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It was discovered experimentally that                                        
moving electrical charges (i.e. current) create a magnetic field 

Consider small piece of wire     with current   flowing through it  
contribution it makes to magnetic field       @ point P a distance     is 
given by Biot-Savart Law:

6.1 Magnetic Field

Magnetic field    : Unit = Tesla (T)

1 Gauss (G) = 10�4 T ⇠ magnetic field on Earth’s surface

µ0 = 4⇡ ⇥ 10

�7
T ·m/A (or equivalently N/A2

)

Permeability of free space (magnetic constant)
1 T = 1 N m�1 A�1 = 1 kg s�2 A�1

dB =
µ0

4⇡
i dr0 ⇥ r� r0

|r� r0|3

Example 1: Magnetic field @ P due to infinite straight wire 
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Example 1: Magnetic field @ P due to infinite straight wire 
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Figure 10: Linear conductor of length l carrying a current I. (a) dH
at point P due to current element dl. (b) Limiting angles ✓1 and ✓2.

Notes based on Fundamentals of Applied Electromagnetics (Ulaby et al) for ECE331, PSU.
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 unit vector in circular direction around wire in plane perpendicular to wire☛
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To evaluate integral we change variable from    to
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If we are looking down the wire and current flows away from us      
then  circular direction    of  magnetic field is clockwise                  

while if current flows toward us then magnetic field is counterclockwise

MAGNETIC FIELDS OF STEADY ELECTRIC CURRENTS,
BIOT–SAVART–LAPLACE LAW, AND ITS APPLICATIONS

In these notes I explain the magnetic fields of steady electric currents. The fields of

time-dependent currents are more complicated, and I’ll discuss them a few lectures later.

Let’s start with the simplest case of an infinite straight wire carrying a current I. The

magnetic field os such a wire is

B =
µ0I

2π

φ̂

s
(1)

where µ0 is the fundamental constant of the MKSA system of units called the vacuum

permeability,

µ0 = 4π · 10−7 Tm/A, (2)

s is the distance from the wire, and φ̂ is a unit vector in the circular direction around the

wire in the plain ⊥to the wire. Specifically, if you are looking down the wire and the current

flows away from you, then the circular direction φ̂ of the magnetic field is clockwise, while

if the current flows toward you, then the magnetic field is counterclockwise. Here are the

pictures of the magnetic field lines for the two cases:

The effect of this magnetic field on another long wire parallel to the first wire is an attractive

force if the currents in the two wires flow in the same direction, and a repulsive force if the

1
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 Right Hand Rule
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Example 2: Circular current loop

Electromagnetics I: Magnetostatics 36
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Figure 5-12

Figure 11: Circular loop carrying a current I (Example 5-4).

Notes based on Fundamentals of Applied Electromagnetics (Ulaby et al) for ECE331, PSU.
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Integral evaluates to

Limiting Cases 

① B-field at center of loop  ☛

② For

Recall E-field for an electric dipole ☛

A circular current loop is also called a magnetic dipole

☛z � R

|E| / 1

x

3
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Solenoid can produce a strong and uniform magnetic field inside its coils

7.1. MAGNETIC FIELD 85

(3) A current arc:

B =

ˆ
around
circuit

dB cos �⇤ ⇥� ⌅
z = 0 �
� = 0 here.

=
µ0i

4⇤
· R

r3
⇤⇥�⌅

R = r
when � = 0

·

R⇥ = length of arc
� ⌅⇤ ⇥ˆ �

0

ds⇤⇥�⌅
Rd�

B =
µ0i ⇥

4⇤R

Example 3 : Magnetic field of a solenoid
Solenoid is used to produce a strong and uniform magnetic field inside its
coils.

Consider a solenoid of length L consisting of N turns of wire.

Define: n = Number of turns per unit length =
N

L

Consider B-field at distance d from the
center of the solenoid:
For a segment of length dz, number of
current turns = ndz

� Total current = ni dz

Consider a solenoid of length    consisting of               turns of wireL

Example 3: Circular solenoid

Start with magnetic field due to circular loop

Construct bundle   of loops
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Sum over bundles

For 

Change of variables

B(0, 0, z) =
µ0ni

2

Z ↵2

↵1

sec

2↵ d↵

(1 + tan

2 ↵)3/2
ẑ =

µ0ni

2

Z ↵2

↵1

cos↵ d↵ ẑ

=

µ0ni

2

(sin↵2 � sin↵1) ẑ
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Limiting Case

 For

Electromagnetics I: Magnetostatics 74

θ

dθ

θ2

θ1

dz

z
l

z

xP

a

B

Figure 5-26

Figure 25: Solenoid cross section showing geometry for calculating H
at a point P on the solenoid axis.

