that�they�share�common�eigenfunctions�(then,�we�can�label�these�eigenfunctions�by�l  
and�mz :�Φl,mz�

(ϑ, ϕ).��
The�allowed�values�for�l and�mz are�integers�such�that�l = 0, 1, 2, . . . and�mz =�−l, . . . , l − 1, l.�This�result�can�be��
inferred�from�the�commutation�relationship.�For�interested�students,�the�derivation�is�below.��

Derivation of the eigenvalues. Assume�that�the�eigenvalues�of�L2 and�Lz� are�unknown,�and�call�them�λ and�µ.�We�
introduce�two�new�operators,�the�raising�and�lowering�operators�L+ =�Lx�+ iLy�and�L−�=�Lx�− iLy.�The�commutator�with�Lz�

is [Lz, L±] =�±!L±�(while�they�of�course�commute�with�L2). Now consider the�function�f±�=�L±f ,�where�f is�an�eigenfunction�
of�L2 and�Lz:�

L2f±�=�L±L2f =�L±λf =�λf±�

and�
Lzf±�= [Lz, L±]f +�L±Lzf =�±!L±f +�L±µf = (µ ± !)f±�

Then�f±�=�L±f is�also�an�eigenfunction�of�L2 and�Lz.�Furthermore,�we�can�keep�finding�eigenfunctions�of�Lz�with�higher�and�
higher�eigenvalues�µ ′�=�µ + ! + ! + . . . ,�by�applying�the�L+ operator�(or�lower�and�lower�with�L−),�while�the�L2 eigenvalue�is�
fixed.�Of�course�there�is�a�limit,�since�we�want�µ ′�≤�λ.�Then�there�is�a�maximum�eigenfunction�such�that�L+fM�=�0�and�we�
set�the�corresponding�eigenvalue�to�!lM .�Now�notice�that�we�can�write�L2 instead�of�by�using�Lx,y�by�using�L±:�

L2 =�L−L+ +�L2 
z�+�!Lz�

Using�this�relationship�on�fM�we�find:�

2 2 2 !2L fm�=�λfm� →� (L−L+ +�Lz�+�!Lz)fM�=�[0 +�!2lM�+�!(!lM )]fM� →� λ =� lM (lM�+ 1)�

!2In�the�same�way,�there�is�also�a�minimum�eigenvalue�lm�and�eigenfunction�s.t.�L−fm�=�0�and�we�can�find�λ =� lm(lm�− 1).�
Since�λ is�always�the�same,�we�also�have�lm(lm�− 1)�=�lM (lM�+ 1),�with�solution�lm�=�−lM� (the�other�solution�would�have�
lm�> lM ).�Finally�we�have�found�that�the�eigenvalues�of�Lz�are�between�+!l and�−!l with�integer�increases,�so�that�l =�−l +N 
giving�l =�N/2:�that�is,�l is�either�an�integer�or�an�half-integer.�We�thus�set�λ =�!2l(l + 1)�and�µ =�!m,�m =�−l, −l + 1, . . . , l.�

We�can�gather�some�intuition�about�the�eigenvalues�if�we�solve�first�the�second�equation,�finding�

∂Φl,m imzϕ−i! =�!mz Φ(ϑ, ϕ), Φl,m(ϑ, ϕ) =�Θl(ϑ)e 
∂ϕ 

where, because�of�the periodicity�in�ϕ,�mz can�only�take�on�integer�values�(positive�and�negative)�so�that�Φlm(ϑ, ϕ +�
2π) =�Φlm(ϑ, ϕ).�

��
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Schrödinger Equation Particle in a central potential

Angular momentum vector in spherical coordinates

L̂x = i}
(

sin ϕ
∂

∂θ
+ cot ϕ cos ϕ

∂

∂ϕ

)

L̂y = −i}
(

cos ϕ
∂

∂ϑ
− cot ϑ sin ϕ

∂

∂ϕ

)

L̂z = −} ∂

∂ϕ
(17)

