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1. Consider a ray of light traveling in vacuum from point P1 to P2 by way of the point Q on

a plane miror as shown in Fig. 1. Show that Fermat’s principle implies that, on the actual path

followed, Q lies in the same vertical plane as P1 and P2 and obeys the law of reflection, that is

θ1 = θ2. [Hints: Let the miror lie in the x-z plane, and let P1 lie on the y axis at (0, y1, 0) and P2

in the x-y plane at (x2, y2, 0). Finally, let Q = (x, 0, z). Calculate the time for the light to traverse

the path P1QP2 and show that it is minimum when Q has z = 0 and satisfies the law of reflection.]

Solution We already know that the actual path is a straight within one medium. Thus, the

segments from P1 to Q and from Q to P2 are straight lines and the corresponding distances are

P1Q =
√
x2 + y21 + z2 and QP2 =

√
(x− x1)2 + y22 + z2. Then, the total time for the journay

P1QP2 is T =

(√
x2 + y21 + z2 +

√
(x− x1)2 + y22 + z2

)
/c. To find the position of Q = (x, 0, z)

for which this is a minimum we must differentiate with respect to z and x and set the derivatives

equal to zero: ∂T
∂z = z

c
√
··· +

z
c
√
··· = 0⇒ z = 0, which says that Q must lie in the same vertical plane

as P1 and P2, and ∂T
∂x = x

c
√
··· + x−x1

c
√
··· = 0⇒ sin θ1 = sin θ2 or θ1 = θ2.

2. Nowadays dispersing prisms come in a great variety of sizes and shapes. Typically, a ray

entering a dispersing prism will emerge having been deflected from its original direction by an angle

δ, known as the angular deviation. Show that the minimum angle of deviation, δmin, for a prism

(with apex angle Φand index of refraction n) occurs when the angle of incidence θ1 is such that

the refracted ray inside the prism makes the same angle with the normal to the two prism faces,

as shown in Fig. 2.

Solution At the first refraction the ray is deviated through an angle θ1−θ2, and at the second re-

fraction it is further deflected through θ4−θ3. The total deviation is then δ = (θ1−θ2)+(θ4−θ3). We

need to show that θ3 = θ2 and so θ4 = θ1. Since the polygon ABCD contains two right angles, the

angle BCD must be the supplement of the appex angle Φ, see Fig. 2. As the exterior angle to trian-

gle BCD, Φ is also the sum of the alternate interior angles, that is Φ = θ2+θ3. Hence δ = θ1+θ4−Φ.

What we would like to do now is write δ as a function of both the angle of incidence for the ray (i.e.

θ1) and the prism angle Φ. If the prism index is n and it is immersed in air (nair ≈ 1) it follows from

Snell’s law that θ4 = sin−1(n sin θ3) = sin−1[sin(Φ−θ2). Upon expanding this expression, replacing

cos θ2 by (1−sin θ2)
1/2, and using Snell’s law we have θ4 = sin−1[(sin Φ)(n2−sin2 θ1)

1/2−sin θ1 cos Φ].

The deviation is then δ = θ1 +sin−1[(sin Φ)(n2− sin2 θ1)
1/2− sin θ1 cos Φ]−Φ. It is evident that the

deviation suffered by a monochromatic beam on traversing a given prism (i.e. n and Φ are fixed) is

a function only of the incident angle at the first face θ1. The smallest deviation can be determined

analytically by differentianting the expression for δ(θ1) and then setting dδ/dθ1 = 0, but a more

indirect route will certainly be simpler. Differentiating δ(θ1, θ2) and setting it equal to zero we get
dδ
dθ1

= 1 + dδ
dθ2

= 0, or dθ2/dθ1 = −1. Taking the derivative of Snell’s law at each interface, we

have cos θ1dθ1 = n cos θ2dθ2 and cos θ4dθ4 = n cos θ3dθ3. Note as well that, since Φ is the sum of



alternate interior angles, dθ2 = −dθ3, because dΦ = 0. Dividing the expressions obtained for Snell’s

law and substituting for the derivatives it follows that cos θ1/ cos θ4 = cos θ2/ cos θ3. Making use of

Snell’s law once again, we can rewrite this as 1−sin2 θ1
1−sin2 θ4

= n2−sin2 θ1
n2−sin2 θ4 . The value of θ1 for which this is

true is the one for which dδ/dθ1 = 0. Provided n 6= 1, it follows that θ1 = θ4 and therefore θ2 = θ3.

This means that the ray for which the deviation is a minimum traverses the prism symmetrically,

i.e. parallel to the base.