Notes based on Fundamentals of Applied Electromagnetics (Ulaby et al) for ECE331, PSU.
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↵

d↵

L � R ) ↵1 ! �⇡/2 & ↵2 ! ⇡/2
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6.2 Motion of a Point Charge in Magnetic Field

Cyclotron motion

1 

 

Chapter 5. Magnetostatics and Electromagnetic 

Induction 

5.1 Magnetic Field of Steady Currents 

The Lorentz force law 

The magnetic force in a charge q, moving with velocity v in a magnetic field B in a magnetic field 

is  

𝐅 = 𝑞(𝐯 × 𝐁) 

In the presence of both electric and magnetic fields, the net force on q would be 

𝐅 = 𝑞[𝐄 + (𝐯 × 𝐁)] 

This rather fundamental equation known as Lorentz force law tells us precisely how electric and 

magnetic fields act on a moving charged particle. 

Cyclotron motion 

 

The archetypical motion of a charged particle in a magnetic field is circular, with the magnetic 

force providing the centripetal acceleration. In Fig. 5.1 a uniform magnetic field is aligned in the 

z direction, and a particle of charge q and mass m is moving with a velocity 𝐯(0) = 𝑣𝐞௬ at 𝑡 = 0. 

Using Eq. 5.2 we come up with the equation of motion of this particle, 

൞
𝑚

𝑑𝑣௫

𝑑𝑡
= 𝑞𝐵𝑣௬

   𝑚
𝑑𝑣௬

𝑑𝑡
= −𝑞𝐵𝑣௫

   

Differentiating the first equation with time and then using the second equation, we get             

                                                    
ௗమ௩ೣ
ௗ௧మ = 


ௗ௩

ௗ௧
= − ቀ


ቁ

ଶ
𝑣௫                                                    (5.4) 

zBeB  

F

v

R
x

y

(5.1) 

(5.2) 

Fig  5.1  

(5.3) 

12Tuesday, March 9, 21



General solution

Imposing initial condition

Integration leads to

Fall 2008Physics 231 Lecture 7-12

Motion due to a Magnetic Force
What is the motion like if the velocity is not perpendicular to B?

We break the velocity into components along the magnetic 
field and perpendicular to the magnetic field

The component of the velocity perpendicular to the magnetic 
field will still produce circular motion

The component of the velocity parallel 
to the field produces no force and this 
motion is unaffected

The combination of these two 
motions results in a helical type 
motion

If non-zero velocity in    direction

charge particle moves in a helix 
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Velocity Selector: special case

6.3. HALL EFFECT 76

Note :

(1) B-field does NO work on particles.

(2) B-field does NOT change K.E. of particles.

Particle Motion in Presence of E-field & B-field:

�F = q �E + q�v � �B Lorentz Force

Special Case : �E ⇤ �B

When |�FE| = |�FB|
qE = qvB

⇥ v =
E

B

� For charged particles moving at v = E/B, they will pass through the
crossed E and B fields without vertical displacement.
⇥ velocity selector

Applications :

• Cyclotron (Lawrence & Livingston 1934)

• Measuring e/m for electrons (Thomson 1897)

• Mass Spectrometer (Aston 1919)

6.3 Hall E�ect

Charges travelling in a conducting wire will be pushed to one side of the wire by
the external magnetic field. This separation of charge in the wire is called the
Hall E�ect.

• Measuring e/m for electrons (Thomson 1897) 
• Cyclotron (Lawrence & Livingston 1934) 
• Mass Spectrometer (Aston 1919)

Applications

Lorentz Force

☛ 
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Mass spectrometers have three basic parts:  
1. ion source and accelerator 
2. a velocity selector 
3. an ion separator 
 
 
 
 
 
 
 
 
 
 
 
Ion generator and accelerator  
Atoms are ionized either by extreme heating or by electrical discharge.  The ions are 
then accelerated through a potential difference (V) where they gain kinetic energy 

kE qV (see Lesson 16).  
 
Velocity selector 
Once the ions pass through the accelerator opening they will have different speeds 
depending on the charge and mass of the ion.  The ion separation chamber requires 
that the ions have the same speed so they are passed through a velocity selector.  
The velocity selector is composed of a uniform magnetic (BA 1) and an electric field 
which are perpendicular to each other.  The ion experiences a magnetic force in one 
direction and an electric force in the opposite direction.  If the forces are balanced,   

 
E B

1

1

F F

q E qvB

E
v

B

A

A

 

 

 

  

only particles with a certain speed will pass through the selector.  For particles with 
different speeds the forces will not be equal and the particle will be deflected away from 
the entry point into the ion separator.  
 
Ion separator 
After leaving the velocity selector, the charged particles enter a different magnetic field 
(BA 2) that deflects the ions in a circular path. 

m c
2

2

2

F F

mvqvB
r

qB r
m

v

A

A

 

 

 

 

An ion detector marks the point where the ion contacts the detector plate.  The radius of 
the circular path can then be measured and the mass of the isotope is calculated.  