Form of L̂2 should be familiar

L̂2 = −}2
[

1
sin ϑ

∂

∂ϑ

(
sin ϑ

∂

∂ϑ

)
+

1
sin2 ϑ

∂2

∂ϕ2

]
(18)

Eigenvalue equations for L̂2 and L̂z operators:

L̂2Y(ϑ, ϕ) = }2l(l + 1)Y(ϑ, ϕ) and L̂zY(ϑ, ϕ) = }mY(ϑ, ϕ)
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Schrödinger Equation Particle in a central potential

Solution of angular equation

1
sin ϑ

∂

∂ϑ

(
sin ϑ

∂Ym
l (ϑ, ϕ)

∂ϑ

)
+

1
sin2 ϑ

∂2Ym
l (ϑ, ϕ)

∂ϕ2 = −l(l + 1)Ym
l (ϑ, ϕ)

Use separation of variables + Y(ϑ, ϕ) = Θ(ϑ)Φ(ϕ)

By multiplying both sides of the equation by sin2 ϑ/Y(ϑ, ϕ)

1
Θ(ϑ)

[
sin ϑ

d
dϑ

(
sin ϑ

dΘ
dϑ

)]
+ l(l + 1) sin2 ϑ = − 1

Φ(ϕ)

d2Φ
dϕ2 (19)

2 equations in different variables + introduce constant m2:

d2Φ
dϕ2 = −m2Φ(ϕ) (20)

sin ϑ
d

dϑ

(
sin ϑ

dΘ
dϑ

)
= [m2 − l(l + 1) sin2 ϑ]Θ(ϑ) (21)
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Schrödinger Equation Particle in a central potential

Solution of angular equation

First equation is easily solved to give + Φ(ϕ) = eimϕ

Imposing periodicity Φ(ϕ + 2π) = Φ(ϕ) + m = 0,±1,±2, · · ·

Solutions to the second equation + Θ(ϑ) = APm
l (cos ϑ)

Pm
l + associated Legendre polynomials

Normalized angular eigenfunctions

Ym
l (ϑ, ϕ) =

√
(2l + 1)

4π

(l −m)!
(l + m)!

Pm
l (cos ϑ)eimϕ (22)

Spherical harmonics are orthogonal:
∫ π

0

∫ 2π

0
Ym

l
∗(ϑ, ϕ)Ym′

l′ sin ϑdϑdϕ = δll′δmm′ , (23)
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Schrödinger Equation Particle in a central potential

26

§3.4] La ecuación de Helmholtz en coordenadas esféricas 145

✎Ejemplos Vamos a considerar ahora algunos ejemplos sencillos de armónicos esfé-
ricos asociados a ℓ = 0,1,2:

Cuando ℓ = 0, tenemos m = 0. Ahora P0,0 = 1 y la constante de normalización
es c0,0 = 1/

√
4π . Por tanto,

Y0,0(θ,φ) =
1√
4π

.

La gráfica correspondiente es

Si ℓ = 1 podemos tener tres casos: m = −1,0,1. Debemos evaluar las funciones
de Legendre P1,0 y P1,1. Acudiendo a la fórmula (3.17) obtenemos

P1,0(ξ) =
d

d ξ
(ξ2 − 1) = 2ξ,

P1,1(ξ) =
√

1− ξ2 d2

d ξ2 (ξ
2 − 1) = 2

√

1− ξ2.

Por ello,

Y1,0(θ,φ) =
√

3
4π

cosθ,

Y1,1(θ,φ) = −
√

3
8π

senθ eiφ, Y1,−1(θ,φ) =
√

3
8π

senθ e− iφ.