3 An interesting effect called total internal reflection can occur when light is directed from a

medium having a given index of refraction toward one having a lower index of refraction. Consider

a light beam traveling in medium 1 and meeting the boundary between medium 1 and medium

2, where n1 is greater than n2. Various possible directions of the beam are indicated by rays 1

through 5 in Fig. 3. The refracted rays are bent away from the normal because n1 is greater than

n2. At some particular angle of incidence θc, called the critical angle, the refracted light ray moves

parallel to the boundary so that θ2 = π/2. For angles of incidence greater than θc the beam is

entirely reflected at the boundary. Consider a triangular glass prism with apex angle Φ and index

of refraction n. What is the smallest angle of incidence θ1 for which a light ray can emerge from

the other side?

Solution At the first refraction, 1.00 sin θ1 = n sin θ2. The critical angle at the second surface

is given by n sin θ3 = 1.00, or θ3 = sin−1(1.00/n); but (π/2 − θ2) + (π/2 − θ3) + Φ = π, which

gives θ2 = Φ − θ3. Thus, to have θ3 < sin−1(1.00/n) and avoid total internal reflection at the

second surface, it is necessary that θ2 > Φ− sin−1(1.00/n). Since sin θ1 = n sin θ2, this requirement

becomes sin θ1 > n sin[Φ − sin−1(1.00/n)], or θ1 > sin−1{n sin[Φ − sin−1(1.00/n)]}. Through the

application of trigonometric identities, θ1 > sin−1(
√
n2 − 1 sin Φ− cos Φ).

4 The index of refraction for violet light in silica flint glass is 1.66, and that for red light is 1.62;

see Fig. 4. What is the angular dispersion of visible light passing through a prism of apex angle

60.0◦ if the angle of incidence is 50.0◦?

Solution For the incoming ray, n sin θ2 = sin θ1. Then (θ2)violet = sin−1(sin 50.0◦/1.66) =

27.48◦ and (θ2)red = sin−1(sin 50.0◦/1.62) = 28.22◦. For the outgoing ray, θ3 = 60.0◦ − θ2
and sin θ4 = n sin θ3. This leads to (θ4)violet = sin−1(1.66 sin 32.52◦) = 63.17◦ and (θ4)red =

sin−1(1.62 sin 31.78◦) = 58.56◦. The angular dispersion is the difference ∆θ4 = (θ4)violet− (θ4)red =

63.17◦ − 58.56◦ = 4.61◦.

5. A spherical mirror has a focal length of 10.0 cm. (i) Locate and describe the image for an

object distance of 25.0 cm. (ii) Locate and describe the image for an object distance of 10.0 cm.

(iii) Locate and describe the image for an object distance of 5.00 cm.

Solution Because the focal length of the mirror is positive, it is a concave mirror. We expect

the possibilities of both real and virtual images. (i) Because the object distance is larger than the

focal length, we expect the image to be real. The image is at a distance q is found from the relation
1
q = 1

f −
1
p , where p is the position. We have q = 16.7 cm. The magnification of the image is



M = − q
p = −0.667. The absolute value of M is less than unity, so the image is smaller than the

object, and the negative sign for M tells us that the image is inverted. Because q is positive, the

image is located on the front side of the mirror and is real. Look into the bowl of a shiny spoon or

stand far away from a shaving mirror to see this image. (ii) Because the object is at the focal point,

we expect the image to be infinitely far away. The distance q of the image is found by the relation
1
q = 1

f −
1
p and so as p → f the image distance q → ∞. This result means that rays originating

from an object positioned at the focal point of a mirror are reflected so that the image is formed at

an infinite distance from the mirror; that is, the rays travel parallel to one another after reflection.

Such is the situation in a flashlight or an automobile headlight, where the bulb filament is placed at

the focal point of a reflector, producing a parallel beam of light. (iii) Because the object distance

is smaller than the focal length, we expect the image to be virtual. We have 1
q = 1

f −
1
p , yielding

q = −10.0 cm. The magnification is M = − q
p = 2.00. The image is twice as large as the object,

and the positive sign for M indicates that the image is upright. The negative value of the image

distance tells us that the image is virtual, as expected. Put your face close to a shaving mirror to

see this type of image.

6. An automobile rearview mirror shows an image of a truck located 10.0 m from the mirror.

The focal length of the mirror is −0.60 m. (i) Find the position of the image of the truck. (ii) Find

the magnification of the image.

Solution Because the mirror is convex, we expect it to form an upright, reduced, virtual image

for any object position. (i) The image distance is 1
q = 1

f −
1
p , so q = −0.57 m. (ii) The magnifi-

castion is M = − q
p = 0.057. The negative value of q in part (i) indicates that the image is virtual,

or behind the mirror. The magnification in part (ii) indicates that the image is much smaller than

the truck and is upright because M is positive. The image is reduced in size, so the truck appears

to be farther away than it actually is. Because of the image’s small size, these mirrors carry the

inscription, “Objects in this mirror are closer than they appear.” Look into your rearview mirror

or the back side of a shiny spoon to see an image of this type.