Ion generation and  
acceleration chamber 

mass spectrometer 
ion separation chamber 

velocity selection chamber 

sample 

x   x   x   x   x   x   x 

x   x   x   x   x   x   x 

x   x   x   x   x   x   x 

x   x   x   x   x   x   x 

 

+  +  +  +  +  +  +  

–  –  –  –  –  –  – 

electrified plates BA 1 

•   •   •   •   •   •   •   •   

•   •   •   •   •   •   •   •  

•   •   •   •   •   •   •   •  

•   •   •   •   •   •   •   •   

•   •   •   •   •   •   •   •   
ion detector plate 

BA 2 

Dr. Ron Licht    20 – 7  

 
Example 7  
Uranium isotopes, uranium–235 and uranium–239, can be separated using a mass 
spectrometer.  The uranium–235 isotope travels through a smaller circle and can be 
gathered at a different point than the uranium–239.  During World War II, the Manhatten 
project was attempting to make an atomic bomb.  Uranium–235 is fissionable but it 
makes up only 0.70% of the uranium on Earth.  A large mass spectrometer at Oakridge, 
Tennessee was used to separate uranium–235 from the raw uranium metal. 
 
Uranium–235 and uranium–239 ions, each with a charge of +2, are directed into a velocity 
selector which has a magnetic field of 0.250 T and an electric field of 1.25 x 107 V/m 
perpendicular to each other.  The ions then pass into a magnetic field of 2.00 mT.  What is 
the radius of deflection for each isotope? 
 
A charge of +2 means that each ion has lost two electrons.  Therefore 
 q = 2 x +1.60 x 10-19 C = +3.20 x 10-19 C 
 
Since each proton and neutron has a mass of 1.67 x 10-27 kg, the mass of each isotope 
is. 
 m235 = 235 x (1.67 x 10-27 kg) = 3.9245 x 10-25 kg 
 m239 = 239 x (1.67 x 10-27 kg) = 3.9913 x 10-25 kg 
 
For the velocity selector: 

E B

1

7 V
7m m

s
1

F F

q E qvB

E 1.25 10v 5.00 10
B 0.250T

A

A

 

 

u
   u

 

For the ion separator 
 
 
 
 
 
 
 
 
 
 
 
 
 

-25 7 m
s

235 -19 -3

4
235

uranium 235
(3.9245 10 kg)(5.00 10 )r
(3.20 10  C) (2.00 10 T)

r

�

u u
 

u u

 3.07×10 m

m c
2

F F

mvqvB
r

mvr
qB

A

A

 

 

 

-25 7 m
s

239 -19 -3

4
239

uranium 239
(3.9913 10 kg)(5.00 10 )r
(3.20 10  C) (2.00 10 T)

r

�

u u
 

u u

 3.12×10 m

Manhattan Project 
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6.3 Magnetic Force on Currents
Current = many charges moving together

Consider a wire segment of length     
carrying current   in a magnetic field

6.4. MAGNETIC FORCE ON CURRENTS 78

6.4 Magnetic Force on Currents

Current = many charges moving together

Consider a wire segment, length L,
carrying current i in a magnetic field.

Total magnetic force = ( q⇥vd � ⇥B⇤ ⇥� ⌅
force on one
charge carrier

) · n A L⇤ ⇥� ⌅
Total number of
charge carrier

Recall i = nqvdA

� Magnetic force on current ⇥F = i⇥L� ⇥B

where ⇥L = Vector of which: |⇥L| = length of current segment; direction =
direction of current

For an infinitesimal wire segment d⇥l

d⇥F = i d⇥l � ⇥B

Example 1: Force on a semicircle current loop

d⇥l = Infinitesimal

arc length element ⇥ ⇥B

� dl = R d�

� dF = iRB d�

By symmetry argument, we only need to consider vertical forces, dF · sin �

� Net force F =

ˆ �

0

dF sin �

= iRB

ˆ �

0

sin � d�

F = 2iRB (downward)

Total magnetic force

Recall 

Magnetic force on current 

               vector with

For infinitesimal wire segment d~l

d~F = i d~l ⇥ ~B

~L =
|~L| =

L

i

= (q~vd ⇥ ~B| {z }) · nAL| {z }

) ~F = i~L ⇥ ~B

i = nqvdA

force on one 
charge carrier

Total number of 
charge carrier

direction = direction of current

         length of current segment{
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Parallel currents attract and anti-parallel currents repel

Consider a segment of length     onL i2

~B1 =
µ0i1
2⇡d

Force on     coming from i2 i1

|~F21| = i2~L ⇥ ~B1 =
µ0L1i2
2⇡d

= |~F12|

)