A continuación representamos las superficies r =
∣

∣Yl,m(θ,φ)
∣

∣ para estos armó-
nicos esféricos

Ecuaciones Diferenciales II

146 Métodos de separación de variables y desarrollo en autofunciones [Capítulo 3

ℓ = 1

∣

∣Y1,0(θ,φ)
∣

∣

∣

∣Y1,±1(θ,φ)
∣

∣

Para ℓ = 2 es fácil obtener

Y2,0(θ,φ) =
√

5
16π

(−1+ 3 cos2 θ),

Y2,1(θ,φ) = −
√

15
8π

senθ cosθ eiφ, Y2,−1(θ,φ) =
√

15
8π

senθ cosθ e− iφ,

Y2,2(θ,φ) =
√

15
32π

sen2 θ e2 iφ, Y2,−2(θ,φ) =
√

15
32π

sen2 θ e−2 iφ.

Siendo las correspondientes gráficas

Ecuaciones Diferenciales II
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ℓ = 2

∣

∣Y2,0(θ,φ)
∣

∣

∣

∣Y2,1(θ,φ)
∣

∣

∣

∣Y2,2(θ,φ)
∣

∣

Por último, como ejercicio dejamos el cálculo de

Y5,3(θ,φ) = −
1

32

√

385
π
(−1+ 9 cos2 θ) sen3 θe3 iφ

Cuya representación es

3.4.2. Resolución de la ecuación radial

Distinguimos dos casos según k sea nulo o no.

Si k = 0 la ecuación radial

r2R′′ + 2rR′ − ℓ(ℓ + 1)R = 0

Ecuaciones Diferenciales II

l = 0

l = 1

l = 2

��Y 0
0 (#,')

��2 ��Y 0
1 (#,')

��2
��Y ±1

1 (#,')
��2

��Y ±1
2 (#,')

��2
��Y ±2

2 (#,')
��2

��Y 0
2 (#,')

��2

FIG. 44: Representations of |Y m
l |2 for di↵erent sets of quantum numbers. The z axis is the vertical direction. The probability

densities have rotational symmetry about the z axis [62].

TABLE I: Associated Legendre polynomials.

@
@@l
m

0 1 2 3

0 P 0
0 = 1

1 P 0
1 = cos# P 1

1 sin#

2 P 0
2 = (3 cos2 #� 1)/2 P 1

2 = 3 cos# sin# P 2
2 = 3 sin2 #

3 P 0
3 (5 cos3 #� 3 cos#)/2 P 1

3 = 3(5 cos2 #� 1)/2 sin# P 2
3 = 15 cos# sin2 # P 3

3 = 15 sin3 #

We can then write the eigenvalue equations for these two operators: and

L̂2Y (#,') = }2l(l + 1)Y (#,') and L̂zY (#,') = }mY (#,') (412)

where we already used the fact that they share common eigenfunctions. Then, by its very nature we can label these
eigenfunctions by l and m, i.e. Yl,m(#,').

EXERCISE 10.14 Show that the allowed values for l and mz are integers such that l = 0, 1, 2, · · · and
mz = l, · · · , l � 1, l. [Hint: This result can be inferred from the commutation relationship.]

We now go back to the Schrödinger equation in spherical coordinates and we consider the angular and radial
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√
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Schrödinger Equation Particle in a central potential

Solution of radial equation

d
dr

(
r2 dR(r)

dr

)
− 2mr2

}2 (V − E) = l(l + 1)R(r) (24)

to simplify solution + u(r) = rR(r)

− }2

2m
d2u
dr2 +

[
V +

}
2m

l(l + 1)
r2

]
u(r) = Eu(r) (25)

define an effective potential

V ′(r) = V(r) +
}2

2m
l(l + 1)

r2 (26)

(25) is very similar to the one-dimensional Schrödinger equation
Wave function + need 3 quantum numbers (n, l, m)

ψn,l,m(r, ϑ, ϕ) = Rn,l(r)Ym
l (ϑ, ϕ) (27)
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Stern-Gerlach experiment

Stern-Gerlach apparatus

214 Chapter 7 | The Hydrogen Atom in Wave Mechanics

Oven
Slit

Magnet Screen

z axis

ml

+1

−1

0

0–1
+1

FIGURE 7.16 Schematic diagram of the Stern-Gerlach experiment. A beam of atoms
passes through a region where there is a nonuniform magnetic field. Atoms with their
magnetic dipole moments in opposite directions experience forces in opposite directions.

experience a net upward force and are deflected upward, while the atoms with
ml = −1 (µL,z = +µB) are deflected downward. The atoms with ml = 0 are
undeflected.