7. A small fish is swimming at a depth d below the surface of a pond. (i) What is the apparent

depth of the fish as viewed from directly overhead? (ii) If your face is a distance d above the water

surface, at what apparent distance above the surface does the fish see your face?

Solution Because n1 > n2, where n2 = 1.00 is the index of refraction for air, the rays originating

from the fish in Fig. 5 are refracted away from the normal at the surface and diverge outward. Ex-

tending the outgoing rays backward shows an image point under the water. Because the refracting

surface is flat, R is infinite. Hence, we have q = −n2
n1
p, with p = d, yielding q = −1.00

1.33d = −0.752d.

Because q is negative, the image is virtual as indicated by the dashed lines in Fig. 5. The apparent

depth is approximately three-fourths the actual depth. (ii) The light rays from your face are shown

in Fig. 5. Because the rays refract toward the normal, your face appears higher above the surface

than it actually is. The image distance is q = −n2
n1
p = −1.33

1.00d = −1.33d. The negative sign for q

indicates that the image is in the medium from which the light originated, which is the air above

the water.



8. A converging lens has a focal length of 10.0 cm. (i) An object is placed 30.0 cm from the

lens. Construct a ray diagram, find the image distance, and describe the image. (ii) An object is

placed 10.0 cm from the lens. Find the image distance and describe the image. (iii) An object is

placed 5.00 cm from the lens. Construct a ray diagram, find the image distance, and describe the

image.

Solution Because the lens is converging, the focal length is positive. We expect the possibilities

of both real and virtual images. (i) Because the object distance is larger than the focal length,

we expect the image to be real. The ray diagram for this situation is shown in the left panel of

Fig. 6. The image distance is found through the relation 1
q = 1

f −
1
p , yielding q = 15.0 cm. The

magnification is M = − q
p = −0.5. The positive sign for the image distance tells us that the image

is indeed real and on the back side of the lens. The magnification of the image tells us that the

image is reduced in height by one half, and the negative sign for M tells us that the image is

inverted. (ii) Because the object is at the focal point, we expect the image to be infinitely far away.

Indeed, we have 1
q = 1

f −
1
p , yielding q → ∞. This result means that rays originating from an

object positioned at the focal point of a lens are refracted so that the image is formed at an infinite

distance from the lens; that is, the rays travel parallel to one another after refraction. (iii) Because

the object distance is smaller than the focal length, we expect the image to be virtual. The ray

diagram for this situation is shown in the right panel of Fig. 6. The image distance follows from

the relation 1
q = 1

f −
1
p and so q = −10 cm. The magnification is M = −q

p = 2.00. The negative

image distance tells us that the image is virtual and formed on the side of the lens from which the

light is incident, the front side. The image is enlarged, and the positive sign for M tells us that the

image is upright.

9. A diverging lens has a focal length of 10.0 cm. (i) An object is placed 30.0 cm from the lens.

Construct a ray diagram, find the image distance, and describe the image. (ii) (ii) An object is

placed 10.0 cm from the lens. Construct a ray diagram, find the image distance, and describe the

image. (iii) An object is placed 5.00 cm from the lens. Construct a ray diagram, find the image

distance, and describe the image.

Solution (i) Because the lens is diverging, the focal length is negative. The ray diagram is shown

in the left panel of Fig. 7. Because the lens is diverging, we expect it to form an upright, reduced,

virtual image for any object position. The image distance is obtain from the relation 1
q = 1

f −
1
p .

We have, q = −7.50 cm. The magnification is M = − q
p = 0.250. This result confirms that the

image is virtual, smaller than the object and upright. (ii) The ray diagram is shown in the middel

panel of Fig. 7. The image is located at q = −5.00 cm and the magnification is M = 0.5. Note the

difference between this situation and that for a converging lens. For a diverging lens, an object at

the focal point does not produce an image infinitely far away. (iii) The ray diagram is shown in the

right panel of Fig. 7. The image distance is q = −3.33 cm and the magnification is M = 0.667. For

all three object positions, the image position is negative and the magnification is a positive number

smaller than 1, which confirms that the image is virtual, smaller than the object, and upright.



incident ray. Reflection of light from such a smooth surface is called specular
reflection. If the reflecting surface is rough, as shown in Figure 35.5b, the surface
reflects the rays not as a parallel set but in various directions. Reflection from any
rough surface is known as diffuse reflection. A surface behaves as a smooth surface
as long as the surface variations are much smaller than the wavelength of the
incident light.

The difference between these two kinds of reflection explains why it is more
difficult to see while driving on a rainy night. If the road is wet, the smooth surface of
the water specularly reflects most of your headlight beams away from your car (and
perhaps into the eyes of oncoming drivers). When the road is dry, its rough surface
diffusely reflects part of your headlight beam back toward you, allowing you to see the
highway more clearly. In this book, we concern ourselves only with specular reflection
and use the term reflection to mean specular reflection.

