Prof. Anchordoqui

Problems set # 10| Physics 169 April 28, 2015

1. A 12 V battery is connected into a series circuit containing a 10 {2 resistor and a 2 H inductor.
In what time interval will the current reach (i) 50% and (i) 90% of its final value?

Solution This circuit has only one loop. From Kirchhoffs rule we get only one (differential)

equation € — L% — IR = 0. We can separate the variables, 6% 7= %, and integrate both sides of

the equation (within appropriate limits). With the reference for time at the instant of closing the

circuit foj (®) _ _d§ 7= t%. (Note that we 1(1s)ed one symbol t for two different quantities!). From
e—I(t)R

the fundamental theorem of calculus In —%t. The solution is a time dependent function

I(t) = & <1 — 6_%>. (i) The current reaches its final value after an infinite amount of time:

I(c0) = limg sinfey (1 — e*Rt/L) = 5. At instant t, the current is a fraction of its final value

I(t1) = I(o0) (1 — e BYL). From which I(t)/I(c0) = (1 — e f/L). Solving this equation for
t we obtain t = —£1In[1 — I(¢)/I(c0)]. Hence (i) tsoy, = —2g In(1 — 0.5) = 0.14 s; (i) togy =
— 28 In(1-0.9) = 0.46 s.

2. In the circuit shown in Fig. 1, let L = 7.00 H, R = 9.00 2, and ¢ = 120 V. What is the
self-induced emf 0.200 s after the switch is closed?

Solution Duplicating the procedure of problem 1 we obtain I = £(1 — et/ 7). Since T =
L/R = 0.78 s, we have [ = §2330(1 — e %%) = 3.05 A. Now AVz = IR = 274 V and
AVL =& — AVR =926 V.

3. The switch in Fig. 2 is open for ¢ < 0 and then closed at time ¢ = 0. Find the current in the
inductor and the current in the switch as functions of time thereafter.

Solution Name the currents as shown in Fig. 2. Using Kirchhoff’s laws we obtain I} = Iy + I3,
10.0 V — 4.001; — 4.00I5 = 0, and 10.0 V — 4.001; — 8.0015 — 1.00%3 = 0. From the first two
equations it follows that 10.0 V 4 4.00/3 — 8.00/; = 0 and I; = 0.50/.3 + 1.25 A. Then the
last equation can be rewritten as 10.0 V — 4.00(0.500I3 + 1.25 A) — 8.00{3 — 1.00 H% =0,
yielding 1 H% + 10.0 QI3 = 5.00 V. We solve the differential equation to obtain I3(t) =
SO0V [1 — e~ 100 /100 H] — 0,50 A [1 — e~ 10%/%]. Then I; = 1.25+0.5013 = 1.50 A—0.25 Ae~10/5.

4. Assume that the magnitude of the magnetic field outside a sphere of radius R is B =
Bo(R/r)?, where By is a constant. Determine the total energy stored in the magnetic field outside
the sphere and evaluate your result for By = 5.00x107° T and R = 6.00 x 10° m, values appropriate
for the Earth’s magnetic field.

B2

Solution The total magnetic energy is the volume integral of the energy density, u = 20 Be-

2
cause B changes with position, u is not constant.For B = Bg(R/r)?, we have u = 23700 (R/r)*.



Next, we set up an expression for the magnetic energy in a spherical shell of radius r and thickness

2 p4
dr. Such a shell has a volume 47r2dr, so the energy stored in it is did = udnridr = QﬂﬁgR f—;".
We integrate this expressiogl gor r = R to r = oo to obtain the total magnetic energy outside the
sphere. This gives U = 2”58}2 =2.70 x 10'8 J.