After passing through the field, the beam strikes a screen where it makes a
visible image. When the field is off, we expect to see one image of the slit in the
center of the screen, because there is no deflection at all. When the field is on, we
expect three images of the slit on the screen—one in the center (corresponding to
ml = 0), one above the center (ml = +1), and one below the center (ml = −1).
If the atom were in the ground state (l = 0), we expect to see one image in the
screen whether the field was off or on (recall that a ml = 0 atom is not deflected).
If we had prepared the beam in a state with l = 2, we would see five images with
the field on. The number of images that appears is just the number of different ml
values, which is equal to 2l + 1. With the possible values for l of 0, 1, 2, 3, . . .,
it follows that 2l + 1 has the values 1, 3, 5, 7, . . .; that is, we should always see
an odd number of images on the screen. However, if we were actually to perform
the experiment with hydrogen in the l = 1 state, we would find not three but
six images on the screen! Even more confusing, if we did the experiment with
hydrogen in the l = 0 state, we would find not one but two images on the screen,
one representing an upward deflection and one a downward deflection! In the
l = 0 state, the vector "L has length zero, and so we expect that there is no magnetic
moment for the magnetic field to deflect. We observe this not to be true—even
when l = 0, the atom still has a magnetic moment, in contradiction to Eq. 7.21.

(a)

(b)

FIGURE 7.17 The results of the
Stern-Gerlach experiment. (a) The
image of the slit with the field turned
off. (b) With the field on, two images
of the slit appear. The small divi-
sions in the scale at the left represent
0.05 mm. [Source: W. Gerlach and
O. Stern, Zeitschrift für Physik 9, 349
(1922)]

The first experiment of this type was done by O. Stern and W. Gerlach in 1921.
They used a beam of silver atoms; although the electronic structure of silver is
more complicated than that of hydrogen (as we discuss in Chapter 8), the same
basic principle applies—the silver atom must have l = 0, 1, 2, 3, . . ., and so an odd
number of images is expected to appear on the screen. In fact, they observed the
beam to split into two components, producing two images of the slits on the screen
(see Figure 7.17).

The observation of separated images was the first conclusive evidence of spatial
quantization; classical magnetic moments would have all possible orientations and
would make a continuous smeared-out pattern on the screen, but the observation
of a number of discrete images on the screen means that the atomic magnetic

Beam of atoms passes through a region where there is nonuniform ~B-field

Atoms with their magnetic dipole moments in opposite directions
experience forces in opposite directions
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Stern-Gerlach experiment

Results of Stern-Gerlach experiment
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FIGURE 7.16 Schematic diagram of the Stern-Gerlach experiment. A beam of atoms
passes through a region where there is a nonuniform magnetic field. Atoms with their
magnetic dipole moments in opposite directions experience forces in opposite directions.

experience a net upward force and are deflected upward, while the atoms with
ml = −1 (µL,z = +µB) are deflected downward. The atoms with ml = 0 are
undeflected.

After passing through the field, the beam strikes a screen where it makes a
visible image. When the field is off, we expect to see one image of the slit in the
center of the screen, because there is no deflection at all. When the field is on, we
expect three images of the slit on the screen—one in the center (corresponding to
ml = 0), one above the center (ml = +1), and one below the center (ml = −1).
If the atom were in the ground state (l = 0), we expect to see one image in the
screen whether the field was off or on (recall that a ml = 0 atom is not deflected).
If we had prepared the beam in a state with l = 2, we would see five images with
the field on. The number of images that appears is just the number of different ml
values, which is equal to 2l + 1. With the possible values for l of 0, 1, 2, 3, . . .,
it follows that 2l + 1 has the values 1, 3, 5, 7, . . .; that is, we should always see
an odd number of images on the screen. However, if we were actually to perform
the experiment with hydrogen in the l = 1 state, we would find not three but
six images on the screen! Even more confusing, if we did the experiment with
hydrogen in the l = 0 state, we would find not one but two images on the screen,
one representing an upward deflection and one a downward deflection! In the
l = 0 state, the vector "L has length zero, and so we expect that there is no magnetic
moment for the magnetic field to deflect. We observe this not to be true—even
when l = 0, the atom still has a magnetic moment, in contradiction to Eq. 7.21.