Consider a light ray traveling in air and incident at an angle on a flat, smooth
surface, as shown in Figure 35.6. The incident and reflected rays make angles !1 and
!"1, respectively, where the angles are measured between the normal and the rays. (The
normal is a line drawn perpendicular to the surface at the point where the incident ray
strikes the surface.) Experiments and theory show that the angle of reflection equals
the angle of incidence:

(35.2)

This relationship is called the law of reflection.

!"1 # !1
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Quick Quiz 35.1 In the movies, you sometimes see an actor looking in a
mirror and you can see his face in the mirror. During the filming of this scene, what
does the actor see in the mirror? (a) his face (b) your face (c) the director’s face
(d) the movie camera (e) impossible to determine

Example 35.2 The Double-Reflected Light Ray Interactive

Normal

Incident
ray

Reflected
ray

θ1 ′θ1θ θ
At the Active Figures link

at http://www.pse6.com, vary
the incident angle and see the
effect on the reflected ray.

! PITFALL PREVENTION 
35.1 Subscript Notation
We use the subscript 1 to refer
to parameters for the light in
the initial medium. When light
travels from one medium to
another, we use the subscript 2 for
the parameters associated with the
light in the new medium. In the
current discussion, the light stays
in the same medium, so we only
have to use the subscript 1.

Active Figure 35.6 According to the law of reflection,
!"1 # !1. The incident ray, the reflected ray, and the normal all
lie in the same plane.

Law of reflection

Two mirrors make an angle of 120° with each other, as illus-
trated in Figure 35.7a. A ray is incident on mirror M1 at an
angle of 65° to the normal. Find the direction of the ray
after it is reflected from mirror M2.

Solution Figure 35.7a helps conceptualize this situation. The
incoming ray reflects from the first mirror, and the reflected
ray is directed toward the second mirror. Thus, there is a
second reflection from this latter mirror. Because the interac-
tions with both mirrors are simple reflections, we categorize
this problem as one that will require the law of reflection and
some geometry. To analyze the problem, note that from the

law of reflection, we know that the first reflected ray makes an
angle of 65° with the normal. Thus, this ray makes an angle of
90° $ 65° # 25° with the horizontal.

From the triangle made by the first reflected ray and the
two mirrors, we see that the first reflected ray makes an an-
gle of 35° with M2 (because the sum of the interior angles of
any triangle is 180°). Therefore, this ray makes an angle of
55° with the normal to M2. From the law of reflection, the
second reflected ray makes an angle of 55° with the normal
to M2.

To finalize the problem, let us explore variations in the
angle between the mirrors as follows.

P1 P2

Q

✓1 ✓2

Figure 1: Reflection law. The incident ray, the reflected ray, and the normal all lie in the same

plane; θ1 = θ2.

10. Two thin converging lenses of focal lengths f1 = 10.0 cm and f2 = 20.0 cm are separated by

20.0 cm. An object is placed 30.0 cm to the left of lens 1. Find the position and the magnification

of the final image.

Solution Imagine light rays passing through the first lens and forming a real image (because

p > f) in the absence of a second lens. Fig. 8 shows these light rays forming the inverted image

I1. Once the light rays converge to the image point, they do not stop. They continue through the

image point and interact with the second lens. The rays leaving the image point behave in the

same way as the rays leaving an object. Therefore, the image of the first lens serves as the object

of the second lens. Using the thin lens equation, 1
q1

= 1
f −

1
p1

, we find the location of the image

formed by lens 1, q1 = 15.0 cm. The magnification of the image isM1 = − q1
p1

= −0.5. The image

formed by this lens acts as the object for the second lens. Therefore, the object distance for the

second lens is p2 = 20.0 cm − 15.0 cm = 5.00 cm. We find the location of the image formed by

lens 2 from the thin lens equation, q2 = −6.67 cm, and so the magnification is M2 = − q2
p2

= 1.33.

The overall magnification of the system is M = M1M2 = −0.667. The negative sign on the overall

magnification indicates that the final image is inverted with respect to the initial object. Because

the absolute value of the magnification is less than 1, the final image is smaller than the object.

Because q2 is negative, the final image is on the front, or left, side of lens 2. These conclusions are

consistent with the ray diagram shown in Fig. 8.



seen.) The most intense light from other colors of the spectrum would reach the
observer from raindrops lying between these two extreme positions.

