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2.1 Electric Field Lines

Recall from last class that m to visualize electric field
we can use a graphical tool called electric field lines

Conventions

1. Start on positive charges and end on negative charges

2. Direction of E-field at any point is given by tangent of E-field line

3. Magnitude of E-field at any point

proportional to number of E-field lines per unit area perpendicular to lines
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2.2 Dipole in E-field

Consider force exerted on dipole in an external E-field

Assumption m E-field from dipole doesnt affect external E-field

- B

A
+q

e Force due to E-field on +¢ and —¢ charge _. !

i 2
are equal and opposite in direction ‘(: /_(/ F—

= 1
—F

|

|

e Dipole moment p = qd

\

Y

Total external force on dipole = 0

P o

BUT m There is an external torque on center of dipole

Reminder . Force F'exerts at point PP
) 8 g force exerts a torque T = 7 X I
T :Into T \
the ® P \ , : :
bage ‘;‘;\ on point PP with respect to point O

Direction of torque vector 7 is determined from right-hand rule
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Net torque T

e direction m clockwise torque

e magnitude T="T4q 1T T—q

d
:F-Elsinﬁ—l—F-—sinﬁ
2 2

= qF - dsinf

pE sinf

—

?:pxﬁ
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Energy Consideration

When dipole p rotates df w E-field does work
Work done by external FE-field on dipole

dW = —71db

Negative sign here because torque by E-field acts to decrease ()

BUT m Because F'-field is a conservative force field

we can define a potential energy (U) for system so that

AU = —dW

.". For dipole in external FE -field

dU = —dW = pFE sinfdb
L U(0) = /dU — /pE sin 6 d6

—pE cosO + Uy
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set U0 = 90°) = 0
.0 = —pFE cos 90° + U,

Uo = 0
.". Potential energy

U= —pFEcosf = —ﬁ-ﬁ

§ F=gE .
? F = —qE —_—> ﬁ = QE
Fo g g P
0 =90’ 0=0
Torque [t| = pE Torque ft]| =0
U =0 (define) U=-pE

(based on definition)

Minimum energy configuration
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2.3 Electric Flux L
Latin m flux = "to flow”

Graphically m Electric flux @

represents number of E-field lines crossing a surface
4

@(
Mathematically | % "

—

O, = EA ®,=E-A
Reminder m Vector of area A is perpendicular to area A
For non-uniform E-field & surface

E E P direction of area vector A is not uniform
T —dd dAS
Qg A; i dA = A
<£ = Area vector for
small area element
dA
Surface S
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. Electric lux by = F - dA
Electric flux of E through surface S w ¢, — / E - dA
S

/ — Surface integral over surface S
S

— Integration of integral over all area elements on surface S

Example L1 2. —q .
S = hemisphereradius R T dmwey 12 "= 2meg R2 "
dAP dAr For a hemisphere, dA = dA7
L\ Pp = / i (dAR)  (ed =
NI g 2meg R?
q
= — dA
27T€0R2/S
j dA =Surface area of § ~——
S L _—q 27 R2
=

1)
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For a closed surface

Recallm Direction of area vector dA goes

Closed surface S . .
0%¢ S“race\ from inside to outside of closed surface S
g Electric flux over closed surface S

" j{ — Surface integral over closed surface S
S

AA
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Example

Electric flux of charge g over closed
spherical surface of radius R

7 L .4 r = d T at surface
Ameg 12 4eq R?
Spherical surface S
. - . E dA
Again, dA = dA -t AN

" 2

Total surfaceareaof S = 47R
by = -
€0
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IMPORTANT POINT
If we remove spherical symmetry of closed surface S

total number of F-field lines crossing surface remains same
". electric flux ®g

E Jdi dA E

\ /

Surface S’

E | dA || r over surface S E is not || dA over surface S’

@E:%E.dg:j[ Poai- 4
g / €0
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2.4 Gauss’ Law

The net flux through any closed surface is @) Pp = 7{ E - dA = a4
S €0

q represents the net charge inside the surface

—

| represents the electric field at any point on the surface
PROOF
Consider spherical surface of radius 7° containing area element A\ A

Solid angle subtended at center of the sphere by this element is defined fo be

AA
Al = —
r
Because surface area of sphere is 47r”
- . A .
total solid angle subtended by the sphere is By () = — — = 47 sterradians
T
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Consider point charge ¢ surrounded by closed surface of arbitrary shape

Total electric flux through this surface can be obtained

by evaluating E . AE for each small area element A A

and summing over all elements
The flux through each element is

AGp =F -AA=FEAAcosl = ——_AAcosf

Arrenr2
T w distance from charge to area element 47T€0T

¢ w angle between electric field Eand A A for the element
1 q
41eq r2

for point charge > F =
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Projection of area element perpendicular to radius vectoris = A A cos@

AA cosf

5 > solid angle A() that surface element /A A subtends at charge q
r

A is also solid angle subtended by area element of spherical surface of radius 7

Because total solid angle at a point is 477 steradians

total flux through the closed surface is

1 dA cos b 1 q
b 4eq 1 ]{ r2 4deg 7{ €0

Note that this result is independent of the shape of the closed surface
and independent of the position of the charge within the surface
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2.5 E-field Calculation with Gauss’ Law

(A) Infinite line of charge

—

s, a1 95y Linear charge density w A
:5 Cylindrical symmetry
e + Gaussian | —field directs radially outward from rod
L 1 I T Construct Gaussian surface S
+
N \_* in shape of cylinder
A N(E
' @ i j making up of a curved surface S;
S I I and top and bottom circles S5, S3
i [
+
y
-~ Total charge AL
Gauss’ Law = dA = = — -
€0 €0
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P

