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10.1 Alternating Current (AC) Voltage

We learned that changing magnetic flux could induce an emf according to Faraday's law

If coil rotates in presence of magnetic field
induced emf varies sinusoidally with time and leads to AC

Symbol for AC voltage source ™ —(~)—

V(t) = Vysin(wt)
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10.2 AC circuits with a source and one circuit element

Purely Resistive Load ‘ —5

Wed like to find current through resistor
Ir(t) = Iy gsin(wt + ¢R) V)=V, sin(wf) R § Vo)
Applying Kirchhoffs loop rule yields

V(t)—Igr(t)R=0
V(t) Vysin(wt)

Ir(t) = —= = = Iy g sin(wt
r(t) = — 7 0,r sin(wt)
Vr (t) = Ip (t)R /& instantaneous voltage drop across the resistor
[ Vo.r _ Vo.r
TR T Xg

XR = R w resistive reactance

¢R =0 w IR (t) and VR (t) are in phase with each other
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Time dependence of VR(t) and Igr(%) Phasor diagram for resistive circuit

I (1) I (0
RV -2 j’
O TR A ) — Pt
; A\ wt Vro

Phasor m rotating vector having following properties:
(i) length: the length corresponds to the amplitude
(i) angular speed: the vector rotates counterclockwise with angular speed W

(iii) projection: the projection of vector along vertical axis corresponds to value

of the alternating quantity at time ¢
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Average value of current over one period

(In(t)) = 7 /O Tn(t) dt = 7 /O To g sin(wt)dt —

T
sin(2wt/T) dt =0

0

Average of the square of the current is non-vanishing

(I%(t)) = T/ I%(t) dt = —/ I§ g sin ?(wt)dt = sin®(2nt/T) dt = 5 10.r
0

It is convenient to define:

0,R
root-mean-square (rms) current e Lyms = \/<I}2'{(t)> — ﬁ

v
rms voltage = |/ = \/<V2( t)) = \(;g

rms voltage supplied to domestic wall outlets in US V;‘ms =110 V @ 60 Hz

0

Power dissipated in the resistor m PR (t) = IR (t)VR (t) = 112% (t)R

Average power over one period

1 ‘/r%ns
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Purely Inductive Load | —5—

Wed like to find current in the circuit

. Vi) =Vysin(wt) [ SV, (@)
[L(t) — IO,L Sm(wt — ¢L)

Applying Kirchhoff's loop rule yields

dI
V()= Vi) =V () — Ld—tL —0
dl; V() W
d_tL — —Z(L) — %L sin(wt)
Ir(t) = / dI; = % sin(wt)dt = —% cos(wt) = Z‘jlf sin(wt — 7/2)
7o _Vor _Vor
CETLL T X,

X1 =wlL m inductive reactance
@1, = +7/2 e phase constant
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The current lags voltage by 7/ 2 in a purely inductive circuit

I1,(1)
i VL(I) _______ I_/hLO
: C\ ot
t
A0 - 7
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Purely Capacity Load /

Wed like to find current in circuit
Io(t) = 1o ¢ sin(wt — ¢¢)

Again m Kirchhoffs loop rule yields

V(t)—Veo(t) =V(t) — @ =0

(V V(t) = VO sin(a)t) C VC (t)

Charge on capacitor
Q(t) — CV(t) — CVC(t) — CVO’C Sil’l(wt)

Current

d
Io(t) = d—? = wCVy ¢ cos(wt) = wCVp ¢ sin(wt + 7/2)

Wo.c
I() C = CUCVQ C — ’
Xc
e 1
C — — & m capacitance reactance
wC P
b = —7/2 m phase constant
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The current leads the voltage by 7/2 in a capacitive circuit

[ t —
Ly CI( ) ICO ______ [c(t)
Veo L |
? A e ® Ve (1)

@

VL
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10.3 Single Loop RLC AC Circuit

- Ve
Wed like to find current in circuit 'V\;\)'
I(t) = Ipsin(wt — ¢)
Kirchhoff's loop rule yields 6 V(=V,sin(@) 1 By o
V(t) — Vr(t) — VL(t) — Vo(t) = 0
V(t) = Vr(t) + VL(t) + Vo (t) V()
Using phasor representation
17L() ‘
w ) W
90’ - _
Vo Iy Iy v ],
VCO

‘70 = VO,R + ‘70,L + ‘70,(;
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Vo =1Vol = Vor +Vor +Voc| = \/Vbz,R + (VoL — Vo,c)?

= /(16XR)? + (IoX1 — 1oXc)? = T\ X + (X1 — X.)?

current amplitude

7 Vo Vo
O p— p—
VXE+ (X1 - Xe)? \/ 2 _ 12
Phase R T (CUL wC’)
X —Xc 1 1 41 1
— — — _ — ~wL — —
tan ¢ ( Xn ) 7 (wL wC) — ¢ = tan 7 (w wC’)
7 B
Yy VieeVeo f = 77 Vo
¢ R4
70 I7Ro Vro
I_;CO

Note that m Vo # Vo.r + Vo2 + Vo.c
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Impedance™~ 7 _ \/X%z +(X; — X¢)2