The opening photograph for this chapter shows a double rainbow. The secondary
rainbow is fainter than the primary rainbow and the colors are reversed. The secondary
rainbow arises from light that makes two reflections from the interior surface before
exiting the raindrop. In the laboratory, rainbows have been observed in which the light
makes over 30 reflections before exiting the water drop. Because each reflection
involves some loss of light due to refraction out of the water drop, the intensity of these
higher-order rainbows is small compared to the intensity of the primary rainbow.
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Example 35.7 Measuring n Using a Prism

Quick Quiz 35.5 Lenses in a camera use refraction to form an image on a
film. Ideally, you want all the colors in the light from the object being photographed
to be refracted by the same amount. Of the materials shown in Figure 35.20, which
would you choose for a camera lens? (a) crown glass (b) acrylic (c) fused quartz
(d) impossible to determine

Although we do not prove it here, the minimum angle of
deviation !min for a prism occurs when the angle of inci-
dence "1 is such that the refracted ray inside the prism
makes the same angle with the normal to the two prism
faces,1 as shown in Figure 35.25. Obtain an expression for
the index of refraction of the prism material.

Solution Using the geometry shown in Figure 35.25, we
find that "2 # $/2, where $ is the apex angle and

From Snell’s law of refraction, with n1 # 1 because medium
1 is air, we have

(35.9)

Hence, knowing the apex angle $ of the prism and measur-
ing !min, we can calculate the index of refraction of the
prism material. Furthermore, we can use a hollow prism to
determine the values of n for various liquids filling the
prism.

sin ! $ % !min

2 "
sin($/2)

n #

sin ! $ % !min

2 " # n sin($/2)

sin " 1 # n sin " 2

"1 # "2 % & #
$

2
%

!min

2
#

$ % !min

2

n

Φ/2

θ1

δminα αθ

θ 2θ

θ1θ
δ

2

Figure 35.25 (Example 35.7) A light ray passing through a
prism at the minimum angle of deviation !min.

35.8 Total Internal Reflection

An interesting effect called total internal reflection can occur when light is directed
from a medium having a given index of refraction toward one having a lower index of
refraction. Consider a light beam traveling in medium 1 and meeting the boundary
between medium 1 and medium 2, where n1 is greater than n2 (Fig. 35.26a). Various
possible directions of the beam are indicated by rays 1 through 5. The refracted rays
are bent away from the normal because n1 is greater than n2. At some particular angle
of incidence "c , called the critical angle, the refracted light ray moves parallel to the
boundary so that "2 # 90° (Fig. 35.26b).

1 The details of this proof are available in texts on optics.

A

B

C

D

Figure 2: Geometry of a dispersing prism with a light ray passing through the prism at the minimum

angle of deviation.



For angles of incidence greater than !c , the beam is entirely reflected at the bound-
ary, as shown by ray 5 in Figure 35.26a. This ray is reflected at the boundary as it strikes
the surface. This ray and all those like it obey the law of reflection; that is, for these
rays, the angle of incidence equals the angle of reflection.

We can use Snell’s law of refraction to find the critical angle. When !1 " !c ,
!2 " 90° and Equation 35.8 gives

n1 sin !c " n2 sin 90# " n2

(35.10)

This equation can be used only when n1 is greater than n2. That is, total internal
reflection occurs only when light is directed from a medium of a given index of
refraction toward a medium of lower index of refraction. If n1 were less than n2,
Equation 35.10 would give sin !c $ 1; this is a meaningless result because the sine of an
angle can never be greater than unity.

The critical angle for total internal reflection is small when n1 is considerably
greater than n2. For example, the critical angle for a diamond in air is 24°. Any ray
inside the diamond that approaches the surface at an angle greater than this is
completely reflected back into the crystal. This property, combined with proper
faceting, causes diamonds to sparkle. The angles of the facets are cut so that light is
“caught” inside the crystal through multiple internal reflections. These multiple
reflections give the light a long path through the medium, and substantial disper-
sion of colors occurs. By the time the light exits through the top surface of the
crystal, the rays associated with different colors have been fairly widely separated
from one another.

sin !c "
n 2

n1
  (for n1 $ n 2)

1112 C H A P T E R  3 5 •  The Nature of Light and the Laws of Geometric Optics

Active Figure 35.26 (a) Rays travel from a medium of index
of refraction n1 into a medium of index of refraction n2,
where n2 % n1. As the angle of incidence !1 increases, the
angle of refraction !2 increases until !2 is 90° (ray 4). For even
larger angles of incidence, total internal reflection occurs (ray
5). (b) The angle of incidence producing an angle of refrac-
tion equal to 90° is the critical angle !c . At this angle of
incidence, all of the energy of the incident light is reflected.

At the Active Figures link at http://www.pse6.com,
you can vary the incident angle and see the effect on
the refracted ray and the distribution of incident
energy between the reflected and refracted rays.