(a)

(b)

FIGURE 7.17 The results of the
Stern-Gerlach experiment. (a) The
image of the slit with the field turned
off. (b) With the field on, two images
of the slit appear. The small divi-
sions in the scale at the left represent
0.05 mm. [Source: W. Gerlach and
O. Stern, Zeitschrift für Physik 9, 349
(1922)]

The first experiment of this type was done by O. Stern and W. Gerlach in 1921.
They used a beam of silver atoms; although the electronic structure of silver is
more complicated than that of hydrogen (as we discuss in Chapter 8), the same
basic principle applies—the silver atom must have l = 0, 1, 2, 3, . . ., and so an odd
number of images is expected to appear on the screen. In fact, they observed the
beam to split into two components, producing two images of the slits on the screen
(see Figure 7.17).

The observation of separated images was the first conclusive evidence of spatial
quantization; classical magnetic moments would have all possible orientations and
would make a continuous smeared-out pattern on the screen, but the observation
of a number of discrete images on the screen means that the atomic magnetic
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The first experiment of this type was done by O. Stern and W. Gerlach in 1921.
They used a beam of silver atoms; although the electronic structure of silver is
more complicated than that of hydrogen (as we discuss in Chapter 8), the same
basic principle applies—the silver atom must have l = 0, 1, 2, 3, . . ., and so an odd
number of images is expected to appear on the screen. In fact, they observed the
beam to split into two components, producing two images of the slits on the screen
(see Figure 7.17).

The observation of separated images was the first conclusive evidence of spatial
quantization; classical magnetic moments would have all possible orientations and
would make a continuous smeared-out pattern on the screen, but the observation
of a number of discrete images on the screen means that the atomic magnetic

Image of slit with field turned off (left)
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Small divisions in the scale represent 0.05 mm
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Stern-Gerlach experiment

Uhlenbeck-Goudsmit-Pauli hypothesis
Magnetic moment + connected via intrinsic angular momentum

~µS = − e
2me

ge~S (28)

For intrinsic spin + only matrix representation is possible
Spin up | ↑〉 and down | ↓〉 are defined by

spin up ⇔
(

1
0

)
spin down ⇔

(
0
1

)
. (29)

Ŝz spin operator is defined by

Ŝz =
}
2

(
1 0
0 −1

)
(30)
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Stern-Gerlach experiment

Ŝz acts on up and down states by ordinary matrix multiplication

Ŝz| ↑〉 =
}
2

(
1 0
0 −1

)(
1
0

)
=

}
2

(
1
0

)
=

}
2
| ↑〉 (31)

Ŝz| ↓〉 =
}
2

(
1 0
0 −1

)(
0
1

)
= −}

2

(
0
1

)
= −}

2
| ↑〉 (32)

As for orbital angular momentum [Ŝi, Ŝj] = i} εijkŜk

Ŝx =
}
2

(
0 1
1 0

)
and Ŝy =

}
2

(
0 −i
i 0

)
(33)

Only 4 hermitian 2-by-2 matrices + indentity + Pauli matrices

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
(34)
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Stern-Gerlach experiment

• The magnitude of the spin angular momentum is

(9.11)

and never changes! This angular momentum of rotation cannot be
changed in any way, but is an intrinsic property of the electron, like
its mass or charge. The notion that !S ! is fixed contradicts classical laws,
where a rotating charge would be slowed down by the application of a
magnetic field owing to the Faraday emf that accompanies the changing
magnetic field (the diamagnetic effect). Furthermore, if the electron
were viewed as a spinning ball with angular momentum subject to
classical laws, parts of the ball near its surface would be rotating with
velocities in excess of the speed of light!5 All of this is taken to mean that
the classical picture of the electron as a charge in rotation must not be
pressed too far; ultimately, the spinning electron is a quantum entity defy-
ing any simple classical description.