~B2 =
µ0i2
2⇡d

µ0L i1 i2
2⇡d

Example 1: Force between parallel currents 
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More on Right Hand Rule

currents flow in the opposite directions,

I1 I2

F F

I1 I2

F F

I1 I2

F F
(3)

Here is the graphical explanation of the force’s direction for the currents in the same direction:

(4)

The magnitude of the force between two wires per unit of wire’s length is

F

L
=

µ0
2π

×
I1I2
d

(5)

where d is the distance between the wires, while the µ0 constant of the MKSA system of

units is exactly

µ0 = 4π · 10−7 Tm/A = 4π · 10−7 N/A2. (6)

In other words, the Ampere — the MKSA unit of electric current — is defined such that two

long parallel wires separated by 1 m distance and each carrying 1 A current are attracted or

repelled with a force of 2 · 10−7 Newtons per meter of length.

2
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currents flow in the opposite directions,

I1 I2

F F

I1 I2

F F

I1 I2

F F
(3)

Here is the graphical explanation of the force’s direction for the currents in the same direction:

(4)

The magnitude of the force between two wires per unit of wire’s length is

F

L
=

µ0
2π

×
I1I2
d

(5)

where d is the distance between the wires, while the µ0 constant of the MKSA system of

units is exactly

µ0 = 4π · 10−7 Tm/A = 4π · 10−7 N/A2. (6)

In other words, the Ampere — the MKSA unit of electric current — is defined such that two

long parallel wires separated by 1 m distance and each carrying 1 A current are attracted or

repelled with a force of 2 · 10−7 Newtons per meter of length.

2

Graphical explanation of force’s direction for currents in same direction
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Magnetic field    at point      

7.2. PARALLEL CURRENTS 86

Using the result from one coil in Example 2, we get B-field from coils of
length dz at distance z from center:

dB =
µ0(ni dz)R2

2r3

However r =
⇧

R2 + (z � d)2

� B =

ˆ +L/2

�L/2

dB
(Integrating over the
entire solenoid)

=
µ0niR2

2

ˆ +L/2

�L/2

dz

[R2 + (z � d)2]3/2

B =
µ0ni

2

�

⇤
L
2 + d

⇧
R2 + (L

2 + d)2
+

L
2 � d

⇧
R2 + (L

2 � d)2

⇥

⌅

along negative z direction

Ideal Solenoid :

L⇥ R

then B =
µ0ni

2
[1 + 1]

� B = µ0ni ;
direction of B-field determined
from right-hand screw rule

Question : What is the B-field at the end of an ideal solenoid? B=
µ0ni

2

7.2 Parallel Currents

Magnetic field at point P �B due to two
currents i1 and i2 is the vector sum of
the �B fields �B1, �B2 due to individual cur-
rents. (Principle of Superposition)

~B1, ~B2i2i1due to individual currents     and     is vector sum of          -fields         

~B P

Principle of Superposition 
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d~l = ? ~B

Example 2: Force on a semicircle current loop 

6.4. MAGNETIC FORCE ON CURRENTS 78

6.4 Magnetic Force on Currents

Current = many charges moving together

Consider a wire segment, length L,
carrying current i in a magnetic field.

Total magnetic force = ( q⇥vd � ⇥B⇤ ⇥� ⌅
force on one
charge carrier

) · n A L⇤ ⇥� ⌅
Total number of
charge carrier

Recall i = nqvdA

� Magnetic force on current ⇥F = i⇥L� ⇥B

where ⇥L = Vector of which: |⇥L| = length of current segment; direction =
direction of current

For an infinitesimal wire segment d⇥l

d⇥F = i d⇥l � ⇥B

Example 1: Force on a semicircle current loop

d⇥l = Infinitesimal

arc length element ⇥ ⇥B

� dl = R d�

� dF = iRB d�

By symmetry argument, we only need to consider vertical forces, dF · sin �

� Net force F =

ˆ �

0

dF sin �

= iRB

ˆ �

0

sin � d�

F = 2iRB (downward)

infinitesimal arc length element

By symmetry argument ☛ we only need to consider vertical forces 

Net force

(downward)

) dl = Rd✓

) dF = iRB d✓

dF · sin ✓

) F =

Z ⇡

0
dF sin ✓

= iRB

Z ⇡

0
sin ✓ d✓

F = 2iRB
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Method 2
Write     in      componentsı̂, |̂d~l

~B = �Bk̂ (into the page)

) d~F = i d~l ⇥ ~B

) ~F =

Z ⇡

0
d~F

= �iRB
h Z ⇡

0
sin ✓ d✓|̂ +

Z ⇡

0
cos ✓ d✓ı̂

i

= �2iRB|̂

= �iRB(sin ✓ d✓ |̂+ cos ✓ d✓ ı̂)

d~l = �dl sin ✓ ı̂+ dl cos ✓ |̂

= Rd✓(� sin ✓ ı̂+ cos ✓ |̂)
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