Simple-circuit limits of the series RLC circuit

Simple
Circuit

, =0L

2 2
Z:\/XR +(X, - X,)

purely
resistive

S

purely
inductive

XR
XL

purely
capacitive

Xe
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Sinusoidal funcdons of dme

ot =m/2 y

|
ot = 31/2

Complex numbers

z=a-+1b 2 —=a—ib
% 1 % A
A-———-== Z
b ¢ .
a
L —b

Cartesian AE—
Form
|z]:\/a2_|_192 tan ¢
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Complex Impedance
7 =1 R T 7 I T+ 7 C

mpedance of Ldeal resistor Ls purely real

Zr =R
ldeal tnductors and capacitors have purely imaginary reactive impedance
~ ~ 1 1
Z, = iwlL 0= T—FH1=—""%H
L iwC wC
~ . 1
Sulbstitution Leads to w Z=R+4+1|wlL — —
wC
1 2
Amplitude of tmpedance e ’Z| =/ R? + (wL — E)
, G )
and tts phase angle wr tan ¢ — = w
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10.4 Resonance

In driven RLC series circuit ® amplitude of current has a maximum value: a resonance
which occurs at the resonant angular frequency W0

Because current amplitude is inversely proportional to impedance
Iy maximum occurs when Z is minimum

This occurs at angular frequency Wo such that X = X

L L = !
W = — Wo = —F/—
T wC YT VIe o |
| R,
g
|
Vo '
At resonance m / — R — ]0 = E : Ry >R
|
|
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10.5 Power in AC Circuits

In series RLC circuit m= instantaneous power delivered by AC generator is given by

Pit)y=It)V(t) = % sin(wt — ¢)Vj sin(wt) = V7O sin(wt) sin(wt — ¢)
'LIQ

= ZO [sin® (wt) cos(¢) — sin(wt) cos(wt) sin(¢)]

we have used trigonometric identity

sin(wt — ¢) = sin(wt) cos(¢) — cos(wt) sin(¢)

Time average of the power is

1V0

/ —sin (wt) cos( dt——/ —sin wt) cos(wt) sin(¢p)dt = 57 COS ¢

rms

=— coS @ = IrmgVims COS @
R
power factor COS gb —

Z
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iy
I
| v, |
Irms(w) — L > | R,>R,
V2 \/ R? + (wL — %) i
: w
@
Maximum @ resonance condition m COS ¢ =1lor Z =R
<P(W0)> — Irms‘/rms — IEmSR
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Width of the peak

The peak has a line width

One way to characterize the width is to define Aw = Wy — W_

W4 m values of driving angular frequency

such that power is equal to half its maximum power at resonance

<P(a)0)> I
<P(a))>
(P(w,)) Aw
This is called full width at half maximum M 0%/ | (2L
2 o
o
Lo
I :
Lo
! . ! a)
o 0, ©
Width AW increases with resistance R
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To find Aw it is instructive to first rewrite the average power as

Pl — L V2R 1 Vi Rw?
9 R2 + (wL _ %)2 - 2 wW2R2 + L2(w? — wi)?
_ V02
(P(wo)) = 2R

condition for finding w4 is

1 VO 1 VOZRCUZQ’:
(P _ (P Yo -
2< (o)) = {Plwz)) 4R 2wiR?+ L?(wi — wp)?

after some algebra M (W:ZI: — w8)2 = (Rwi/L)Q

Taking square roots yields two solutions which we analyze separately
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Case 1: Taking the positive root leads to

R R R\?
wi_wg:+ﬁ:>w+:i+ (—> + w?

2 2 flwo- = W i + R\’ + w?
W —wh = — = - —
- 0 L oL 4L 0
R
width at half maximum Aw=wy —w_ = 7
Quality factor
o wWo o CUQL
Qqual — Aw — —R

Tuesday, April 17, 18 20




10.6 Transformer
Transformer is device used to increase or decrease the AC voltage in a circuit

Typical device consists of two coils of wire
primary and secondary wound around an iron core

Primary coil with N7 turns is connected to alternating voltage source V()

Secondary coil has [N turns and is connected to a load with resistance R,

S
) q b
v q— P § R
1 ™ 2
\~> E/a

The way fransformers operate is based on the principle that
alternating current in primary coil will induce an alternating emf on secondary coil

due to their mutual inductance
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Neglecting small resistance in coil m= Faraday’s law of induction implies

dd
Vi =—-N
1 1 dt

Pp magnetic flux through one turn of primary coil

Iron core extends from primary to secondary coils
Iron core serves to increase magnetic field produced by current in primary coil

and ensures that nearly all magnetic flux through primary coil
also passes through each turn of the secondary coil

dPp
dt

Ideal transformer M power loss due to Joule heating can be ignored
so that power supplied by primary coil is completely transferred to secondary coil

L1V = 1, Vs

Voltage (or induced emf) across secondary coil is Vo = =Ny

In addition ® if no magnetic flux leaks out from iron core
through each turn is same in both primary and secondary coils

Voo N

i Ny
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Transformation of currents in the two coils reads

ALY S
1 — 1742 — 7 12
|2 Ny
Ratio of output voltage to input voltage is determined by turn ratio &
Ny

N2>N1:>V2>V1@

output voltage in secondary coil is greater than input voltage in primary coil

Transformer with Ny > N; m  step-up transformer Primary Secondary

NN

2!

//////

N1>N2:>V1>V2@ Core
output voltage is smaller than input
N
Transformer with N1 > No w step-down transformer  Primary ? § Secondary
A

1

For home safety m we would like LOW emf supply Core
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Why do we use high voltages?
As electricity flows down a metal wire
electrons carrying its energy jiggle through the metal structure
That's why wires get hot when electricity flows through them
(useful for electric toasters and other appliances that use heating elements)
Electricity that comes from power plants is sent dow wires at extremely high voltages

to save energy

.. /oo 2 . .
For power transmission = wed like fo keep I < at minimum

The higher the voltage and the lower the current m the less energy is wasted
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