Normal

n 2
n 1

(b)

n 2 <n 1

cθ

Normal

n 2
n 1

(a)

3

2

4

5

1

2θ

1θ

n 2 <n 1

Critical angle for total internal
reflection

Figure 3: Rays travel from a medium of index of refraction n1 into a medium of index of refraction

n2, where n2 < n1. As the angle of incidence θ1 increases, the angle of refraction θ2 increases until

θ2 = π/2 (ray 4). For even larger angles of incidence, total internal reflection occurs (ray 5).

Problems 1121

Consider a common mirage formed by super-heated air
just above a roadway. A truck driver whose eyes are 2.00 m
above the road, where n ! 1.000 3, looks forward. She
perceives the illusion of a patch of water ahead on the
road, where her line of sight makes an angle of 1.20°
below the horizontal. Find the index of refraction of the
air just above the road surface. (Suggestion: Treat this as a
problem in total internal reflection.)

40. An optical fiber has index of refraction n and diameter d.
It is surrounded by air. Light is sent into the fiber along its
axis, as shown in Figure P35.40. (a) Find the smallest
outside radius R permitted for a bend in the fiber if no
light is to escape. (b) What If? Does the result for part
(a) predict reasonable behavior as d approaches zero? As
n increases? As n approaches 1? (c) Evaluate R assuming
the fiber diameter is 100 "m and its index of refraction
is 1.40.

39.

41. A large Lucite cube (n ! 1.59) has a small air bubble
(a defect in the casting process) below one surface. When
a penny (diameter 1.90 cm) is placed directly over the
bubble on the outside of the cube, the bubble cannot be
seen by looking down into the cube at any angle. However,
when a dime (diameter 1.75 cm) is placed directly over it,
the bubble can be seen by looking down into the cube.
What is the range of the possible depths of the air bubble
beneath the surface?

42. A room contains air in which the speed of sound is
343 m/s. The walls of the room are made of concrete, in
which the speed of sound is 1 850 m/s. (a) Find the
critical angle for total internal reflection of sound at
the concrete–air boundary. (b) In which medium must the
sound be traveling in order to undergo total internal

Figure P35.35

Figure P35.38

Figure P35.40

Visible light

Measure of
dispersion

Deviation of
yellow light

Screen

R
O

Y
G

B

V

θ

µ2.00    m

R

d

Figure 35.25. (b) Find the angle of deviation #min for
$1 ! 48.6°. (c) What If? Find the angle of deviation if the
angle of incidence on the first surface is 45.6°. (d) Find
the angle of deviation if $1 ! 51.6°.

A triangular glass prism with apex angle % ! 60.0° has an
index of refraction n ! 1.50 (Fig. P35.33). What is the
smallest angle of incidence $1 for which a light ray can
emerge from the other side?

33.

Figure P35.33 Problems 33 and 34.

Φ
1θ

A triangular glass prism with apex angle % has index of
refraction n. (See Fig. P35.33.) What is the smallest angle
of incidence $1 for which a light ray can emerge from the
other side?

The index of refraction for violet light in silica flint
glass is 1.66, and that for red light is 1.62. What is the
angular dispersion of visible light passing through a prism
of apex angle 60.0° if the angle of incidence is 50.0°? (See
Fig. P35.35.)

35.

34.

Section 35.8 Total Internal Reflection
36. For 589-nm light, calculate the critical angle for the follow-

ing materials surrounded by air: (a) diamond, (b) flint
glass, and (c) ice.

37. Repeat Problem 36 when the materials are surrounded by
water.

38. Determine the maximum angle $ for which the light rays
incident on the end of the pipe in Figure P35.38 are
subject to total internal reflection along the walls of the
pipe. Assume that the pipe has an index of refraction of
1.36 and the outside medium is air.

Figure 4: Newton’s experiment showing that light is composed of colored components. A narrow

beam of light is incident on a prism and produces a broadened and colored band which can be

reconstituted back into a narrow white beam of light with a second prism.
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continued

Finalize  Because q is negative, the image is virtual as indicated by the dashed lines in Figure 36.20a. The apparent 
depth is approximately three-fourths the actual depth.

(B)  If your face is a distance d above the water surface, at what apparent distance above the surface does the fish see 
your face?

Conceptualize  The light rays from your face are shown in Figure 36.20b. Because the rays refract toward the normal, 
your face appears higher above the surface than it actually is.

Categorize  Because the refracting surface is flat, R is infinite. Hence, we can use Equation 36.9 to determine the loca-
tion of the image with p 5 d.

S O L U T I O N

Analyze  Use Equation 36.9 to find the image distance: q 5 2
n 2

n1
 p 5 2

1.33
1.00

 d 5 21.33d

Categorize  Because the light rays originate in one material and then pass through a curved surface into another mate-
rial, this example involves an image formed by refraction.