5. A large coil of radius Ry and having Nj turns is coaxial with a small coil of radius Re and
having N» turns. The centers of the coils are separated by a distance x that is much larger than Ry
and Ro. What is the mutual inductance of the coils? Suggestion: John von Neumann proved that
the same answer must result from considering the flux through the first coil of the magnetic field
produced by the second coil, or from considering the flux through the second coil of the magnetic
field produced by the first coil. In this problem it is easy to calculate the flux through the small
coil, but it is difficult to calculate the flux through the large coil, because to do so you would have
to know the magnetic field away from the axis.

Solution The large coil produces this field at the center of the small coil: %. The field
is normal to the area of the small coil and nearly uniform over this area, so it produces a flux
P9 = %WR% through the face area of the small coil. When the current I; varies, this is
the emf induced in the small coil: g9 = —Ng%%h = —%% = —M%, hence
M = S

6. Two inductors having self-inductances L; and Lo are connected in parallel as shown in
Fig. 3(a). The mutual inductance between the two inductors is M. Determine the equivalent self-
inductance Leq for the system shown in Fig. 3(b).

Solution With I = I; + I3, the voltage across the pair is: AV = —Ll%l - Mddif = —Lgﬂ —

M% = —Leq%. Hence, —% = % + LMI% and —Lf% + ML?V + Af—f% = AV, yiedling “
(—=L1Ly + MZ)% = AV (L; — M). (1)
By substitution, —%2 = % + %% leads to
(—Li1Ly + M%% = AV (Ly — M). (2)

Adding (1) to (2), (—L1La+M?)% = AV (L + Ly —2M), and therefore Leq = — d%t = Lﬁfg;j‘g;.

7. A long solenoid, which has n = 400 turns per meter, carries a current given by I =
30 A(1 — e~16%). Inside the solenoid and coaxial with is a coil that has a radius of 6 cm and
consists of a total of N = 250 turns of fine wire. (i) What emf is induced in the coil by the changing
current? (ii) As indicated in Fig. 4, the current in the solenoid flows in the clockwise direction,
what is the direction of the current induced in the coil, clockwise or anticlockwise? Explain how
you arrived at your answer (7i) Consider now the situation in which an inductor is discharging, i.e.,
I =30 Ae~ 16 the direction of the current is still clockwise. What is the direction of the current



induced in the coil now (clockwise or anticlockwise)? Explain how you arrived at your answer.

Solution A long solenoid produces a uniform magnetic field. The strength B of the field depends
on the number of B turns per unit length n and the current in the solenoid I, B = ugnl, where
1o is the permeability of free space. Therefore the flux through the surface spanned by the coil
(in the direction of the field vector) is equal to the product of the magnetic field strength and the
area of the coil &g = fsurfaceg “dA = Jowstace BdA cos0° = BA = pgnImR?. From the Faraday’s
law of induction, the electromotive force induced in the coil is ¢ = —N % = —N ,uoerz% =
—poNnrr?Iopae™t = —471077%; - 250 - 400 - 7(0.06 m)? - 30 Al.62e 16 = —0.068 V - e~ 1.
(i) The magnetic field through the coil is to the left and the magnetic flux is increasing, we need
to induce a current that oposes to the increase of the flux (Lenz law). The induced current is then
counterclockwise producing a magnetic field to the right. (i77) The magnetic field on the coil is to
the left as before, but the magnetic flux is now decreasing. The induced emf in the coil is now
0.068 V and the current is clockwise producing a magnetic field to the left.

8. In the circuit of Fig. 5, the battery emf is 50.0 V, the resistance is 250 €2, and the capacitance
is 0.500 pF. The switch S is closed for a long time and no voltage is measured across the capacitor.
After the switch is opened, the potential difference across the capacitor reaches a maximum value
of 150 V. What is the value of the inductance?