ETdﬁ =0 ELdﬁY
AL
B[ aa-
S1 €0
N——

Total area of surface Sy

AL
EQ2nrrL) = —
€0
. B = A
2TEQT
B 2 ;
2TEQT
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(B) Infinite sheet of charge
Uniform surface charge density = o

P
{4, 2o Planar symmetry
i */ E -field directs perpendicular to sheet
¥ + 4 ¥ )
AL A A | Construct a Gaussian surface §
'@3* ¥ " 1y & Gaussian
— '* by f A . [d
AP o o T/ in shape of a cylinder
== -
s &k P .
A Pt 7 of cross-sectional area A
e u ¥ & + Sl &+ SZ
& + 4
+ + & — — AO'
o w % E-dA = —
> S €0
Gauss’ Law = E-dA =0 -E L dA over whole surface Sy

E.dm/ FodA = 2BA (B|dAy, E | dAs)
Ss Ss3

Note e FOr S2 both E and dffg point right
For S3 both £ and dA, point left

A
90BA = 22 o p= 2
€0 260
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(@) For 7 > R

Enclosed ; y
N Gaussian
charge is Q

S surface

Gauss’ Law = 7{ E . dA =
S

—

(C) Uniformly charged sphere Total charge = ()

Spherical symmetry

Q

Ameqr?

E||dA| 7

P ¢

€0
%EJA:Q
S €0
Q

€0

B di -
S

" 2
surface areaof S = 4nr

7 for r > R

Consider a spherical Gaussian surface S of radius 7
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(b) For r < R

Consider a spherical Gaussian surface S’of radius r < R

total charge included g is proportional to volume included in S’

Enclosed
charge is ¢

Gaussian
.. surface

q Volume enclosed by S’

Q  Total volume of sphere

a _

& .
‘ -
M T, N
+ o Ay .
b1 %
T =
AR
A y a
. .t 3

Tuesday, February 4, 20 24




q 4/3mr? N B rs
Q ~ 4/37R3 1= g3
Gauss’ Law = 7{ E y dz‘Y — i
g/ €0
r3 1
E dA = — —
%/ R3 €0 Q
surface areaof S’ = 4nr?
> 1 Q .
E = 47‘(‘60 'ﬁ'f’ln for TSR
E/\
i .
RI
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2.6 Conductors in electrostatic equilibrium

Electrical conductors contain charges (electrons) that are not bound to any atom
and therefore are free to move about within the material

When there is no net motion of charge within a conductor

the conductor is in electrostatic equilibrium

A conductor in electrostatic equilibrium has the following properties:

1. The electric field is zero everywhere inside the conductor

2. If an isolated conductor carries a charge the charge resides on its surface

3. The electric field just outside a charged conductor
is perpendicular to the surface of the conductor and has a magnitude 0/60

o m surface charge density at that point

4. On an irregularly shaped conductor > surface charge density is greatest

at locations where the radius of curvature of the surface is smallest
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Consider a Gaussian surface S of shape of cylinder

/ Fodd=0 (-F L dA) =
S1 3
/ E-dA =0 (. E = Oinsideconductor)
S3
/E.M:E/ dA (- E | dA) = EA
SQ SQ
AreaofS
i . Gauss’'Law = FA = %
€0
- On conductor surface [ = g
€0

BUT there is no charge inside conductors

Inside conductors £ = () Always!
Notice: Surface charge density on a conductors surface is not uniform
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Example
Conductor with a charge inside

Note m This is not an isolated system (because of charge inside)

\ L/

1 q
Adreg 12

r outside

Note = In Both cases E =
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Example

I. Charge sprayed on a conductor sphere

all charges move to surface of conductors

Total charges = ()

< (i) For r < R consider Gaussian surface S5

7{ E-dA=0=F =0 everywhere
S

Consider Gaussian surface S j{ E . dA — Q
S1

€0 For a conductor

Ex = Q g S
Ed dd=5 (B|dAd|+)
S 0 S~~~
~— Spherically symmetric
47
__Q@
o 7r 4meqr?
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I1. Conductor sphere with hole inside
+ T+ 4

Consider Gaussian surface S

-+
+ Total charge included —= ()
-+

.". E-field = 0 inside

Conducting materials  E-field is identical to case of a solid conductor!!
removed inside

III. A long hollow cylindrical conductor
Example

Inside hollow cylinder (+ 2q)

Cross—-section

Inner radius a

Outer radius 0

Outside hollow cylinder (— 3¢)
Inner radius €

% Outer radius d
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Question
Find charge on each surface of conductor ?

For inside hollow cylinder charges distribute only on surface

". Inner radius a surface m charge = ()

Outer radius b surface m charge = + 2q¢

For outside hollow cylinder
charges do not distribute only on outside surface

Its not an isolated system (There are charges inside!)

. . !/ . .
Consider Gaussian surface S  inside conductor

E-field always = 0
Need charge —2¢ on radius ¢ surface to balance charge of inner cylinder

. charge on radius d surface = —q
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IV.
V. Large sheets of charge Total charge () on sheet of area A

Surface charge density o = @
By principle of superposition
On insulator On conductor
(charge sprayed on insulator)
+TQ +%+_++Q c':%:i
+ W é/z 4 2
I c 0 Tr
= = Y
H B e e H o+ E::_OzzgoA
+ +H |+
+
kd + I+
+0 -0 +0 -0
A mBAR © @ ® ] ©
+ - + -
+ - + -
+ - + -
+ - +—— =
+ - + -
+ - + -
|+ ol L+ B
Region A E =0 E =0
Region B E = i E = i
) GQA EQA
Region C E =0 E =0
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SUPER BOWL KLIXCHAMPIONS!

NEW ENGLAND PATRIOTS,
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