Analyze  Apply Equation 36.8, noting from Table 36.2 
that R is negative:

n 2

q
5

n 2 2 n1

R
2

n1

p

Substitute numerical values and solve for q : 1
q

5
1.00 2 1.50

23.0 cm
2

1.50
2.0 cm

q 5 21.7 cm

Finalize  The negative sign for q indicates that the image is in front of the surface; in other words, it is in the same 
medium as the object as shown in Figure 36.19. Therefore, the image must be virtual. (See Table 36.2.) The coin 
appears to be closer to the paperweight surface than it actually is.

Example 36.7   The One That Got Away

A small fish is swimming at a depth d below the surface 
of a pond (Fig. 36.20).

(A)  What is the apparent depth of the fish as viewed 
from directly overhead?

Conceptualize  Because n1 . n2, where n2 5 1.00 is the 
index of refraction for air, the rays originating from the 
fish in Figure 36.20a are refracted away from the normal 
at the surface and diverge outward. Extending the outgo-
ing rays backward shows an image point under the water.

Categorize  Because the refracting surface is flat, R is infinite. Hence, we can use Equation 36.9 to determine the loca-
tion of the image with p 5 d.

S O L U T I O N

d
q

d

n2 ! 1.00
n1 ! 1.33q

a b

Figure 36.20  (Example 36.7) (a) The apparent depth q of 
the fish is less than the true depth d. All rays are assumed to be 
paraxial. (b) Your face appears to the fish to be higher above the 
surface than it is.

Analyze  Use the indices of refraction given in Figure 
36.20a in Equation 36.9:

q 5 2
n 2

n1
 p 5 2

1.00
1.33

 d 5 20.752d

 

▸ 36.6 c o n t i n u e d

Finalize  The negative sign for q indicates that the image is in the medium from which the light originated, which is the 
air above the water.

Figure 5: Left panel. The apparent depth q of the fish is less than the true depth d. All rays

are assumed to be paraxial. Right panel. Your face appears to the fish to be higher above the

surface than it is.
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Example 36.8   Images Formed by a Converging Lens

A converging lens has a focal length of 10.0 cm.

(A)  An object is placed 30.0 cm from the lens. Con-
struct a ray diagram, find the image distance, and 
describe the image.

Conceptualize  Because the lens is converging, the focal 
length is positive (see Table 36.3). We expect the pos-
sibilities of both real and virtual images.

Categorize  Because the object 
distance is larger than the focal 
length, we expect the image to be 
real. The ray diagram for this situa-
tion is shown in Figure 36.28a.

S O L U T I O N

a b

O F1

F2 I

15.0 cm

30.0 cm

10.0 cm

O F2I, F1 

10.0 cm
5.00 cm

10.0 cm

The object is farther from the 
lens than the focal point.

The object is closer to 
the lens than the focal 
point.

Figure 36.28  
(Example 36.8) An 
image is formed by a 
converging lens.

Analyze  Find the image distance by using Equation 36.16:
1
q

5
1
f

2
1
p

1
q

5
1

10.0 cm
2

1
30.0 cm

q 5 115.0 cm

Finalize  The positive sign for the image distance tells us that the image is indeed real and on the back side of the lens. 
The magnification of the image tells us that the image is reduced in height by one half, and the negative sign for M 
tells us that the image is inverted.

(B)  An object is placed 10.0 cm from the lens. Find the image distance and describe the image.

Categorize  Because the object is at the focal point, we expect the image to be infinitely far away.

S O L U T I O N

Find the magnification of the image from Equation 36.17: M 5 2
q
p

5 2
15.0 cm
30.0 cm

5 20.500

Analyze  Find the image distance by using Equation 36.16:
1
q

5
1
f

2
1
p

1
q

5
1

10.0 cm
2

1
10.0 cm

q 5 `

Finalize  This result means that rays originating from an object positioned at the focal point of a lens are refracted 
so that the image is formed at an infinite distance from the lens; that is, the rays travel parallel to one another after 
refraction.

(C)  An object is placed 5.00 cm from the lens. Construct a ray diagram, find the image distance, and describe the 
image.

Categorize  Because the object distance is smaller than the focal length, we expect the image to be virtual. The ray 
diagram for this situation is shown in Figure 36.28b.

S O L U T I O N

Figure 6: The situations in problem 8.
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▸ 36.8 c o n t i n u e d

Analyze  Find the image distance by using Equation 36.16:
1
q

5
1
f

2
1
p

1
q

5
1

10.0 cm
2

1
5.00 cm

q 5 210.0 cm

Find the magnification of the image from Equation 36.17:
M 5 2

q
p

5 2a210.0  cm
5.00 cm

b 5 12.00

Finalize  The negative image distance tells us that the image is virtual and formed on the side of the lens from which 
the light is incident, the front side. The image is enlarged, and the positive sign for M tells us that the image is upright.