• The spin magnetic moment is given by Equation 9.9 with a g factor of 2;
that is, the moment is twice as large as would be expected for a body with

!√3/2

! S ! " √s(s # 1)! "
√3

2
!

306 CHAPTER 9 ATOMIC STRUCTURE

Spin up

S =  3
2

ms = – 1
2

Spin down

–1
2

1
2

0

Sz

1
2ms =h

h

h

The spin angular momentum
of an electron

5This follows from the extremely small size of the electron. The exact size of the electron is un-
known, but an upper limit of 10$6 Å is deduced from experiments in which electrons are scat-
tered from other electrons. According to some current theories, the electron may be a true point
object, that is, a particle with zero size!

Figure 9.8 The spin angular mo-
mentum also exhibits space quan-
tization. This figure shows the two
allowed orientations of the spin
vector S for a spin particle, such
as the electron.

1
2

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  
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Klein-Gordon Equation

Relativistic wave equation
Schrodinger equation violates Lorentz invariance

and is not suitable for particle moving relativistically
Making the operator substitution

starting from relativistic energy momentum relation

−∂2ψ

∂t2 +∇2ψ = m2ψ (} = c = 1) (35)

Introducing the covariant form + pµ → i∂µ

∂µ =
(

∂t,−~∇
)

and ∂µ =
(

∂t, ~∇
)

(36)

we can form invariant (D’Alembertian) operator �2 ≡ ∂µ∂µ

∂µ∂µψ + m2ψ ≡ (�2 + m2)ψ = 0 (37)

Recall ψ(~x, t) is scalar complex-valued wave function
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Klein-Gordon Equation

Negative probability density?

Multiplying KG by −iψ∗ minus complex conjugate equation by −iψ

∂t [i(ψ∗ ∂tψ− ψ ∂tψ
∗)]︸ ︷︷ ︸

ρ

+~∇. [−i(ψ∗ ~∇ψ− ψ∇ψ∗)]︸ ︷︷ ︸
~

= 0 (38)

Consider motion free particle of energy E and momentum ~p

ψ = N ei(~p.~x−Et) (39)

from (38) + ρ = 2 E |N|2 and~ = 2~p |N|2
Probability density ρ is timelike component of 4-vector

ρ ∝ E = ±(~p 2 + m2)1/2 (40)

In addition to acceptable E > 0 solutions
we have negative energy solutions

which have associated negative probability density!
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Klein-Gordon Equation

Antimatter
Pauli and Weisskopf + inserted charge e in continuity equation

jµ = −i e (ψ∗ ∂µψ− ψ ∂µψ∗) (41)

interpreting jµ as electromagnetic charge-current density

j0 represents a charge density + not a probability density
and so the fact that it can be negative is no longer objectable

Stückelberg and Feynman + negative energy solution
describes a particle which propagates backwards in time
or positive energy antiparticle propagating forward in time
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Klein-Gordon Equation

to be continued...

Thursday, September 8, 2011
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Klein-Gordon Equation

Thor’s “spinless” positron

Consider spin-0 particle with (E,~p, e)
generally referred to as the “spinless electron”

Electromagnetic 4-vector current is

jµ(e−) = −2e|N|2(E, ~p) (42)

Taking antiparticle e+ of same (E,~p)

jµ(e+) = +2e|N|2(E,~p) = −2e|N|2(−E,−p) (43)

exactly same current of the original particle with −E,−~p
As far as system is concerned + emission of antiparticle with
energy E is same as absorption of particle of energy −E
Negative-energy particle solutions going backward in time

describe
positive-energy antiparticle solutions going forward in time
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