Solution When the switch has been closed for a long time, battery, resistor, and coil carry
constant current I,y = ¢/R. When the switch is opened, the current in battery and resistor
drops to zero, but the coil carries this same current for a moment as oscillations begin in the LC
loop. We interpret the problem to mean that the voltage amplitude of these oscillations is AV,

2 2 p2 —6 2 2
%C(AV)2 _ %LIQ Thus, L = C(AV)® _ C(AV)?R® _ 0.5x107° F(150 V2)(250 ) _ j 9¢1 .

max: Ifax ez (50.0 V)2

9. An inductor consists of two very thin conducting cylindrical shells, one of radius a and one of
radius b, both of length h. Assume that the inner shell carries current I out of the page, and that
the outer shell carries current I into the page, distributed uniformly around the circumference in
both cases. The z-axis is out of the page along the common axis of the cylinders and the r-axis is
the radial cylindrical axis perpendicular to the z-axis. (i) Use Ampere’s law to find the magnetic
field between the cylindrical shells. Indicate the direction of the magnetic field on the sketch. What
is the magnetic energy density as a function of r for a < r < b7 (ii) Calculate the inductance of this
long inductor recalling that U = %LI 2 and using your results for the magnetic energy density in (i).
(ii) Calculate the inductance of this long inductor by using the formula ® = LI = fgfffzce B-dA and
your results for the magnetic field in (i). To do this you must choose an appropriate open surface
over which to evaluate the magnetic flux. Does your result calculated in this way agree with your

result in (ii)?



Solution (i) The enclosed current Ienc in the Ampere’s loop with radius r is given by

0 r<a
IenC: I a<7’<b.
0 r>b

Applying Ampere’s law, § B -d3 = B(27r) = polenc, we obtain

0 r<a
B = —fn(;ﬁ a < r < b (counterclockwise in the figure)
0 r>b
The magnetic energy density for a < r < bis up = % = ﬁ (’2%{) Ef 5z- It is zero elsewhere.

(1) The volume element in this case is 27rhdr. The magnetic energy is : Up = [ffj, updV =
fa 8‘:5; 2hrdr = (ﬁh In(b/a). Since Up = FLI?, the inductance is L = Hoh In(b/a). (iii) The
magnetic field is perpendicular to a rectangular surface shown Fig. 6. The magnetlc flux through

a thin strip of area dA = hdr is d® = BdA = ol p gy — tolh gy Thus, the total magnetic flux is

2rr 2rr

Op = [dbp = [P Lelhg — 1ol 1n(b/a). Finally, the inductance is L = 2& = 4% In(p/a), which

a 2mr
agrees with that obtained in (ii).

10. The energy of an RLC circuit decreases by 1.00% during each oscillation when R = 2.00 €.
If this resistance is removed, the resulting LC' circuit oscillates at a frequency of 1.00 kHz. Find
the values of the inductance and the capacitance.

Solution The period of damped oscillation is T = i—z. After one oscillation the charge re-
_ 27mR
turning to the capacitor is @) = Qmaxe_% = @Qmax€ 2"¥a. The energy is proportional to the
_2n 2nR
charge squared,so after one oscillation it is Y = Upe *wa. Then elwa = ﬁ, which leads to
2m2Q 2120 1 r2 \/?
220 — 1n(1.0101) = 0.001005. Tt follows that Lwq = 53585 = 12500 = L (75— #5)

yielding 1.563 x lOGQ2 = % (212)2 or equivalently % = 1.563 x 105Q2. We are also given
w =21 x103/s = \/ﬁ’ which leads to LC = m = 2.533 x 1078 s2. Solving simulta-

neously, C' = 2.533 x 1078 s2/L, yields L72_SQ = 1.563 x 10% Q2; therefore L = 0.199 H and

2.533x10—38
2.533x10—8 g2
0—701991{ = 127 nF.



Figure 1: Problem 2.

Figure P32.23

400 Q 8.00 @
i MWW 7 MWW—
400 Q 8.00 Q 1—> 3—>
Izl
10.0V—= 4.009§ g 1.00 H '|' 1%0 %430 1i910§
s _-
° o
S
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Figure 4: Problem 7.



Figure 5: Problem 8.

Figure 6: Problem 9.