What if the object moves right up to the lens surface so that p S 0? Where is the image?

Answer  In this case, because p ,, R, where R is either of the radii of the surfaces of the lens, the curvature of the lens 
can be ignored. The lens should appear to have the same effect as a flat piece of material, which suggests that the image 
is just on the front side of the lens, at q 5 0. This conclusion can be verified mathematically by rearranging the thin lens 
equation:

1
q

5
1
f

2
1
p

If we let p S 0, the second term on the right becomes very large compared with the first and we can neglect 1/f. The 
equation becomes

1
q

5 2
1
p

   S   q 5 2p 5 0

Therefore, q is on the front side of the lens (because it has the opposite sign as p) and right at the lens surface.

WHAT IF ?

Example 36.9   Images Formed by a Diverging Lens

A diverging lens has a focal length of 10.0 cm.

(A)  An object is placed 30.0 cm from the lens. Construct a ray diagram, find the image distance, and describe the image.

Conceptualize  Because the lens is diverging, the focal length is negative (see Table 36.3). The ray diagram for this 
situation is shown in Figure 36.29a.

S O L U T I O N

a cb

IOF1

5.00 cm

3.33 cm

F2IO F1

30.0 cm

10.0 cm

7.50 cm

F2 IO, F1

5.00 cm

10.0 cm10.0 cm

F2

The object is farther from the 
lens than the focal point.
The object is farther from the 
lens than the focal point.

The object is closer to the lens 
than the focal point.

The object is at 
the focal point.

Figure 36.29  (Example 36.9) An image is formed by a diverging lens. continuedFigure 7: The situations in problem 9.
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image formed by the first lens now serving as the object for the second lens. The 
second image formed is the final image of the system. If the image formed by the 
first lens lies on the back side of the second lens, that image is treated as a virtual 
object for the second lens (that is, in the thin lens equation, p is negative). The 
same procedure can be extended to a system of three or more lenses. Because the 
magnification due to the second lens is performed on the magnified image due to 
the first lens, the overall magnification of the image due to the combination of 
lenses is the product of the individual magnifications:

 M 5 M1M 2 (36.18)

This equation can be used for combinations of any optical elements such as a lens 
and a mirror. For more than two optical elements, the magnifications due to all ele-
ments are multiplied together.
 Let’s consider the special case of a system of two lenses of focal lengths f1 and 
f2 in contact with each other. If p1 5 p is the object distance for the combination, 
application of the thin lens equation (Eq. 36.16) to the first lens gives

1
p

1
1
q1

5
1
f1

where q1 is the image distance for the first lens. Treating this image as the object 
for the second lens, we see that the object distance for the second lens must be p2 5 
2q1. (The distances are the same because the lenses are in contact and assumed 
to be infinitesimally thin. The object distance is negative because the object is vir-
tual if the image from the first lens is real.) Therefore, for the second lens,

1
p2

1
1
q2

5
1
f2

   S   2
1
q1

1
1
q 5

1
f2

where q 5 q2 is the final image distance from the second lens, which is the image 
distance for the combination. Adding the equations for the two lenses eliminates q1 
and gives

1
p

1
1
q 5

1
f1

1
1
f2

If the combination is replaced with a single lens that forms an image at the same loca-
tion, its focal length must be related to the individual focal lengths by the expression

 
1
f

5
1
f1

1
1
f2

 (36.19)

Therefore, two thin lenses in contact with each other are equivalent to a single thin 
lens having a focal length given by Equation 36.19.

�W  Focal length for a  
combination of two thin 
lenses in contact

Example 36.10   Where Is the Final Image?

Two thin converging lenses of focal lengths f1 5 10.0 cm 
and f2 5 20.0 cm are separated by 20.0 cm as illustrated 
in Figure 36.30. An object is placed 30.0 cm to the left 
of lens 1. Find the position and the magnification of the 
final image.

Conceptualize  Imagine light rays passing through the 
first lens and forming a real image (because p . f ) in 
the absence of a second lens. Figure 36.30 shows these 
light rays forming the inverted image I 1. Once the light 
rays converge to the image point, they do not stop. They 
continue through the image point and interact with the 

S O L U T I O N

O1

Lens 1 Lens 2

20.0 cm

6.67 cm
15.0 cm10.0 cm

30.0 cm

I1I2

Figure 36.30 (Example 36.10) A combination of two converg-
ing lenses. The ray diagram shows the location of the final image 
(I 2) due to the combination of lenses. The black dots are the focal 
points of lens 1, and the red dots are the focal points of lens 2.

continued

Figure 8: A combination of two converging lenses. The ray diagram shows the location of the final

image (I2) due to the combination of lenses. The black dots are the focal points of lens 1, and the

red dots are the focal points of lens 2.


